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PREFACE 


Not so many jears ago the dynamics of a frictionless fluid had come to be 
regarded as an academic subject and incapable of practical application owing 
to the great discrepancy between calculated and observed results. The ultimate 
recognition, however, that Lanchester’s theory of circulation in a perfeot 
fluid could explain the lift on an aerofoil, and the adoption of PrandtPs hypo- 
thesis that outside the boundary layer the effect of viscosity is negligible, gave 
a fresh impetus to the subject which has always been necessary to the naval 
architect and which the advent of the modem aeroplane has placed in the 
front rank. 

The investigation of fluid motion falls naturally into two parts ; (i) the 
experimental or practical side ; (ii) the theoretical side which attempts to 
explain why experimental results turn out as they do, and above all attempts 
to predict the course of experiments as yet untried. Thus the practical and 
theoretical sides supplement one another, and it is to the latter aspect that 
this book is devoted. 

As a scientific theory becomes more exact, so does it of necessity tend to 
assume a more mathematical form. This statement must be construed to 
mean not that the form becomes more difficult or more abstruse, but rather 
that, when the fundamental laws have reached a stage of clear formulation, 
useful deductions can be made by the exact processes of mathematics. The 
object of this book, which is founded upon, and has grown out of, my lectures 
on the subject at Greenwich to junior members of the Royal Corps of Naval 
Constructors, is to give a thorough, clear anffmethodical introductory exposition 
of the mathematical theory of fluid motion which will be useful in applications 
to both hydrodynamics and aerodynamics, 

I have ventured to depart radically from the traditional presentation of the 
subject by basing it consistently throughout on vector methods and notation 
with their natural consequence in two dimensions, the complex variable. It 
is not intended to imply that the application of the above methods to hydro- 
dynamics is in itself a novelty, but their exclusive employment has not, so far 
as I know, been hitherto attempted. The previous mathematical knowledge 
required of the reader does not go beyond the elements of the infinitesimal 
calculus. The necessary additional mathematical apparatus is introduced as 
required and an attempt has been made to keep the book reasonably self- 
contained in this respect. As we are dealing with a real subject (even if in an 
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HISTORICAL NOTES 


The term hydrodynamics was introduced by Daniel Bernoulli (1700-1783) to 
comprise the two sciences of hydrostatics and hydraulics. He also discovered 
the famous theorem still known by his name. 

d’Alembert (1717-1783) investigated resistance, discovered the paradox 
associated with his name, and introduced the principle of conservation of mass 
(equation of continuity) in a liquid. 

Euler (1707-1783) formed the equations of motion of a perfect fluid and 
developed the mathematical theory. This work was continued by Lagrange 
(1736-1813). 

Navier (1785-1836) derived the equations of motion of a viscous fluid from 
certain hypothesis of molecular interaction. 

Stokes (1810-1903) also obtained the equations of motion of a viscous fluid, 
He may be regarded as having founded the modem theory of hydrodynamics, 

Rankine (1820-1872) developed the theory of sources and sinks. 

Helmholtz (1821-1894) introduced the term velocity potential, founded the 
theory of vortex motion, and discontinuous motion, making fundamental con- 
tributions to the subject. 

Kirchhoff (1824-1887) and Rayleigh (1842-1919) continued the study of 
discontinuous motion and the resistance due to it. 

Osborne Reynolds (1842-1912) studied the motion of viscous fluids, intro- 
duced the ooncepts of laminar and turbulent flow, and pointed out the abrupt 
transition from one to the other, 

JoukowBki (1847-1921) made outstanding contributions to aerofoil design 
and theory, and introduced the aerofoils known by his name. 


theory of flight ; (i) the idea of circulation as the cause of lift, (ii) the idea of 


tip vortices as the cause of induced drag. He explained his theories to the 
'Birmingham Natural History Society in 1894 but did not publish them till 


1907 in his Aerodynamics, 
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Fw. 1 • Flow round cylinder immedi- Fro. 2.- Backward Mow in the boun- 
ately after starting (potential How). dary layer behind the cylinder; accumu- 
lation of boundary layer material. 



Fro. 3. — Formation of two vortices ; Fro. 4. * The eddies increase in size. 
How breaking loose from cylinder. 



Fio. 5. — Final picture obtained a Fio. 6. — The eddies grow still more ; 

long time after starting. finally the picture becomes unsymmet- 

rical and disintegrates. 


The direction of How in all photographs is from left to right. 


Keprint from Applied Hydro - and Aeromechanics , by L. Frandtl, l’h.l)., and 0. G. Tictjnu, l’h.D., 
through courtesy of United Engineering Trustees, Inc. 






PLATE 2 



Fig. 1. — Streamlines round a’i aerofoil the very first moment after 
starting. 



Flo. 2.— Formation of the starting vortex which is washed away 
with the lluid. 


Reprint from Applied Hydro • and Aeromechanic*, by L. Prandtl, Ph.l)., and 0. U. Tirtjcns, Ph.I>., 
through courtesy of United Engineering Trustees, Inc, 






PLATE 3 



Fid. 1. Like Fig. ], Plate 2, hut with the camera at rest with respect # 
to thg undisturbed fluid and a shorter exposure. Also with a greater 
angle of attack and consequently a greater starting vortex. 



Fig. 2.- -After formation of the starting vortex the aerofoil was stopped 
and then the picture w as taken. 


lleprint from Applied Hydro * and Aeromechanics, by L. Fraud tl, Ph.I)., and 0. (1. Tietjens, Ph.D, 
through courtesy of United Engineering Trustees, Inc. 







PLATE 4 



Fig. I. — Kiirman trail ; Reynolds number wdfv 250. 
The camera is at rest with respect to the cylinder. 



Fig. 2. — Karmun trail ; Reynolds number wdiv -250. 
The camera is at rest with respect to the undisturbed fluid. 


Reprint from Applied Hydro- and Aeromechanics, by L. Prandtl, l’h.D., and 0. 0. Tietjens, Ph.D. 
through courtesy of United Engineering Trustees, Inc. 





CHAPTER I 

BERNOULLI’S EQUATION 


1 * 0 . The science of hydrodynamics is concerned with the behaviour of 
fluids in motion. 

All materials * exhibit deformation under the action of forces ; elasticity 
when a given force produces a definite deformation, which vanishes if the force 
is removed ; plasticity if the removal of the forces leaves permanent deforma- 
tion ; flow if the deformation continually increases without limit under the 
action of forces, however small . 

A fluid is material which flows. 

Actual fluids fall into two categories, namely gases and liquids. 

A gas will ultimately fill any closed space to which it has access and is 
therefore classified as a (highly) compressible fluid. 

A liquid at constant temperature and pressure has a definite volume and 
when placed in an open vessel will take under the action of gravity the form 
of the lower part of the vessel and will be bounded above by a horizontal free 
surface. All known liquids are to some slight extent compressible. For most 
purposes it is, however, sufficient to regard liquids as immpressible fluids. 

In this book we shall for the most part be concerned with the behaviour 
of fluids treated as incompressible and the term liquid will be used in this 
sense. But it is proper to observe that, for speeds which are not compar- 
able with that of sound, the effect of compressibility on atmospheric air can 
be neglected, and in many experiments which are carried out in wind tunnels 
the air is considered to be a liquid, in the above sense, which may conveniently 
be called incompressible air. 

Actual liquids (and gases) in common with solids exhibit viscosity arising 
from internal friction in the substance. Our definition of a fluid distinguishes 
a viscous fluid, such as treacle or pitch, from a plastic solid, such as putty or clay , 
since the former cannot permanently resist any shearing stress, however small, 
whilst in the case of the latter, stresses of a definite magnitude are required to 
produce deformation. Pitch is an example of a very viscous liquid ; water is 
an example of a liquid which is but slightly viscous. A more precise definition 


♦In this luminary description tie materials are supposed to exhibit a macrosoopic eon- 
tinuity, and the forces are not great enough to cause rupture. Thus a heap of sand is excluded, 
but the individual grains are not. 
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of viscosity will be given later. For the present, in order to render the subject 
amenable to exact mathematical treatment, we shall follow the crtuse adopted 
in other branches of mechanics and make simplifying assumptions by defining 
an ideal substance known as an inviscid or perfect fluid. 

Definition. An inviscid fluid is a continuous fluid substance which oan 
exert no shearing stress however small. 

The continuity is postulated in order to evade the difficulties inherent in 
the conception of a fluid as consisting of a granular structure of discrete mole- 
cules. The inability to exert any shearing stress, however small, will be shown 
later to imply that the pressure at any point is the same for all directions at 
that point. 

Moreover, the absence of tangential stress between the fluid Op the two 
sides of any small surface imagined as drawn in the fluid implies the entire 
absence of internal friction, so that no energy can be dissipated from this 
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Fig. 10. 

cause. A further implication is that, when a solid moves through the fluid or 
the fluid flows past a solid, the solid surface can exert no tangential action on 
the fluid, so that the fluid flows freely past the boundary and no energy can 
be dissipated there by friction. In this respect the ideal fluid departs widely 
from the actual fluid which, as experimental evidence tends to show, adheres 
to the surface of solid bodies immersed in it. The difference in behaviour 
is well illustrated by considering straight steady flow along a horizontal pipe. 
If we draw vectors to represent the velocity at points of AB, a diameter of 
the pipe, for an inviscid fluid their extremities will lie on another diameter, 
while for a viscous fluid the extremities will lie on a parabolic curve, passing 
through A and B. It might be thought that the study of the perfect fluid 
could throw but little light on the behaviour of actual fluids. As we shall see 
presently this is so far from being the case that the theory can, in important 
instances, explain not only qualitatively but also quantitatively the motion of 
actual fluids. 

1*01. Physical dimensions. Physics deals with the measurable pro- 
perties of physical quantities, certain of which, as for example, length, mass, 
time and temperature, are regarded as fundamental, since they are independent 
of one another, and others, such as velocity, acceleration, force, thermal con- 
ductivity, pressure, energy are regarded as derived quantities, since they are 
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defined ultimately m terms of the fundamental quantities. Mathematical 
physics deals with the representation of the measures of these quantities by 
numbers and deductions therefrom. These measures are all of the nature of 
ratios of comparison of a measurable magnitude with a standard one of like 
kind, arbitrarily chosen as the unit, so that the number representing the 
measure depends on the choice of unit. 

Consider a dynamical system , i.e. one in which the derived quantities depend 
only on length, mass and time, and change the fundamental units from, say, 
foot, pound, second, to mile, ton, hour. Let l x , ^ and l ii m 2i t% be the 

measures of the same length, mass and time respectively in the two sets of units. 
Then we have 

. (1) h — j- x l 2 — Ll 2 , Tfy = Mm % , ti = 1 1 2 , 

vhere L, M, T are numbers independent of the particular length, mass or time 
neasured, but depending only on the choice of the two sets of units. Thus in 
his case, we have L = 5280, M = 2240, T = 3600. These numbers L;M,T 
ve call the respective measure-ratios of length, mass, time for the two sets of 
inits, in the sense that measures of these quantities in the second set are 
inverted into the corresponding measures in the first set by multiplication by 
t, M, T. 

The measure-ratios F, A, F of the derived quantities, velocity v, acceleration 
i, and force/, are then readily obtained from the definitions of these quantities 

is 

, V sb LfT t A = F/T, F = MA, 

jo that ultimately the measure ratio of a force is given by F = MLjP. And 
|n general if n } , n 2 are the measures of the same physical quantity n in the 
|wo sets of units, we arrive at the measure-ratio 

(2) ^ = N = L'M'P. 

n t 

tnd we express this conventionally by the statement that the quantity is of 
imensions L*M V T* (or is of dimensions x in length, y in mass, and z in time). 

! a = t/ = z = 0, then ^ = w a , so the quantity in question is independent of 
ny units which may be chosen, as for example, the quantity defined as the 
itio of the mass of the engines to the mass of the ship. In such a case we say 
le quantity is dimensionless and is represented by a pure number , meaning 
tat it does not change with units. 

Now consider a definitive relation 

! (3) a = 5c 

itween the measures a, 6, c of physical quantities in a dynamical system, i.e. a 
Nation which is to hold whatever the sets of units employed, and which is not 
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merely an accidental relation between numbers arising from measurement in 
one particular set of units. Suppose the dimensions of a, b, c ire respectively 
(p, g, r)> (*> w), and (x, y, z), so that 

(4) a x = T\ b x = bJL'M'P, c x = cpM’P. 

Then (3) would become a x = bfa , and (4) would then give by substitution 

aJL*M*T' = b&M'TtptM*. 

Now a 2 = 6jC a , since the form of (3) is independent of units, and therefore 
L p M q T r = L ,+x M Hv T v+t } or p = s+a?, q = Hy, r =j u+z. 

In other words, each fundamental measure-ratio must occur with the same 
index on each side of (3), i.e. each side of (3) must be of the safae physical 
dimensions. | 

In systems involving temperature as well as length, mass, ahd time as 
fundamental quantities (thermodynamical systems) a measure-ratio l(say D) of 
temperature must be introduced. 


I • I . Velocity. Since our fluid is continuous, we can define a fluid particle 
as consisting of the fluid contained within an infinitesimal volume, that is to 
iQ say, a volume whose size may be considered so 
small that for the particular purpose in hand its 
linear dimensions are negligible. We can then treat 
a fluid particle as a geometrical point for the 
particular purpose of discussing its velocity and 
acceleration. 

If we consider, fig. H (a), the particle which at time t is at the point I\ 

defined by the vector * „ 

r = OP, 

at time i x this particle will have moved to the point Q, defined by the vector 



Fra. M (a). 


r x = OQ. 

The velocity of the particle at P is then defined by the vector f 

v r x -r dr 
q as lim — — = • 

<,-*< & 

Thus the velocity q is a function of r and t, say 

q=/M- 


* The subject of vectors is explained at length in Chapter II. 

t The symbol lim is to be retd as “the limit when ^ tends to the valuer’. This is the usual 

method of defining differential coefficients, whose existence we shall infer on physioal grounds. 
The symbol -* alone is read ** tends to ”, 
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If the form of the function / is known, we know the motion of the fluid. 
At each point me can draw a short line to represent the vector q, fig, H (6). 

To obtain a physical conception of the velocity field defined by the vector 
q, let us imagine the fluid to be filled with a large (but not infinitely large) 
number of luminous points moving with the fluid. 

A photograph of the fluid taken with a short time 
exposure would reveal the tracks of the luminous points as 
short lines, each proportional to the distance moved by the 
point in the given time of the exposure and therefore pro- 
portional to its velocity. This is in fact the principle of one 
method of obtaining pictorial records of the motion of an actual fluid.* In 
an actual fluid the photograph may reveal a certain regularity of the velocity 
field in which the short tracks appear to form parts of a regular system of 
curves. The motion is then described as streamline motion, On the other 
hand, the tracks may be wildly irregular, crossing and recrossing, and the 
motion is then described as turbulent. The motions of our ideal inviscjd fluid 
will always be supposed to be of the former character. An exact mathematical 
treatment of turbulent motion has not yet been achieved. 

Ml. Streamlines and paths of the particles. A line drawn in the 
fluid so that its tangent at each point is in the direction of the fluid velocity 
at that point is called a streamline . 

When the fluid velocity at a given point depends not only on the position 
of the point but also on the time, the streamlines will alter from instant to 
instant. Thus photographs taken at different instants will reveal a different 
system of streamlines. The aggregate of all the streamlines at a given instant 
constitutes the flow pattern at that instant. 

When the velocity at each point is independent of the time, the flow 
pattern will be the same at each instant and the motion is described as steady. 
In this connection it is useful to describe the type of motion which is rdatively 
steady. Such a motion arises when the motion can be regarded as steady by 
imagining superposed on the whole system, including the observer, a constant 
velocity. Thus when a ship steams on a straight course with constant speed 
Son an otherwise undisturbed sea, to an observer in the ship the flow pattern 
which accompanies him appears to be steady and could in fact be made so by 
Superposing the reversed velocity of the ship on the whole system consisting of 
the ship and sea. 

If we fix our attention on a particular particle of the fluid, the curve which 
bis particle describes during its motion is called a path line . The direction of 
notion of the particle must necessarily be tangential to the path line, so that 
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* Plate* 1-4 illustrate this. 


6 STREAMLINES AND PATHS OF THE PARTICLES [Ml 

the path line touches the streamline which passes through the instantaneous 
position of the particle as it describes its path* • 

Thus the streamlines show how each particle is moving at a given instant. 

The path lines show how a given particle is moving at each instant. 

When the motion is steady, the path lines coincide with the streamlines. 

Ml Stream tubes and filaments. If we draw the streamline through 
each point of a closed curve we obtain a stream tube. 

A stream filament is a stream tube whose cross-section is a curve of in- 
finitesimal dimensions. 

When the motion is dependent on the time, the configuration of the stream 
tubes and filaments changes from instant to instant, but the most interesting 
applications of these concepts arise in the case of the steady motion of a liquid, 
which we shall now discuss. 1 

In the steady motion of a liquid, a Btream tube behaves like an Actual tube 
through which the liquid is flowing, for there can be no flow into the tube 
across the walls since the flow is, by definition, always tangential to the walls. 
Moreover, these walls are fixed in space since the motion is steady, and there- 
fore the motion of the liquid within the walls would be unaltered if we replaced 
the walls by a rigid substance. 

Consider a stream filament of liquid in steady motion. We can suppose 
the cross-sectional area of the filament so small that the velocity is the same 

at each point of this area, which 
can be taken perpendicular to the 
direction of the velocity. 

Now let q 1 , q % be the speeds of 
the flow at places where the cross- 
sectional areas are a x and a 2 . Since 
the liquid is incompressible, in a given time the same volume must flow out 
at one end as flows in at the other. Thus 

This is the simplest case of the equation of conservation of mass, or the 
equation of continuity , which asserts in the general case that the rate of genera- 
, tion of mass within a given volume must be balanced by an equal net outflow 
of mass from the volume. The above result can be expressed in the following 
theorem. 

The product of the speed and cross-sectional area is constant along a stream 
filament of a liquid in steady motion . 

It follows from this that a stream filament is widest at places where the 
speed is least and is narrowest at places where the speed is greatest. 

A further important consequence is that a stream filament cannot termi- 
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nate at a point within the liquid unless the velocity becomes infinite at that 
point. Leaving this case out of consideration, it follows that in general 
stream filaments axe either closed or terminate at the boundary of the liquid. 
The same is true of streamlines, for the cross-section of the filament may be 
considered as small as we please. 


1*2. Density. If M is the mass of the fluid within a closed volume F, 
we can write 


a) 


' = Vp u 


and pi is then the average density of the fluid within the volume at that 
instant. In a hypothetical medium continuously distributed we can define 
the density p as the limit of p l when F-»0. 

In an actual fluid which consists of a large number of individual molecules 
we cannot let F-*0, for at some stage there might be no molecules within the 
volume F. We must therefore be content with a definition of density given 
by (1) on the understanding that the dimensions of F are to be mrifle very 
small, but not so small that F does not still contain a large number of mole- 
cules. In air at ordinary temperatures there are about 3 x 10 18 molecules per 
cm. 8 . A sphere of radius 0*001 cm. will then contain about 10 u molecules, 
and although small in the hydrodynamical sense will be reasonably large for 


1*3. Pressure. Consider a small plane of infinitesimal area dcr, whose 
centroid is P, drawn in the fluid, and draw the normal PN on one side of the 
area which we shall call the positive side. The other 
side will be called the negative side. 

We shall make the hypothesis that the mutual 
action of the fluid particles on the two sides of the 
plane can, at a given instant, be represented by two 
equal but opposite forces p da applied at P, each 
force being a push not a pull, that is to say, the 
fluid on the positive side pushes the fluid on the 
negative side with a force p da. 

Experiment shows that in a fluid at rest these forces act along the normal. 
In a real fluid in motion these forces make an angle e with the normal (analogous 
to the angle of friction). When the viscosity is small, as in the case of air and 
water, c is small. In an inviscid fluid which can exert no tangential stress 
e - 0, and in this case p is called the pressure at the point P. 

In the above discussion there is nothing to show that the pressure p is 
independent of the orientation of the element da used in defining p. That this 
independence does in fact exist is proved in the following theorem. 




8 PRESSURE [1*3 

Theorem . The pressure at a point in an inviscid fluid is independent of 
direction. « 


Proof. Let P, Q be two neighbouring points, and consider a cylinder of 
fluid, whose generators are parallel to PQ, bounded by a cross-section do 1 and 



an oblique section do t , the centroids 
of these sections being P and Q re- 
spectively. Let the pressures at P and 
Q, defined by the sections do 1 and do 2 , 
be p x and p 2 , and let the normal at Q 


Fig. 1*3(6). 
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of fluid within the cylinder is Ido^ 
where l is infinitesimal. Let F be the component in the direction of PQ of th^ 
external force per unit mass of fluid, and let / be the acceleration of the 
cylinder in the direction PQ. Then if p is the density, the second law of' 
motion gives 


Pi foi ~ Pi do 2 cos0+P pi dcTj -f pi do v 


Now, do 2 cos 0 = do v Therefore dividing by do x , 


Pi-P 2 = W~ f )- 

If we let Q approach P, l will tend to zero and therefore Pi~p 2 tends to 
zero. Thus when Q coincides with P we get p : = p 2 . Since the direction of 
the normal to the section at Q is quite arbitrary, we conclude that the pressure 
at P is the same for all orientations of the defining element of area. q.e.d. 

Pressure is a scalar quantity, i.e. independent of direction. The dimen- 
*ions of pressure in terms of measure-ratios (see 1*01) M, L, T of mass length 
and time are indicated by ML- 1 !’ 2 . 

The thrust on an area do due to pressure is a force, that is a vector quantity, 

ose complete specification requires direction as well as magnitude. 

Pressure in a fluid in motion is a function of the position of the point at 
which it is measured and of the time. When the motion is steady the pressure 
may vary from point to point, but at a given point it is independent of the 
time. 

It should be noted that p is essentially positive. 


H Bernoulli's theorem (special form). In the steady motion of a 
liquid the quantity 

lua the same value at every point of the same streamline where p,p,q are 
tie prewire, density, and speed, g is the acceleration due to gravity, and JUa 
the height of the point considered above a fixed horizontal p lane. 
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Fig. 1*4. 


Proof. Consider a stream filament bounded by sections AB, CD of areas 
ox , cr| , and let*}?! , ft , ^ be tbe pressure, speed, and height at AB, while , ft , h % 
are the corresponding quantities at CD. After a short time St the liquid which 
was in ABCD will occupy the 
portion A'B'C'D' of the fila- 
ment where 

AM = q l 8f, CC f = ft St. 

In moving the liquid from 
the first to the second position, 
work will have been done by 
the thrusts on AB , CD. This 
work will be expended in in- 
creasing the kinetic energy and the potential energy of the liquid. The 
thrusts on the walls of the tube do no work, for they are perpendicular to 
the direction of flow. 

The workjdone by the thrust at AB is p 1 a l x AA', and that done* at CD 
is -p % a 7 xCC\ Hence the total work done by the thrusts is 

h°i ft &-p 2 (7 2 ft & 

The liquid has gained the kinetic and potential energies of the liquid 
between CD and C'D’, the total amount gained is therefore 

ft & P x ft 2 ft it p x gh % . 

The liquid has lost the kinetic and potential energies of the part between 
AB and A'B', making a loss of 

„ iftft StpxqS+^q^tpxg^. 


Pi°i ft St-pM ft St = a 2 ft St p(\q t *+gh t ) -o x ft St pifa'+gk)* 

Now Oj ft = <r a ft , by the conservation of mass (see M2). Thus 
Pi-P* = p(kt+9k)-p(ki+9h)- 

Therefore 

~+ift 2 +0^i = 

P P 

so that the given expression has the same value at any two points of the 
stream filament and is therefore the same at all points of the streamline to 
which the filament can be shrunk. Q.e.d. 

I *41. Flow in a channel. Suppose water to flow steadily along a channel 
with a horizontal bottom and rectangular cross-section of breadth 4. If h is 
the height of the free surface above the bottom, since the pressure at the free 
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surface must be equal to that of the atmosphere, we shall have from Bernoulli’s 
theorem w 2 + 2gh = constant, where u is the velocity supposed ♦parallel to the 
walls and constant across the section. If the breadth of the channel varies 
slightly, there will be a small consequent change in u, and therefore by differ- 
entiation of the above 

udu+gdh = 0. 


Again, from the equation of continuity, ubh = constant, and therefore 


du db dh A 

~+T+T = 0. 

ubh 


dh 


u 2 h 


db b(gh-u 2 )' 

Thus the depth and breadth increase together if, and only if, u l <gh t i.e. 
if u is less than the speed of propagation of long waves in the channel (cf. 14*82). 


1*41 Remarks on Bernoulli's theorem. The form in which the 

theorem has been stated is called special for two reasons. Firstly, we have 
assumed the external forces to be due to gravity alone. The fftld of gravita- 
tional force is a conservative field, meaning by this that the work done by the 
weight when a body moves from a point P to another point Q is independent 
of the path taken from P to Q and depends solely on the vertical height of Q 
above P. A conservative field of force gives rise to potential energy, which is 
measured by the work done in taking the body from one standard position to 
any other position. In order that potential energy of a unit mass at a point 
may have a definite meaning, it is obviously necessary that the work done by 
the forces of the field should be independent of the path by which that point 
was reached. The gravitational field is clearly the most important of conserva- 
tive fields of force, but it is by no means the only conceivable field of this nature ; 
for example, an electrostatic field has the conservative property. If more 
generally we denote by Q the potential energy per unit mass in a conservative 
field, Bernoulli’s theorem would take the more general form that 


p 

is constant along a streamline, and the same method of proof could be used. 

Secondly, we have assumed the fluid to be incompressible, and of constant 
density. More generally, for barotropk flow, that is to say when the pressure 
is a function of the density,* the theorem assumes the form that 


is constant along a stream line. This is proved in HI. 

•tWi 


a : — ■ r equawon Ol « 

8 *** ew T* « the same value, the homentropic 


^^“Oexiite whewk the «nfcropy 
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1*43] THI CONSTANT IN BBBNOULU’S THEOREM 

I *43. The constant in Bernoulli’s theorem. If we fix our attention 
on a particular streamline, 1, Bernoulli’s theorem states that 

C 

^+\f+gh=zC l> 

where C t is constant for that streamline. If we take a second streamline, 2, 
we get 

;+*?’+$* = 0 ,, 

P 

where C a is constant along the second streamline. We have not proved (and 
in the general case it is untrue) that C x = C a . When, however, the motion is 
irrotational, a term which will be explained later (2*41), it is true that the 
constant is the same for all streamlines, so that 

*+*■+* -c. 

where C has the same value at each point of the liquid. It will also' be shown 
later (3*64) that this case arises whenever an inviscid liquid is set in motion 
by ordinary mechanical means, such as by moving the boundaries suddenly 
or slowly, by opening an aperture in a closed vessel, or by moving a body 
through the liquid. 

I ‘44. Hydrodynamic pressure. In the steady motion of a liquid 
Bernoulli’s theorem enables us to elucidate the nature of pressure still further. 
In a liquid at rest there exists at each point a hydrostatic pressure p# , and 
the principle of Archimedes states that a body immersed in the fluid is buoyed 
up by a force equal to the weight of the liquid which it displaces. The particles 
of the liquid are themselves subject to this principle and are therefore in equi- 
librium under the hydrostatic pressure p# and the force of gravity. It follows 
at once that p fl /p+p/e is constant throughout the liquid. When the liquid is 
in motion the buoyancy principle still operates, so that if we write 

? = pn+Pfl i 

Bernoulli’s theorem gives 

PZ + tf + U+gh^C, 

p p 

and therefore 

(1) = 

where O' = C- (pa/p -f pfc) is a new constant. 

Now (1) is the form which Bernoulli’s theorem would assume if the fume 
of gravity were non-existent 

The quantity p B may be called the hydroiynamic frame, or the pressure 
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due to motion. This pressure p E measures the force with which two fluid 


ancy), It will be seen that the knowledge of the hydrodynamic pressure will 
enable us to calculate the total effect of the fluid pressure on an immersed 
body, for we have merely to work out the effect due to p D and then add the 
effect due to p E , which is known from the principles of hydrostatics. This is 
a very important result, for it enables us to neglect the external force of 
gravity in investigating many problems, due allowance being made for this 
force afterwards. 

It is often felt that hydrodynamical problems in which external forces are 
neglected or ignored are of an artificial and unpractical nature. This is by >Ho 
means the case. The omission of external forces is merely a device for avoid- 
ing unnecessary complications in our analysis. 

It should therefore be borne in mind that when we neglect external forces 
we calculate in effect the hydrodynamic pressure. 

We also see from (1) that the hydrodynamic pressure is greatest where 
the speed is least, and also that the greatest hydrodynamic pressure occurs 
at points of zero velocity. 

It should be observed, however, that the device of introducing hydro- 
dynamic pressure can be justified only when the boundaries of the fluid are 
fixed, for only in these conditions is the hydrostatic pressure constant at a 
given point. When the liquid has free surfaces which undulate, the hydro- 
static pressure at a fixed point will vary, and we must consider the total 


In the case of compressible fluids the pressure due to motion is usually 


1*5. ThePitottube. Fig. 1-5 (a) shows a tube A BCD open at A, where 
it is drawn to a fine point, and closed at D, containing mercury in the U-shaped 

part. 

Z If this apparatus is placed 
■— with the open end upstream in 
a steadily flowing liquid, the 
axis of the horizontal part in 
the figure will form part of the 
streamline which impinges at 
A. Hence if p x is the pressure 
just inode the tube at A % and p is the pressure ahead of A, we shall have, by 
Bernoulli’s theorem, 




THE PITOT TUBE 


since the fluid inside the tube is at rest. The pressure p x is measured by the 
difference in levels of the mercury at B and C, a^nming a vacuum in the part 
CD. This is the simplest form of Pitot tube for determining the quantity 

p+i«*- 

In applications it is often required — ■ . ^ 

to measure the speed q. In order to E A 

do this we must have a means of Mf\ 
measuring p. 0 U , F 

This measurement can be made by II 
means of the apparatus shown in fig. Fio I g ^ 

1*5 (6), which differs from the former 

only in having the end A closed and holes in the walls of the tube at E 
slightly downstream of A. The streamlines now follow the walls of the tube 
from A, and the fluid within the tube being at rest and the pressure being 
necessarily continuous, the pressure just outside the tube at E is equal to 

the pressure just inside the 

— • E — ^ * tube at E, and this is measured 

* by the difference in the levels 

£ of the mercury at 6 and F. 

G \ In practice it is usual to com- 

| j B bine both tubes into a single 

1 \ apparatus as shown in fig. 1*5 

^ (c). 

In this apparatus the dif- 
ference in levels of the mercury at B and G measures p x -p = \pq\ 

The above description merely illustrates the principle of speed measure- 
ments with the Pitot tube. The actual apparatus has to be very carefully 
designed, to interfere as little as possible with the fluid motion. With 
proper design and precautions in use, the Pitot tube can give measurements 
within one per cent, of the correct values in an actual fluid, such, as air or 
water. 


Fig. 1*5 («). 


1*6* The work done by a gas in expanding. Let S and S' be the 

surfaces of a unit mass of gas before and after a small expansion. 

Let the normal displacement of the element dS of 
the surface S be in. 

Suppose Jhe pressure of the gas to be p. Then the 
work done by the gas is 

pMS.in^px increase in volume = p dv, 
where v is the volume within S. But since the mass 
is unity, op = 1. 



Fig. 1 * 6 . 
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[1*6 


Hence the work done by the gas 



and if the expansion is from density p to density p 0 , 
the work done = | pd 

We suppose that the pressure is a function of the density only. 

We shall call internal energy per unit mass the work which a unit mass of 
the gas could do as it expands under the assumed relation between p and p 
from its actual state to some standard state in which the pressure and density 
are p 0 and p 0 . Calling E the internal energy per unit mass, we get \, 



on integrating by parts. Thus 

E = h-ZJ rd l. 

Pa P J*/> 

Note that internal energy is a form of strain energy analogous to that of 
a stretched elastic string. 



1*61. Bernoulli’s theorem for a compressible fluid. In the case of 
a compressible fluid we use exactly the same method as in the case of an 
incompressible fluid, noting, however, that account must now be taken of the 
internal energy. 

Using the figure of 1*4, and calling p x and p 2 the densities at AB and CD, 
we get as before for the work done by the thrusts the expression 

P\ a i a t ft 

This work has been utilised in increasing the kinetic energy, the potential 
energy, and the internal energy. Thus we get 

Pi oj q 1 8 <-p a cr a q i ht = o i q 2 it p % (fa'+ghj ~o x q x it Pl (faf+gh) 

where E x , E % denote the internal energy per unit mass at AB and CD respec- 
tively. 

Since the motion is steady, the inflow of mass at AB must equal the outflow 
at CD, and therefore the equation of continuity is now 

Pi a i ft & — p*0| 

We therefore get 


“ ift 1 + + -Ej - (1ft 1 +gh l +B l ). 
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1-81] 

Now, from 1-6, 

= jg t _ ?2_?5+ 

Po Pi J]>o P 1 Po Pi Jft P 
Thus we get Bernoulli's theorem, namely, 

(i) \ t, -+W+A=\ t ' d ^W+9K 

Jj*. P Jj>, P 

If we consider aerodynamic pressure (1*44) Bernoulli’s theorem assumes the 


(2) | ~ = constant along a streamline, 
whence we get 

(3) dp=-pqdq. 

HI Application of Bernoulli’s theorem to adiabatic expansion, 

When a gas expands adiabatically (that is to say without gain or loss of beat ), 
the pressure and the density are connected by the relation 

(1) t = K P y > 

where k and y are constants. For dry air, y = 1-405. Therefore 

J v.p L y - 1 y-Hp Pol 

Since p 0 /p 0 refers to a standard state, this is constant, and therefore Ber- 
noulli’s theorem gives 

If we tak&p 0 to be the pressure when the velocity is zero * and neglect the 
effect of gravity, we obtain 

9 ) = 

y-i p y - 1 Po 

so that 

' * y-lpo\ Po p) 


Now 


PPo 

PtP 


P 1 " 1 _ (P\ 
Po”’ 1 l Po) 


rzl 

Y 


from (1). 


Also, from the theory of sound waves, it is known (14*87) that the speed 
5 is po is { 


C 0 - 

Po 

* It ii not averted that tm velocity ia attained. The pressure p, U nererthelew uniquely 
defined hy the equation which follows, 
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Therefore we obtain from (2) 



= 1 - 


lPsf. + v(l\ 

2fi 8 W 


4 

+ ... • 


The ratio of the third term to the second in this expansion is g 2 /4c 0 *, so|hat 
even when the speed q is equal to half the speed of sound this ratio is 1/16. 
Thus it appears that we may, to a good approximation, neglect the third term, 
unless q is a considerable fraction of c 0 . 

Bernoulli’s theorem for air will then take the form 



h 

h 


which means that the air may be treated as incompressible within a very 
considerable range of speeds. In particular, for air speeds of 300 miles per 
hour, the error in speed measurements made by the use of the Pitot tube (see 
1*5) will be only about 2 per cent. 

Again, the speed of flow in the neighbourhood of the wings of an aero- 
plane will be comparable with the forward speed, and therefore the effect of 
compressibility is small for small forward speeds. On the other hand, the 
compressibility cannot be neglected in the neighbourhood of the tips of the 
propeller blades. 


1*63. Subsonic and supersonic flow. If c is the speed of sound 
when the pressure is p, we have (14*87) c* = yp/p , and therefore 1*62 (2) gives 


( 1 ) 


y-1 y-1 


which shows that c has the maximum value c 0 when q = 0, and that q has the 
maximum value q mu when c = 0, given by 


( 2 ) 


?mtx 


w 

y-1 


The critical speed q* occurs when sound speed and fluid speed are equal, 


q * = C* = C 0 J- 


(3) 
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1 - 03 ) 


The Mowing forms of Bernoulli’s equation (1) should be noted : 
(4) '<? = |(y-l)(?m»x-? , )i 

m ' 


.★a 


1 . 


The graph of j* as a function of c 1 is the 
straight line AB in fig. 1*63. This shows that along 
a streamline c<c 0 , q^q m M . The straight line 
q* - c* s 0 cuts AB at the point C (c* 2 , q* 2 ), where 
q* = c* The two portions AC, BC of this line 
correspond with two physically different regimes. 

If we introduce the Mach number 

(6) M = q/c, 

at any point of AC we have q<q* = c*<c, so 
that M <1, provided that q<c. Flow for which 
M< 1 is called subsonic. 

At any point of BC we have q>q* = c*>c, 
so that M> 1, and the flow is then said to be 
supersonic. 

We get from (1) 

(7) 




y-J. 

y 



I *64. Floy of gas in a converging pipe. If to is the area of the section, 
which is taken to be small, the pipe will converge if a> decreases as we go 
along the pipe, i.e. if dw/dsc 0, where ds is an element of length of the pipe. 
The equation of continuity is cj pq = constant, which gives 


( 1 ) 


1 dp ^ 1 dq __ 1 dco 

p ds q ds at ’ 


Taking the adiabatic law, Bernoulli’s theorem gives 
y . - = constant, 

y-i p 

and therefore 

i^ + VK p^- = 0. 

Let 0* sb ypjp denote the local speed of sound, i.e. the Bpeed at the point 
we are considering. Then 
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Substitution in (1) then gives 

fa _ cy f 1 dto\ _ MV / 1 du>\ 

" ~c i -q 1 \^ fa) ~ 1-M*\u dsj 

and so iq/ds is positive if M < 1, i.e. if j < c. 

Thus the speed increases as we go along the pipe in the direction in which 
it converges if the flow is subsonic ; for supersonic flow the speed decreases 
as the pipe gets narrower. 

17. The Venturi tube. The principle of the Venturi tube is illus- 
trated in fig. 1*7. The apparatus is used for measuring the flow in a pipe and 



consists essentially of a conical contraction in the pipe from the full bore at A 
to a constriction at B, and a gradual widening of the pipe to full bore again 
at C. To preserve the streamline flow, the opening from B to C has to be very 
gradual. A U-tube manometer containing mercury joins openings at A and 
B, and the difference in level of the mercury measures the difference in 


respectively. Then 

J+w-fc+w. 

P P 

by Bernoulli’s theorem. 

Let jSj , S t be the areas of the cross-sections at A and B, 

Then q x S x = q % S 2 , 

since the same volume of fluid crosses each section in a given time. Therefore 


Ji® 





Pi -ft » given by observation and the value of q t follows. 

If h is the difference in level of the mercury in the two limbs of the mano- 
meter and a is the density of mercury, the formula becomes 



1 - 7 ] 
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?i = 



KJh, 


1*71; Flow of a gas measured by the Venturi tube. Assuming 
adiabatic changes in the gas from the entrance to the throat, we obtain from 
Bernoulli’s theorem and the equation of continuity 


? + w 


y-lfc ^ y -1 p, 


whence we easily obtain 


Mi^i = P»?a 5 i> 


ft' 


*L(h-h\ 

~ 1 Vfi pJ 

W¥T 
w ** 



, and therefore 



To use this formula we must know p l , p 2 and p v The instrument must 
therefore be modified so that A and B in fig. 1*7 are connected to separate 
manometers,, thereby obtaining measures of the actual pressures p x , p % and 
not their difference, as in the case of a liquid. For speeds not compaxable 
with that of sound, the ordinary formula and method for a liquid may be used 
(see 1-62). 


I *8. Flow through an aperture. When a small hole is made in a wall 
of a large vessel which is kept full, it is found that the issuing jet of liquid 
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[1«S 

contracts at a short distance from the aperture to a minimum cross-section. 
At the contraction, called the vena contract#, the issuing jet is cylindrical in 
form and all the streamlines are parallel. If o x is the area of the aperture and 
cr, the area of the cross-section of the jet, the ratio a 2 :o x is called the coeffi- 
cient of contraction. The exact value a of the coefficient of contraction can 
only be rigorously evaluated in certain special cases, but plausible arguments 
can be adduced to show that a>J. That a<l follows experimentally from 
the existence of the contraction. 

1*81. Torricelli's theorem. In fig. 1*8, let h be the depth of the vena 
contracta below the level of the upper surface of the water in a tank wlfich 
is kept full, and let 77 be the atmospheric pressure. If q is the speed of efljux 
at the vena contracta, Bernoulli’s theorem gives V 

77 . 77 , a 

-+gh = -+!?*, 

P P 

Bince the velocity is practically zero at the free surface of the water in the 
tank, and the pressure is 77, both there and on the walls of the escaping jet. 

Therefore q 2 = 2 gh. 

This is Torricelli’s theorem, for the speed of efflux. 

If o 2 is the area of the cross-section of the jet at the vena contracta, the rate 
of efflux is 

a t j2gk 

It is in most cases sufficient to take h as the depth of the orifice, for the 
vena contracta is at only a short distance from this. If u x is the area of the 
orifice and a the coefficient of contraction, the rate of efflux is 

cto l 'j2gh. 

1*81 The coefficient of contraction. Let there be a small hole AB 
in the wall of a vessel, which is kept full, and let h be the depth of the hole 



Fig. 1S2 (a). 


below the free surface. Let 77 be the atmospheric pressure, q the speed of 
efflux at the vena contracta. Let A'B' be the projection of the area of the hole 
on the opposite wall, both walls being supposed vertical. 


m 
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If p is the hydrostatic pressure at AB when the hole is closed, the action 
of AB and A'B' on the fluid will consist of two equal but opposite forces 
When the hole is opened, the force pa x at AB disappears and is replaced by a 
force IJoy If we suppose, as a first approximation, that the hydrostatic 
pressure remains unaltered, except at the hole AB , the force accelerating the 
fluid is (p-II)o v The rate of outflow of momentum is p q o 8 y, where cr 8 is the 
area of the vena contracts. Thus * 


By Bernoulli’s theorem, 


=cr a pg 2 . 

V ^ 1 * 

- = -+k 2 - 

p p 


Therefore o % = \a x , and the coefficient of contraction is 
Bernoulli’s theorem also shows that when the hole is opened the pressure 
on the walls in the neighbourhood of the hole AB will fall below the hydro- 
static pressure, so that the accelerating force is actually greater than p-J7, 
and therefore, in general, (See 3-32.) 

If, howevefr, we fit a small cylindrical nozzle projecting inwards , the original 
assumption is nearly exact and the coefficient of contraction is This arrange- 
ment is known as Borda’s mouthpiece, fig. 1-82 (b). 



Flo. 1-82 (6). 



On the other hand, a rounded nozzle projecting outwards , fig. 1*82 (c), will 
increase the flow, for the vena contracta will occur at the outlet and we shall 


get 

and therefore 


= a 2 pq 2 
<j 2 \ p-Qjlllo x 

or*-Tn~' 


which is greater than the former value. 

Torricelli’s theorem shows that the rate of efflux increases with increasing 
coefficient of contraction so that this device increases the efflux. This fact 
was used by the Romans in the era of the Emperors, when the people were 
allowed as much water as they could draw in a given time from a supply 
flowing through an orifice. 

* From 3*40 it appear! that when the motion is steady, the flux measures the rate of change 
of momentum. 
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1*9. Euler’s momentum theorem. Consider a current filament 

bounded by cross-sections of areas , cr 8 at AB, CD respectively, in the steady 
motion of a liquid. If q 1 , q % are the speeds at AB, CD, Euler’s theorem states 
that, neglecting external forces, the resultant force due to pressure of the 
surrounding liquid on the walls and ends of the filament is equivalent to forces 
po x q x * and pa 2 q 2 * normally outwards at the ends AB, CD respectively. 

Proof. By Newton’s second law of motion, the resultant force must pro- 
duce the rate of change of the momentum of the fluid which occupies the portion 
of the filament between AB and CD in fig. 1-4 at a given instant t. 

Now at time t+ht the liquid in question will occupy the portion of the 
filament between A'B', C'D'. Thus the momentum of the liquid in question 



has increased by the momentum of the fluid in between CD and C'D' and has 
diminished by the momentum of the fluid between AB, A'B'. 

Hence there has been a gain of momentum of amount pa 2 q 2 & x q 2 at CD 
and a loss of amount po 1 q x U x q t at AB. Hence the rate of change is a gain 
of amount pa 2 q 2 2 at CD and a loss of amount pa x q x 2 at AB. These rates of 
change are produced solely by the thrusts acting on the walls and ends of 
the filament. Hence these thrusts must be equivalent to the forces pa x q x 2 and 
po t q 2 2 normally outwards at AB, CD respectively. q jj,d. 

1*91. The force on the walls of a fine tube. Consider liquid flowing 
steadily through the portion AB of a tube whose cross-sectional area is so 
small that the liquid may be considered as part of a stream filament. 



^ ’ ft » ft denote ^6 cross-sectional area, the pressure, and the speed 
at A> ft toe corresponding quantities at B. By Euler’s momentum 
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theorem, the total action of the pressures on the liquid in AB consists of normal 
forces pa 1 at A and pa 2 q 2 * at B, both outwards. But the forces due to the 
pressures at A and B are p^ and p % v % , both normally inwards. 

Hence the forces exerted by the walls on the liquid together with the 
normal inward forces p ^ , p 2 a 2 are equivalent to the normal outward forces 

/»»?»*• ^ 

Hence the forces exerted by the walls on the liquid are equivalent to normal 
outward forces o^ft+pfc 2 ) at A and o a (p 2 +^ 2 2 ) at B. By the principle of 
action and reaction, the forces exerted by the liquid on the tube are obtained 
by reversing these latter and are therefore equivalent to normal inward forces 
of the above amounts. 

1*91 d 9 Alembert 9 $ paradox. Consider a long straight tube in which 
an inviscid liquid is flowing with constant speed [/. If we place an obstacle A 



in the middle of the tube the flow in the immediate neighbourhood of A will 
be deranged, but at a great distance either upstream or downstream the flow 
will be undisturbed. To hold the obstacle at rest will in general require a 
force and a couple. Calling F the component of the force in the direction 
parallel to the current, we shall prove that F = 0. This is d’Alembert’s 
paradox. 

We shall neglect external forces such as gravity. Then F is the resultant 
in the direction of the flow of the pressure thrusts acting on the boundary 


of 4. 

Consider the two cross-sections S x , S s at a great distance from 4. The 
fluid between these sections can be split up into current filaments, to each of 
which Euler’s momentum theorem is applicable. The outer filaments are 
bounded by the walls of the tube and on these the thrust components are 
perpendicular to the current. The walls of the filaments in contact with 4 
are acted on by the solid by a force whose component in the direction of flow 
is By ’Euler’s theorem, the resultant of all the thrusts on the fluid 

considered is 


-pS x V*+pS t V' t 


which vanishes since S t = S r 



24 *' d’alembert’s PARADOX 11*92 

By Bernoulli’s theorem, the pressure p : over ^ is the same as the pressure 
p, over S* Thus 

fa Si-F-ptSt = 0 , 

and therefore F ~ 0. 

If we suppose the walls of the tube to recede, we have the case of a body 
immersed in a current unbounded in every direction, and the above proof still 
shows that F = 0. 

Finally, if we impose on the whole system a uniform velocity V in the 
direction opposite to that of the current, the liquid at a great distance is 
reduced to rest and A moves with uniform velocity V. Superposing a uniform 
velocity does not alter the dynamical conditions. Therefore the resistance' to 
a body moving with uniform velocity through an unbounded inviscid flu|d, 
otherwise at rest, is zero. 

I *93, The flow past an obstacle. If we consider a sphere, fig. 1*93 (<*), 
held in a stream which is otherwise uniform (uniform at a great distance from 



Fio. 1-93(4 

the sphere) and neglect external forces, the streamline flow must be sym- 
metrical with respect to the diameter AC of the sphere which lies in the 
direction of the stream. The central streamline coming from upstream en- 
counters the sphere at A and the fluid is there brought to rest. The point A 
is a point where the velocity is zero, usually called a stagnation point . 

This streamline then divides and passes round ABC , ADC, reuniting at C, 
which is a second stagnation point, and then proceeds downstream to infinity.* 
The streamlines adjacent to this are bent in the neighbourhood of the sphere 
and gradually straighten out. As we proceed further from the sphere the 
streamlines become less and less curved, so that at great distances laterally 
from AC their curvature becomes negligible. Photographs taken when the 
motion is in its initial stages confirm this qualitative description. (See Plate 1 
fig. 1.) 

In a real fluid, such as water, there is of necessity internal friction, Experi* 
mental evidence tends to show that the fluid in act ual contact with the obstacle 

d * , ° rip ‘ i0n ** *• 
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must be at rest. To reconcile the photographic evidence with this, the boon* 
dary layer hypothesis was introduced by Prandtl, namely, that in the im- 
mediate neighbourhood of the sphere there is a thin layer of fluid in which the 
tangential velocity component increases with great rapidity from zero to the 
velocity of the main stream as it passes the sphere, while the pressure is 
continuous as we pass normally outwards. As the velocity of the, stream is 
increased, the boundary layer remains thin at A and on the anterior portion 
of the sphere but increases in thickness towards the rear, as illustrated in 
fig. 1*93 (6). (See also Plate 1, fig. 3.) 



Fiq. 1*93 (6). 


Within this boundary layer there is reversal of the motion, forming eddies, 
while the theoretical motion subsists outside. The boundary layer thus 
separates from the sphere at a point in the neighbourhood of B. 

As the velocity of the stream is still further increased, the point of separa- 
tion of the boundary layer moves further forward and the layer widens out 


behind into an eddying wake 
in which energy is continually 


the eddies, fig.^L-93 (c). 

The picture of the relative 
motion is the same when the 
sphere moves forward in other- 
wise still water with constant 



Fig. 1-93(c). 


velocity and the sphere will undergo a resistance or drag to compensate 
for the loss of energy. To maintain the velocity, energy must be supplied 
to the sphere, and d’Alembert’s paradox is avoided. The general validity 
of Prandtl’s hypothesis is amply confirmed by photographs, and shows that 
the theoretical study of hydrodynamics can still fulfil a useful function, since 
the motion outside the wake is still a theoretical streamline motion. In 


another direction also we can apply the theory to the study of the behaviour 
of those bodies of “ easy ” shape in which the breaking away of the boundary 
layer is confined to a part near the rear with a consequent diminution in the 
breadth of the wake. Examples of these easy shapes occur in the forms of 
fish, in properly designed aerofoils, and in strut sections of small drag. 
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These are also the considerations on which we can repose our trust in the 
applications of Bernoulli’s theorem to measurements made in actual fluids 
by the Pitot tube, and that for a twofold reason. In the first place, the aper- 
tures in a Pitot tube are on the anterior portion, where the boundary layer 
is thin, and in the second place, the pressure is transmitted with continuity 
through this thin layer. 


EXAMPLES I 


1. A water tap of diameter £ in. is 60 ft. below the level of the reservoir 
which supplies water to a town. Find the amount of water which can be delivered 
by the tap in gallons per hour. 

2. Water is squirted through a small hole out of a large vessel in which a 
pressure of 51 atmospheres is maintained by compressed air, the external pressure 
being 1 atmosphere. Neglecting the difference of level between the hole anA the 
free surface of the water in the vessel, calculate in feet per Becond the speed at 
which the water rushes through the hole. 


3. Water flows steadily along a horizontal pipe of variable cross-section. 

If the pressure be 700 mm. of mercury (specific gravity 13*6) at a place where the 
speed is 150 cm./sec., find the pressure at a place where the cross-section of the 
pipe is twice as large, taking g = 981 cm./sec. 2 . 4 

4, A stream in a horizontal pipe, after passing a contraction in the pipe at 
which the sectional area is A, is delivered at atmospheric pressure at a place 
where the sectional area is B. Show that if a side tube is connected with the pipe 
at the former place, water will be sucked up through it into the pipe from a 
reservoir at a depth 



below the pipe ; S being the delivery per second. 

5. An open rectangular vessel containing water is allowed to slide freely down 
a smooth plane inclined at an angle a to the horizontal. Find the inclination to 
the horizontal of the free surface of the water. 

If the length and breadth of the vessel be a, b respectively and the mass of 
contained water be m, find the pressure on the base of the vessel, neglecting atmo- 


6. Liquid of density p is flowing along a horizontal pipe of variable cross- 
section, and the pipe is connected with a differential pressure gauge at two points 
A and B. Show that if pj - p a is the pressure indicated by the gauge, the mass m 
of liquid flowing through the pipe per second is given by 


m 



where o l , a t are the cross-sections at A, B respectively. 


(R.N.C.) 


7. A vessel in the form of a hollow circular cone with aids vertical and vertex 
downwards, the top being open, is filled with water. A circular frole whose dia- 
meter is 1/nth that of the top (n being large) is opened at the vertex. Show that 
the time taken for the depth of the water to fall to one-half of its original value (h) 
cannot be less than 


20 J9 
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8. If pfp v * constant, and the fluid flows out through a thin pipe leading out 
of a large closed vessel in which the pressure is n tunes the atmospheric pressure p, 
show that the speed V of efflux is given by 




vena contracts. 


9. A gas in which the pressure and the density are 
relation p - kp Y flows along a pipe. Prove that 


(B.N.C.) 




\ Y_P 

-1 P 


is constant, if the external forces are neglected, q being the speed. If the pipe 
converges in the direction of the flow, prove that q will increase and p/p will diTYnniiah 
in the direction of flow provided that q 2 p < yp. (B.N.C.) 

10. Show that the speed q of gas flowing in a thin tube whose cross-section is a 
at a point, of distance s in arc from a fixed cross-section, obeys the equation 

i(log<,) + (l-g|log ? = 0, 


where c is the speed of sound in the gas at the point considered, the adiabatic 
law being followed throughout. 

11. If gas flows from a vessel through a small orifice from a region where the 
pressure is p x to a region where the pressure is p 2 » prove that the rate of efflux of 
mass is 

h )*[(#' 4 

where p = kp Y , o> 2 is the area of the vena contracta, and c 2 * =» ypjp% (cf. 1*64), 
p 2 being the density at the vena contracta. 

12. If c* is the small cross-section of a tube of flow in a gas, prove that qpw * con- 
stant along the tube and hence use the result of 1*64 to prove that qp is a maximum 
when q - c, and that w is then a minimum. 

13. If c n is the Bpeed of sound at the minimum cross-section in Ex. 12, prove 
that there is an upper limit to the value of q given by 

sm« - ■ 2,45 «»• 

11 Gas flows radially from a point symmetrically in all directions, the pressure 
and density being connected by the law p = If m is the rate of emission of mass, 

supposed constant, prove that 

where q is the speed at distance r, and q x is the speed where p « 1. 



CHAPTER II 
VECTORS 

2*1. Scalars and vectors. Pure numbers and physical quantities which 
do not require direction in space for their complete specification are galled 
scalar quantities , or simply scalars. Volume, density, mass and energy are 
familiar examples. Fluid pressure is also a scalar. The thrust on an infini- 
tesimal plane area due to fluid pressure is, however, not a scalar, for to describe 
this thrust completely, the direction in which it acts must also be known. 

A vector quantity, or simply a vector, is a quantity which needs for its 
complete specification both magnitude and direction, and which obeys the 
parallelogram law of composition (addition), and certain laws of multipli- 
cation which will be formulated later. Examples of vectors are readily 
furnished by velocity, linear momentum and force. Angular velocity and 
angular momentum are also vectors, as is proved in books on Mechanics. 

A vector can be represented completely by a straight line drawn in the 
direction of the vector and of appropriate magnitude to some chosen scale. 
The sense of the vector in this straight line can be indicated by an arrow. 

In some cases a vector must be considered as localised in a line. For 
instance, in calculating the moment of a force, it is clear that the position of 
the line of action of the force is relevant. 

In many cases, however, we shall be concerned with free vectors , that is to 
say, vectors which are completely specified by their direction and magnitude, 
and which may therefore be drawn in any convenient positions. Thus if we 
wish to find only the magnitude and direction of the resultant of several given 
forces, we can use the polygon of forces irrespectively of the actual positions 
in space of the lines of action of the given forces. 

.We shall represent a vector by a single letter in clarendon (heavy) type 
and its magnitude by the corresponding letter in italic type. Thus if q is the 
velocity vector, its magnitude is q, the speed. Similarly the angular velocity *> 
has the magnitude <o. 

A unit vector is a vector whose magnitude is unity. Any vector can be 
represented by a numerical (scalar) multiple of a unit vector parallel to it. 
Thus if i„ is a unit vector parallel to the vector a, we have 



SCAURS AND VECTORS 


* 1: i 

We proceed to develop some properties of vectors with a view to hydro- 
dynamical applications. 

In what follows, the magnitude of a vector will be supposed different from 
zero, unless the contrary is stated. 

HI* The scalar product of two vectors. Let a, b be two vectors, 
of magnitudes a, b, represented by the lines OA, OB issuing from the point 0, 

Let 0 be the angle between the 
vectors, i.e. the angle AOB measured 
positively in the sense of minimum 
rotation from a to b. 

The scalar product of the vectors is 
then ab and is defined by the relation 

ab = ab cos 0. 

The scalar product is a scalar and 0 * M A 

is measured by the product OA . OM, I0 ‘ 211 ‘ 

where M is the’projection of B on OA, so that OA = a, OM = b cos 0. It is 
clear from the definition that 

ba = 6a cos (-0) = a6cos0 = ab, 
so that the order of the two factors is irrelevant. 

When the vectors are perpendicular, cos 0 = 0, so that ab = 0. Con- 
versely this relation implies either that a, b are perpendicular, or that a = 0, 
or that b = 0. 

If ab = 0, where b is an arbitrary vector, then a = 0, for a cannot be 
perpendicular to every vector b. 

If 0 is an obtuse angle, the scalar product is negative. 

If i 0 is a unit vector, then i a b = b cos 0, which is the resolved part of the 
vector b along the direction of any vector which is parallel to i 0 . 

If i 0 , i 6 are both unit vectors, then i a \ b ~ cos 0, which is the cosine of the 
angle between any two vectors parallel to i a and i&. 

If the point of application of a force F moves with velocity v, the rate at 
which the force is doing work is the scalar product Fv. 

2*11 The vector product of two vectors. Let a, b be two vectors 
of magnitudes a, 6 inclined at the angle 0 measured positively from a to b. We 
define the vector product a A b as the vector of magnitude ab sin 0 which is 
perpendicular both to a and to b and whose sense is such that rotation from 
a to b is related to the sense of a A b by the right-handed screw rule. 

It follows from the definition that vector multiplication is not commu- 
tative, for 6osin(-*0) = -ohsin 0, and therefore 
a A b b A a. 
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Also when the vectors are parallel (0 = 0 or ir) we have & A b » 0. Con- 
versely this relation implies either that a, b are parallel, or that one of them 
is zero. 



Fio. 2*12 (i). Fiq. 2*12 (ii). 


As an example, let P be a point of a rigid body which is moving about the 
fixed point 0 with angular velocity u>. Let r be the position vector of P relative 
to 0. Draw PN perpendicular to co. Then the velocity of P is wOP sin 0 
perpendicular to the plane PON and is therefore the vector w A r. 



0 n r p 

Pig. 2*12 (iii). Fig. 2-12 (iv). 


Similarly, the vector moment about 0 of a force F acting at P is r A F, 
fig. 2*12 (iv). 

Since ab sin 0 measures the area of the parallelogram of which a, b are 
adjacent sides, the vector product a A b can be regarded as a directed measure 
of this area. It is the vector whose magnitude measures the area and whose 
direction is normal to the area. 

2*121. The distributive law. Both scalar and vector multiplication 
ore distributive, that is to say, 

a(b-fc) = ab+ac, 

• A (b+c) = a A b+a A c 

The proofs are left to the reader. See Ex. II, 27, 28. 

2*13. Triple scalar product If a, b, c are three vectors, the combina- 
tion a(b A c) is called their triple scalar product. This is the scalar product of 
the vectors a and b A c The triple scalar product is measured by the volume 
of the parallelepiped whose conterminous edges are a, b, c 
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Proof. Since b A c represents the area of the face whose edges are b, c 
and in fig. 2*13 is directed along the normal on the same side as a, the triple 
scalar product is measured by the volume. 

Q.E.D. 

Thus a(b A c) = b(c A a) = c(a A b). 

But a(b A c) sb -a(c A b), 

since b A c = -c A b, 
but note that 

*( b A c) = (b A c)a. 

Hence the cyclic rule : the triple scalar product changes sign only with a 
change of cyclic order of the vectors. Note also that the actual position of 
the sign A is unimportant, for 

(a A b) c == a(b A c) = [abc], 

the last being a convenient notation for the triple scalar product. * 

If two of the vectors are equal or parallel, or if all three are coplanar, the 
triple scalar product vanishes, e.g. 

(1) [aab] = 0. 



2*14, Triple vector product If a, b, c are three vectors, the combina- 
tion a A (b A c) is called a triple vector product. 

This is the vector product of the vectors a and b A c. 

Note that a A (b A c) = -a A (c A b) = (c A b) A a. 

Hence the centric rule ; the sign of the triple vector product changes only 
with a change of the centre vector. 

The triple vector product has the very important property expressed by 
the relation 

a A ( b A c )= -{ab)c+(ac)b. 

Proof. The vector a A (b A c) is perpendicular to the vector (b A c), which 
is itsdf perpendicular to the plane containing b, c Thus a A (b A c) is coplanar 
with b, c and can therefore be compounded of scalar multiples of these latter* 
Therefore 

*A( b A C ) := i ,b -? C < 

where p, q are scalars. Since a A (b A c) is perpendicular to a, the scalar product 
of thaw two vectors is zero. Therefore 

0 = pab -gac 

Thus p = Aae, q = Aab, 

where A ia a scalar. Hence 

» A (b A c) = -A(ab) e +A(ae)b. 
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To determine A, take the scalar product with a vector d which is coplanar 
with b, c and is perpendicular to c, fig. 2-14. 

Then cd = 0, 
and therefore 

Abd(ac) = d[a A (b A c)] 

= a[(b A c) A d], 

using the property of the triple scalar 

Fio 2*14 d P 10 ^’ 

Now (b A c) A d is a vector copjanar 

with b, C and perpendicular to d and is therefore a vector along c. ]| 6 is 

the angle between b, c, the magnitude of this vector is 1 

6cdsin0 = &dcos(9O°-0)c, 
and therefore the vector (b A c) A d = (bd)c. 

Hence A(bd)(ac) = (ac)(bd), 

r 

and therefore A = 1. Q.E.D. 

Note also the result (a A b) A c = -a(bc)+b(ac), and that as a mnemonic 
the term with the negative sign is always obtained by moving the brackets in 
the triple product but preserving the order. 

2*15. Resolution of a vector. If a, b, c are given vectors, not ail 
coplanar, and x is an arbitrary vector, then 

(i) x[a(b A c)] = a[(b A c)x]+b[(c A a)x]+c[(a A b)x]. 

(ii) x(a(b A c)] = (b A c)(ax)+(c A a)(bx)+(a A b)(cx). 

The first resolves x along the given vectors, the second resolves x perpen- 
dicularly to the planes be, co, ab. 

Proof of (i). Since a, b, c are not all coplanar, we can resolve x along 
them and so get 

x = pa+gb-frc, 

where p, q, r are scalars. Form the scalar product with (b A c) which is per- 
pendicular to b and c. We then have 



x(b A c) = pa(b A e), 


Q.E.D. 


Proof of (ii). Let x = p(b A c)+j(e A a)+r(a A b). 

Form the scalar product with awhich is perpendicular to (c A a) and(a A b). 
Then 

ax = p[a(b A c)] 

QAD. 
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2*16. The indefinite or dyadic product Given two vectors a, b, in 
addition to the scalar and vector products, we introduce the indefinite or 
dyadic 'product . 

a;b. 

This product, which we call a dyad, has no geometrical interpretation. It is 
an operator of great use in transforming vector expressions. 

A sum of dyads is called a tensor of the second rank, e.g. 

(a ;b)+(c ;d)+(e ;f) 
is a tensor. The brackets may be omitted. 

Taking a third vector c we define the scalar product of c and the dyad a ; b 
by 

(a ; b)c = a(bc), c(a ; b) = (ca)b. 

Thus the product is a vector, and is indeed a different vector according as 
c follows or precedes the dyad. 

As an example we have the triple vector product 

a A< b A c )= -(ab)c+(ac)b = a[-(b;c)+(c;b)], 
which also illustrates the distributive law which holds for dyadic multiplication. 
The unit dyad I or idemfactor is a tensor such that, if a is any vector, 

(1) /a = af = a. 

We prove the existence of the unit dyad by means of the following expres- 
sion for it : 

(2) I = i;i+j;j+k;k, 

where i, j, k are mutually perpendicular unit vectors. For by resolution (2-15) 
we can write a = oj+aj+aak, and the truth of (1) is then easily verified by 
forming the products. 

Consider the tensor 

(3) $ = a;b+c;d+e;f. 

The tensor 

(4) 9 C = b; a+d;c+f;e 

obtained by reversing the order of the vectors m each dyadic product is called 
the conjugate of 9, 

If r is any vector, 

(5) 9 r = a(br)+c(dr)4*e(fr) = r9 t . 

If 9 s 9 t .the tensor 9 is said to be symmetric, and then 

9t = r9 t = 

If 0 as , the tensor 9 is said to be antisymmetric or shew. 

If 9 is any tensor, we have identically 

( 6 ) 9~\(9+9')+l(9-9 t ). 
c, 


«.TJ[ 
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The tensor $(#+#„) is symmetric, for 

($+$ 0 )r s r$ t +r4> = r(#+# c ). 

Similarly, - #„) is antisymmetric. Thus any tensor can be expressed 
(in one way only) as the sum of a symmetric and a skew tensor. 

If in (3) we replace the indefinite multiplication by scalar multiplication, 
we get a scalar known as the first scalar invariant of $, written 

(7) <P 7 = ab+cd+ef. 

The scalar product of two dyads (a ; b) and (c ; d) is defined by 

(8) (a ; b)(c ; d) = a(bc) ; d = a ; (bc)d = (bc)(a ; d) J 

= (a;d)(bc) \ 

and is again a dyad. The position of the scalar be does not affect the product. 

By distributing the product we see that the scalar product of two tensors 
of the second rank is a tensor of the second rank. 

If we take the first scalar invariant of the right-hand side of (8), we get a 
scalar known as the double scalar product of the dyads and we write 

(9) (a ; b) . . (e ; d) = (ad) (be) = (cb)(da) = (e ; d) . . (a ; b) 

And so double scalar multiplication is commutative. 

By distributing the product we form the double scalar product of two 
tensors of the second rank, say !F, and we find that 

( 10 ) 0..V=V..^0 c ..W e ^W c ..d> ei 

which shows that the double Bcalar product is unaltered if we replace both 
tensors by their conjugates. 

Thus if S is a symmetric and A an antisymmetric tensor of the second rank, 

S •, A = S c •• A e = S »•(- A) = ~/S, t A 

Therefore S . . A = 0 and therefore the double scalar product of a symmetric and 
an antisymmetric tensor is zero . 

2rl9. Scalar and vector fields. If to each point of space there cor- 
responds a scalar, then a scalar field is defined. Thus, for example, fluid 
pressure p and fluid density p constitute scalar fields. 

If to each point of space there corresponds both a scalar and a direction, 
that is, if a vector is, as it were, tied to each point of space, then a vector field 
is defined. One of the most important vector fields in hydrodynamics is the 
field of fluid velocity q. Another important field is that of vorticity (see 
8*41). 
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2*20. Line, surface, and volume integrals. As we shall in the sequel 
have occasion to use these notions, this section will be devoted to explaining 
the sense in which the terms are to 
be understood. The object of this 
section is not to explain how the 
integrals may be calculated numeri- 
cally, nor the conditions in which 
they exist, for these matters are 
fully treated in books on Analysis. 

When a particular case presents 
itself for numerical evaluation, that 
case will be dealt with as an in- 
dividual instance. 

Let AB be an arc of a given 
curve (not necessarily a plane curve). By marking points Q x , Q, , . . . , , 

divide the arc AB into N sections AQ 1 , Q t Q 2 , , Q S _JB of lengths , 

S$ 2 , ... , fox each less than e, and take points P x , P 2 , . . . , P N , one in each 
section. Fig. 2*20 (i) illustrates the case N = 4. Let /(?), or briefly/, be a 
function whose value is known at each point P of AB, and let f x ,/ a , . . . ,/y 
be the values of /at the points P x , P 2 > • . . , Pn- 

Then we can form the sum 

(1) /i 8*! +/* S$ 2 +. . . +/y = 2f 8$. 

If we now allow the number N to increase indefinitely, and at the same 
time let e tend to zero, the line integral of / along AB , or the curvilinear 
integral of / algng AB, is defined by 

fds = lim Ufhs. 

(AB) 

«-+o 

This definition applies whether/ is a scalar or a vector. 

If / is a vector, then the sum in (1) is a sum of vectors to be obtained by 
the law of addition of vectors, and the integral is then a vector quantity. 

If/ is constant, i.e. if / has the same value c at every point of AB, then it 
is clear from (1) that the sum is d where l is the length of AB, and in this case 
the value of the integral is cl 

If / is a scalar function which obeys the inequality 

( 2 ) * 

where M and m axe fixed numbers, then clearly 

2(M-/)8*>0, 

and therefore 2 Mhs>Efhs>2mhs, 
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so that 


Ml> 


*[ fds>ml 


JUR) 


Let i, be a unit vector along the tangent to the element of arc da. Then 
writing d% = \ t ds, so that d$ is a directed element of arc of the curve AB, we 


f X<b=[ 1 

iUB) J(AS) 


X\ t ds, 


so that the integral on the left is defined in terms of the integrals already 
described. Here X may be a scalar or vector and the multiplication may be 
scalar, vector, or dyadic. 1 

To define the surface integral of / = /(?) over a surface S (not necessarily 
plane or closed), we divide the surface into 
elements of area hS x , SS 8 ,..., &S Si each 
having its longest dimension less than c. If 



P lf P t , . . . , P N , one within each 
we can form the sum 


The integral of / over the surface S is then defined by 

[ /4S = BmX/ML 

J(S) N-wo 
-*0 

This definition applies to both scalar and vector functions. 

If/ has the constant value c over the surface, then the surface integral is 
cA, where A is the area of the surface S. Again, if/ satisfies the inequality (2), 
then 

MA>\ fdS>mA. 

m 

Again, if n is a unit vector drawn to the element dS in the direction of the 
outward normal to a closed surface S, 


(3) ndS = Q, 

J IS) 

for it is easily seen that the projection of this vector on any fixed plane is 
zero. 

It is often convenient to replace n dS by the vector dS Vhich represents 
an element of surface area directed along the normal (cf. 2*12). With this 
notation (3) becomes 

[ d$*0. 

J(A) 
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More generally we we led to consider integrals of the type 

[ XdS> 

J <S> 

where X is & scalar or vector and the multiplication may be scalar, vector, or 
dyadic. 

To define a volume integral , consider the volume V consisting of the region 
interior to a closed surface S. We divide V 
into elements of volume 8r lP 8 t 2 , . . . , St^ , 
each having its longest dimension less than e. M't'y 
If /i ,/*,... Jjt denote the values of / at pJi 

points P lt P 8 ,...,P*, one within each V 

element, we can form the sum - 

fl 8ti +/ 2 8 t 2 + . . . +/y 8 t m = Ef 8r. Fia. 2-20 (iii). 

The integral of/ throughout the volume F is then defined by 


Fio. 2-20 (iii). 


f /dr = limZ/Sr, 
J(F) X-+* 


which again applies to scalar and vector functions. 

If the function has the constant value c, then the integral is equal to cF, 
and if/ satisfies the inequality (2), then 


MV>\ fdr>mV. 
J(D 


Notation ; we use one sign of integration when there is only one differential 
ds, dS, or dr.* When two differentials are used we shall use two integral signs. 
Thus if dS = dxdy, we write 


[ /dS=[[ fdxdy. 
J (5) JJ(5) 


2*22. Variation of a scalar function of position. Let ^ be a scalar 

function of position so that the values of <j> constitute a scalar field. We shall 
suppose <j> to be a continuous function with 
continuous differential coefficients of the first 
order. Then there exists, in general, a family 
of surfaces on each of which <f> is constant. 
We can call these egui^ surfaces. 

Let P be any point and let Q be a near 
point on the normal at P to the equi-^ surface 
^ « ^i> , where <f>p denotes the value of <j> at P. Then if PQ is regarded as 
a small length of the first order, we can write 


Q 



Fia. 2*22. 
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im 


(■) 

where j denotes the distance rate of change of <j> for displacements in 
the direction of PQ. 

Let R be any point near P, and let the equi-</> surface <f> = fa meet PQ in 
S, and assume that to the first order RS is perpendicular to PQ. Then 

h = fa = tp+Ps(^j^ 

so that 

( 2 ) <l, R -<j, P = PRme^j = PR(gnA<j>), 

where grad <j> denotes a vector * whose direction is along PQ and whose Lagni- 
tude is i 


It follows from this definition, by putting PQ=ndn, where n is the unit 
vector along the normal at P to the equi-^ surface through P, that 

(3) grad^ = n^ 

Various alternative notations are available for grad <j>. 

(4) grad^| = | = V^ = n|. 

In the first of these we denote the change of position vector of P by dr, in 
the second the change of position vector is denoted by dP, the advantage here 
being that explicit attention is called to the point P by the notation. The 
notation d<j>jdr may be compared with the ordinary partial differential coeffi- 
cient dfydx, but it must be remembered that we cannot divide by a vector, so 
that <ty/3r cannot be regarded as the limit of a quotient of two small quantities. 
The symbol V (pronounced nabla) was introduced by Sir William Rowan 
Hamilton and so named from its fancied resemblance to a harp. The vector 
operator V is analogous to the scalar operator D = d/da?, in that it does not call 
explicit attention to the independent variable. It is nevertheless convenient* 
We shall use in the sequel whichever of the notations indicated in (4) may 
appear most appropriate. 


Returning to (2), the rate of change of <j> when we proceed in the direction 


which is the c omponent of grad <f> in the direction PR. 

♦ grid ^ is abbreviation of the phrne “ gradient of 4 ”. 
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Thus if in (2) we write PB = i, d», we have 

m g-i.e-4-i.g-uw 

We must therefore regard y as a vector operator which, applied to a scalar 
gives a vector whose component in any direction is the rate of change of ^ 
in that direction. 

2*23. Alternative expression for grad <j>. Let S be a cylinder bounded 
by equi-^ surfaces <t> = <j> Pf <f>~(j> Q where Q is on the normal at P to ^ = <j> Pt 
PQ is infinitesimal of the first 
order, the diameters of the cross- 
section are small compared with 
PQ, and the generators are normal 
to </> = <f> P , Let n be the unit 
normal vector (dram outwards) at 
the element dS of the surface of 
the cylinder. Consider 

(1) n 4dS. 

Hs) 

Since the diameter of a cross- 
section is of the second order, <f> is constant round the boundary of a cross- 
section, and therefore the contribution of the curved surface of the cylinder 
to (1) is zero (cf. 2-20 (3)). If m is the area of a cross-section, (1) then gives, 
approximately, 

t\<j)dS = r\Q<j>Q(jt)+f\p<j)po) 

1 ( 5 ) 

= <u [n 8 |^+Pg(^J+^.n P ] 

= w PQ (grad <j>) = V (grad <f>), 

where V is the volume of the cylinder, and where we have used n P +rig = 0. 

Now let the cylinder be replaced by any small convex surface S enclosing 
P ; 8 can be split up into a number of cylinders of the type described above, 
and since the contributions of the internal boundaries cancel we get, approxi- 
mately, 

(2) «l <l>dS=V (grad^), 

)<» 

where V is the volume enclosed by S, and therefore to the order of approxima- 
tion here considered : 

grad^ = if n<j>dS. 

v J(S) 
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Thus if S is any surface enclosing P, we have 

where F-*0 means that the surface S shrinks in such a way that it always 
encloses P while its longest dimension tends to zero. 

2*24. Generalised definition of the operator V* We have seen that 
the vector operator V when applied to a scalar function (j> yields the vector 
grad <j> as defined by 2*23 (3). This naturally leads us to enquire what mean- 
ings we should attach to V F> Va V I F, where F is a vector function of 
position. To this end let X be an unspecified (scalar or vector) function of 
position. Then we define V X by 

(1) V* = li“T,[ *XdS, ' 

F-*orJ(S) 

where V is the volume enclosed by a surface S to which the point P at which 
V X is to be calculated remains interior, while the largest dimension of S tends 
to zero. Here n is the outmrd unit normal vector at the element dS. The 
multiplication in V X may be scalar, vector, or dyadic, when X is a vector. 
Taking X in turn to be a scalar <f> or a vector F, we make the following 
definitions, the names on the right giving an alternative nomenclature. 

(2) n^d£ = grad^. 
f-+o r J(5) 

(3) * V F = lim^f nFdS = div F. 

v-*o y j (s) 

(4) V A F = li“4f n. FdS = curl F. 

F-+0' J(S) 

(5) V.F-Bnil n; F dS. 

F-+0K J(S) 

Observe that (2) shows (cf. 2*23) that the definition of V here given is 
consistent with its previous use as a gradient operator on a scalar. 

Note also that V is a vector operator in the sense that if n is a vector, n^, 
«F,n A F remain respectively a vector, a scalar, and a vector when V is sub- 
stituted for n. 

Thus from (1) the formulae 

a(rv^) = (an)f afn ; F) = (an) F, . 

lead to 

(0) »(Vfl = (»V)6 a(V ; F) = (a V)F. 

* fi* f w abbreviation for divergence c tf F. A vector field whoce divergence vanishes Is 
mMscknoidd, A vector field whose owl vanishes ii celled imtationd. 
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More generally we can manipulate formulae containing V as though y 
were an ordinary vector, provided that the manipulated results are significant, 
for example, do not terminate with V> and that we pay due regard to vectors 
which are variable and vectors which are constant 

2*31. The operator (a V)* Let a be a vector which is not to be varied 
in the limiting process of 2-24 (1). Then 

Hi 

(2) j (ffl (an) = a[umi j(n; F)ds] = a(V ; F) = (a V) F, . 

from 2*16, and remembering that y is a vector operator. 

If a = oi, 2*22 (5) shows that (a V)</> is o times the rate of change of <j> 
in the direction of a. 

Observe that ( a V) is a scalar differentiation operator. Thus to interpret (2) 
we note that F has scalar components along three arbitrary fixed non^oplanar 
vectors, and therefore (a V) F gives a times the rate of change of F in the 
direction of a. 

Also, since (a V) is a scalar operator, the ordinary rule for differentiating 
products gives 

(3) (aV)(bc) = b[(aV)c]+c[(aV)bJ. 

(4) {a V)(b A c) = [(a V)b] A c+b A t(a V)c]. 

Note also that, for infinitesimal changes of position, 

(5) # = (irV)* = W), 

*l = (3rV)q. 

As an important application let q be the 
fluid velocity at the point P, q' the velocity 
at a neighbouring point Q in the position 
measured from P by the infinitesimal vector 

*1- Fig. 2*31. 

Then q' = q+(i) y)q to the first order. 

2*31 Operations on a single vector or scalar. 

(I) div(gradfl = V(W) = (VVtf = V**. 

bBc . ^ is a scalar. The operator V* is called the Laplacian operator. 

(II) * div (curl a) = V (V a *) = IV V ®] = ®* 
from 2-18(1). 

(ffl) curl (grad*) = V A (Vfl = (V A VW = <>. 
since, from 2-12, a A a = 0. 




42 


OPERATIONS ON A SINGLE VECTOR OR SCALAR 


(IV) curl (curl a) = V A (V A *)• 

Using the triple vector product, we get 

curl (curl a) = V ( V a ) - (W) a = grad (div a) - V 1 a. 

Thus 

(V) V 2 a = V(Va)-V A (V A a). 

The foregoing are all capable of direct proof, For example, to prove (II) we 
write, with an obvious notation, 

m A ») = Hm ton T?V [ ["»("ia»)*M5i 

F|-*0Ff*0 

= - lim lim ^ [ [n,(n, A a)(M! 1 <£S l , * 

r,-*> ?,-♦<> >1*1 JJ n * 

using the triple scalar product cyclic rule, and assuming that the ord^r of 
integrations can be inverted. Thus 

Vi(Va A a) = “Va(Vi A a)» ' 

or V(V A a)=-V(V A a) = 0. 

Similarly for (V), we have • 

V A (V A a)= lim lim jXr |fn 1A ( n , A a)(i5,iS 1 

F ,-»0 F ,-»0 ' 1 ' 1 J J 


= lim lim ^ fi{n J (n,a)-(n 1 n,)a}(lS l dS 1 
F,-+0 F|-+0 '2 JJ 

- V(Va)-V 2 a. 

These specimen arguments show that manipulations with V ultimately rest 
on the corresponding manipulations with n. 


(Hi n 2 )a }dS t dS x 


2*33. Operations on a product To study operations on a product 
XY t we shall suppose X, Y to obey the following product law : 

(Z+r)(F+r) = XY+XY'+X'Y+XT, 

the order of the factors in every product being, in general, relevant. 

Let J, Y be the values of our symbols at the point P, and X\ Y' their 
values at a point of a closed surface S surrounding P, and n a unit outward 
normal to the element dS of this surface. Then we have identically 

rr = [j+(r-i)][F+(r-F)] 

*ir+i(r-r)+(r-2)r+(r.i)(r-n 

and therefore 

Jn IT dS = jn XY iS+ Jn X(Y' - Y) dS 

+ Jn (T -X) Y iS+ Jn(Z' -X)(F - Y)dS. 

If we let the surface surrounding P shrink to ri se, X' +*X 
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Y'-Y will also be infinitesimal, and therefore the last integral will itself be 


Also, X, Y, being calculated at the point P, are fixed, and I n dS = 0 when 
taken over a closed surface (2-20 (3)). Therefore 

(1) Jn2frdS = 0, 

and we get 

jnrr'is = 

on making a further application of (1). 

Dividing by V the volume enclosed by the surface, we get 

iJnrrd5 = ijnJCrdS+iJnZTdS. 

If we nowdet F-*0, this gives, by the definition of V> 

V(xr) = V(ier)+V(WA 

the suffix zero indicating that the corresponding quantity is not to be varied 
when applying the operator nabla.* This formula can be compared with the 
corresponding formula for the differentiation operator D = d/dx, namely : 

D(XY) = D(X 0 F)+Z)(Zy o ) = X 0 (DF)+(M)r 0 = X(DY) +(DX)Y, 

the suffix zero being dropped, as it is no longer required. The above property, 
in conjunction with the gradient property (2-23), shows that V is in the nature 
of a generalised differentiation operator. 


nX(Y'-Y)iS+^n{X'-X)Yi8 

inXY'dS+lnX'YdS 


2*34. Applications of V to products. We shall now apply the result 
of the previous section to certain products of vectors and scalars, remembering 
that we must so arrange that V is never an end term. The triple scalar and 
vector products yield the following results which will be useful : 

(A) p(q A r ) = FtPAq) = -q(PA r >* 

(B) p A (q A r ) = (^q-^tpq)- 

(C) p(qr) = q A (p A ' , )+(qP) r - 

Observe that (C) is merely a rearrangement of (B). 

(I) ^(• A b)-V(»AW+V(«. A h) 

»b,(V A a)-a.(VA b )- 


♦Koto that this step i« an eeeential preliminary to developing the reeult of operating on a 
product, of 2<S4 (II), (ul). 



im 
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The suffix zero is no longer required and we get 

V(a A b) = b(V A »)- a (VA b )> 
or div(a A b) = b curia- a curl b. 

(II) V A (*A b ) = V A ( a A b o)+V A (a, A b) 

= (b 0 V)a- b 0 (V a)- (a. V) b + »o(V b ). 6°® (B), 
V A (a A b) = (b V)a-(aV) b_b (V a)+a(Vb). 

(III) \7(*b) = V(*»b)+V(ab 0 ) 

= a A (V A b)+(aV)b+b A (VA»)+( b V)a,&om(9). 

(IV) From (II) and (III), by subtraction, 

( aV)b = i{V(ab)-VA( a A b )- b A(VA») 

-a A (V A b)-b(Va)+a(Vb)}. 

In particular, since V a fa a 9) = ®> we S et 

(qV)q = iVj'-qA(V A q)- 

(V) If V) is a constant vector (unaffected by V). we g et > ^ rom Wi (^)« 

foV)b = -V A (’lA b )+ , l(Vb), 

(»lV)b = V('nb) + (V a b ) a 7 !- 

(VI) V(a^) = V(^a)+V(^ao) 

= </i(V a)+ a(V </>), since <f> is a scalar, or 
div (a$ = ^ div a+ a grad <f> 

(VII) VaW) = Va(*o^) + Va(*W 

= -a A V^+^(VA a )> 

curl (a$ = <f> curl a - a A grad <j>. 

(VIA) V(#) = VO+V(#o) 

= ^V^+0V^i 

where <j>, i/j are scalar functions. 

ox) v ! (#)=v(v#> 

using (VIH) and then (VI). 

(X) V( a :b) = V( a ib#)+V(V»b) 

= b(V a )+(aV)b. 
in particular, v(q:q) = q(V q)+(q V)q- 
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1-46. Analysis of the motion of a fluid element Consider an 
i nfini tesimal element of fluid whose centroid is the point P. 

Let ij be the position vector 
of the point Q of the element 
relative to P. Then if q is the 
fluid velocity at P, the velocity at 
Q will be (2*31). 

(1) q+v = q+ftV)q, 

Consider the equation 

{faV)q}q = c, 

where c is a constant. The left side 
is homogeneous and quadratic in the components of if), and therefore represents 
a surface of the second degree.* Let us find the normal at the point yj. If dr) is 
in the tangent plane at Q, the equation of the surface is satisfied to the first 
order in di\ by # the vector y) +<ft, and therefore by substitution and subtraction, 
omitting the second order term in dr\ dr\, we get 

(2) {(^V)q}^+{(^V)q}iQ = o. 

But from 2*31 (3), since V operates on q but not on Y|, we have 

{(*) V)qft = (*) V)(<Pl) = A){V(qi))}, 

and from 2-34 (V) 

V(q*i) = ~(V A q) A q+ftV)q* 

Therefore, from (2), 

* {ft V)qHV A q) A q+ftV)q}A] = o. 

Since the normal is perpendicular to <ft, it follows that it is in the direction 
of the vector 

(3) 2ft V)q - (V A q) A i) = 2/ft), say. 

Therefore, from (1), (3), we get for the velocity at Q the expression 

q+v = q+i(V A q) A T l+/ft)* 

From this it appears that the velocity at Q is the sum of three parts, namely : 

(i) The velocity q at P, which corresponds to a translation of the element 
as a whole* 

(ii) The velocity 1(V A q) A q» which is the velocity due to the rotation of 
the element as a whole with the angular velocity $ (V A q)« (Se© 2*12.) 

(iii) A velocity /ft) relative to P, which is in the direction of the normal 

* In fact a central quadric, typically an ellipsoid. That it is a central quadrio follows from 
the foot that if q lies on it, so does ~q. 
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[2*40 


f(i\) to the quadric of the system of central quadrics {(v)V)<|}v) = constant, on 
which Q lies. 

The first two of these motions are rigid body movements ; they could still 
take place if the fluid element were frozen solid. 

The third motion is called a pure strain and can only take place when the 
substance is deformable, as is the case with a fluid. This type of relative 
motion is characteristic of any deformable substance whether fluid or not. 

To elucidate the nature of the pure strain, we observe that a central 
quadric has three perpendicular axes of symmetry which are normal to the 
tangent planes at their extremities. Lines parallel to these axes are being 
elongated at constant (though generally different) rates. Such a motion will 
distort an element originally spherical into an ellipsoid. We also note th|t 
lines in the direction of the axes of symmetry at time t will still be mutually 
perpendicular at time $+&. Since the axes of symmetry are parallel to the 
normals at their extremities, the directions of these axes are given by the 
equation 


The foregoing analysis shows that this description of the motion relates 
to an intrinsic property of the fluid, independent of any axes of reference. 


2-41. Vorticity. The vector V A q = curlq = £ say, is called the vorticity 
vector , or simply the vorticity. The angular velocity of an infinitesimal element, 
often but not very aptly called molecular rotation, is equal to half the vorticity. 
If a spherical element of the fluid were suddenly solidified and the surrounding 
fluid simultaneously annihilated, this solid element would rotate with the above 
angular velocity. See Ex. II, 13. 

A vertex line is a line drawn in the fluid such that the tangent to it at each 
point is in the direction of the vorticity vector at that point. It will be shown 
later (3*54) that vortex lines move with the fluid. 

When the vorticity is different from zero the motion is said to be rotational . 

A portion of the fluid at every point of which the vorticity is zero is said 
to be in irrotational motion . In such a portion of the fluid there are no vortex 
lines. Motions started from rest are always initially irrotational. 


2*42. Circulation. Consider a closed curve C situated entirely in a 
moving fluid. Let q be the velocity at an arbitrary point P of the curve and 
$t a unit vector drawn in the direction of the tangent at P, the direction 
being so chosen that an observer moving from P in the sense of fj 
describes the curve in the sense chosen as positive. Take a point Q, on the 
curve, adjacent to P such that the arc PQ is of infinitesimal length Si. 
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We can then form at P the scalar product q$ x 8s = q 8$, where 8s is the 
directed element of arc at P (cf. 2*20). 



Forming the analogous products at Q, R f . . . , and so on right round the 
curve back again to P, we define the circulation of the velocity vector round 
the curve C by the relation 

circulation = lim E q 8s = q ds. 

a*-+o J(0 

The circulation may be written in the alternative forms 

circC = I q ds = q dr = q dP, 

J(0 J(C) J(C) 

all of which mean the same thing. 

We can form the circulation of any vector round a closed curve. 

2*50. Stokes' theorem. Let £ be a surface * having the closed curve C 
for boundary, and let n be a unit vector in that direction of the normal to the 
element of area dS which is related to the directions of circulation round dS 
and 0 by the right-handed screw rule. Then 

n(V A q)dS= qd$ = circC. 

J(fl) J<0 

This is Stokes' theorem. 

Proof. If we join points of the curve C by sets of lines lying on the surface 
S so as to form a network, we see that every mesh of the network has lines in 
common with its neighbours, except those parts which belong to the curve C. 
Since a line which appears in two meshes is described twice in opposite senses, 
it Mows that 

circulation round C = sum of circulations in the meshes. 


* Such a surface may be conveniently described as a diaphragm dosing 0 . 
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It is therefore sufficient to prove the theorem for a single mesh of an 
infinitesimal network covering 8. 




Pig. 2-50 (ii). 


have, very nearly, 


Since any mesh can be divided into triangles 
it is sufficient to prove the theorem for a 
single triangular mesh ABC whose sides are of 
infinitesimal length. Let D, E t F, be the mid- 
points of the sides, fig. 2*50 (ii), and let P be the 
centroid. Write 

(1) ii = a, BC = b, C4«-(a+b). 
Let denote the value of q at any point 
M . Then by the definition of the integral we 


Juam 


ds q = AB q^+5(/ qjj+C^l q# 
= a(q,-qj,)+b(qi)-q»). 


Now from 2*31 (5) 


qj = qp+(^V)<U»» q* = qp+(P2?V)<|p* 

Therefore by subtraction 

( 2 ) q,-q f = (WV)q?=-l(bV)qj>. 

Similarly qi>- q* = i(a V)q? ■ 

Therefore * 

(8) Jdiq= -i[a(bV)-b(aV)]q r = i[(a A b) A V]q ? . 

Now n <£S=£(a A b) if dS is the area of ABC and therefore to the same order 
of approximation 
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[n(V A q)<iS = i[a A b](V A q) = i[(a A b) A V]qR. 

Comparing this with (3), we have proved the theorem for an infinitesimal triangle 
and therefore generally for any surface which can be regarded as the limit of a 
triangulation, bounded by a curve which can be regarded as the limit of an 
inscribed polygon. qxd. 

Stokes’ theorem as stated above is a 
particular case of a more general theorem 
which, using directed areas, may be stated 
thus: 

» LKi) 1 -].* 1 - 

where X is any scalar or vector function of 
position and ds is the directed element of 
arc of C. 

Proof. As before, it is sufficient to prove this for a single triangular mesh as 
follows. With the same steps, 

I«=-M b *]* + K4M«** b) 4>]* 

and since Ja A b is the directed area of the mesh, the theorem follows for the 
mesh and therefore generally. q e.D. 

A still more general form is 

» ■ 'WKiW-U"* 

the proof of which is an immediate inference from the method of proof given 
above ; indeed we can even replace the first d/3P on each side by the same 
operation repeated n times. 

2*51, Deductions from Stokes’ theorem. Putting in turn q, <f>, A q 
for X in the general form of the theorem 2-50 (1), we get 

(1) f qds = f (n A V)qd<S= f n(V A q)d« 

J(C) J(S) J(S> 

n?iS=f ?iS, 

(5) J{5) 

where £ is the vorticity. In words ; the circulation of the velocity in any 
circuit is equal to the integral of the normal component of the vorticity over 
any diaphragm which closes the circuit. 

* » 




M.T.H. 
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(2) [ **=[ (n MdS. 

r (C?) J(S> , 

(3) <M= ( n AV) A q^=“ n(Vq)tf+[ (Vsq)n«. 

J(0 J (S) J(S) , J(S) 

2*51 Irrotational motion. Let 0 be a fixed point, P an arbitrary 
point in a simply connected * region in which the motion of a fluid is irrota- 
tional. Join 0 to P by two 

— ■ — paths OAP , OBP t each lying 

in the region in question. 

fe: * 2 — Then OAPBO is a closed 

A curve, and therefore,! by 

Fv ‘- m ' Stokes’ theorem, \ 

qds+ q *=[ n(V A q)dS, 

J (OAP) J (PBO) J (S) 

where S is any surface lying entirely in the fluid and having the curve OAPBO 
for rim. Since the motion is irrotational, V A q = 0, and therefore 


qds= qds=-fo 
J(O^P) J(OBP) 


say, and it is now clear that <j> P is a scalar function whose value depends solely 
on the position of P (and of the fixed point 0) and not on the path from 0 
to P. 

Now take a point Q so near to P that the velocity vector q may be assumed 
nearly constant along PQ. 

Let 7) be the position vector of Q with respect to P. 

Then, approximately, if <j> P is denoted by </>, 


-1)V^= - = I q ds 

i(PQ) 


Since Q is arbitrary, provided it is near enough to P, the vector tj is also 
arbitrary and therefore 

( 2 ) q=-Vf 

Thus when the motion is irrotational the velocity vector is the gradient of 


This scalar function is called the velocity potential . We h$ve proved that 
tiie velocity potential necessarily exists when the motion is irrotational. 

* For the meaning of this term see 3*70. 

t The negative sign for this sealer function is adopted by some writers and not by others. 
We have followed Lamb in adopting the negative sign, so that ed is the impulsive pr es su re which 
will generate the motion from rest, of. 3*64. 
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Conversely, when the velocity potential exists, the motion is necessarily 
irrotational, for then 

v A q=-v A (V*) = o, 

from 2-32 (HI). 

It also appears, from the meaning of V <j>, that the fluid velocity at any 
point is normal to that member of the system of surfaces ^ = constant, which 
passes through that point. In other words, the streamlines cut the equi-^ 
surfaces orthogonally. 

2*53. Conservative field of force* In a conservative field of force 
(1*42), the work done by the force F of the field in taking a unit mass from 0 
to P is independent of the path. Thus in fig. 2*52, 

[ Fdr = f Fdr=-fl P , 

J {OAP) J(OJBP) 

where Q P is a scalar function whose value depends solely on the position of P 
(and of the fixed point 0). 

This equation is of the same form as (1) of section 2*52, and we can from 
that point repeat the same argument to show that 

F = 

where Q is a scalar function, known as the force potential. Physically, Q 
measures the potential energy of the field, that is, the energy stored up in 
taking a unit mass from 0 to P. 

The negative sign in 2-52 (2) further brings out the mathematical (not 



2*60. Gauss’s theorem. Let the closed surface S enclose the volume F, 
and let J be a scalar or vector function of position. Then, if dr is an element 
of the volume V, and dS is an element of the surface S, 

[ (V X)dr = - f nXdS, 
i(V) J<$) 

where n is a unit vector in the direction of the normal to dS drawn into the 
interior of the region enclosed by S. This is Gauss’s theorem.* 

Proof. By drawing three systems of surfaces, say parallel planes, the 
volume 7 will J>e divided into elements of volume. If 8r be such an dement, 
we shall have approximately (2*24 (1)), 

(VX)8t=-[ n XdS, 

i(tr) 


* C. F. Gauss, “ Theoria attractionis ”, Comm. toe. rtg. Qott., Vol. II, Gdttingea, 1813. 
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the integral being taken over the surface of the volume 8r, and by summation 
for all elements : 

(V Z)dr =Iim£V^&T = - Z [ n XdS. 

(F) Sr-fO J (fir) 

Now at a point on the common boundary of two neighbouring elements 
the inward normals to each element are of opposite sign. Thus the surface 

integrals over boundaries which 
are shared by two elements of 
volume cancel out and we /are 
left with the surface integral iver 
S. Q.E.B. 

Note that the minus sign in 
the above theorem arises from 
the fact that we have considered 
the normal drawn into the region 
enclosed by S. In applications 
to hydrodynamics we shall thus be considering the normal drawn into the 
fluid when S is the bounding surface. 

It should be mentioned that the theorems of Stokes and Gauss, and the 
various deductions therefrom, depend for their complete validity on the exist- 
ence and continuity of the partial derivatives implied in their enunciations. 
Discontinuity will manifest itself physically when it occurs in the motion of a 
fluid, and we shall not therefore discuss conditions of validity, for that would 
lead us too far from the main theme. 

If the region within S is m-ply connected (see 3*70), we modify it to become 
simply connected by inserting m- 1 barriers B x , B % , ..., B m „ x ; and reckon 
each face of a barrier as a separate boundary. Thus we have in the case of a 
doubly connected region, a single barrier B whose faces will be denoted by B + 
(the positive face) and (the negative face). Then Gauss’s theorem applied 
to the simply connected region so attained gives 

TJX dr = - [ nZdS-f n+Z+dS-f irZ-dS 
(F) J(S) *'<2» + ) J(B~) 

Since at any part of B , n + + rr =0, if we write 

Z+-Z- = [Z] 

for the jump in Z when crossing B from the negative to the positive side 
Gauss’s theorem for the doubly connected region in question is 

f VZdT = -f nZdS- f n + [Z]d& 

V(F) J(S) 

If m>2 we simply add more terms on the right, one for each barrier, 
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2*41# Deductions from Gauss’s theorem* If a is a vector and <f> a 
scalar, let ns write in the enunciation of Gauss's theorem the followin g forms 

instead of (V 2): V*. V A *. V*. (VVM (VV)». V(q.'*). 

We then get the following theorems : 

(1) f Vadrss- f nadS. 

J(F) J(S) 

( 2 ) f V a a dr = - f n A adS. 

S(V) J(5) A 

(3) [ V^dr=-f n ddS. 

i(V) J(S) 

W f V 2 ^ dr = - [ (nV)^dS=-[ ^ dS, from 2*22. 

J(F) J (S) J (S)dn 

(3) f V 2 adr=-f (nV)adS. 

J(F) J(S) 

(6) *[ V(q;a)dr=-f n(q;a )dS, 

J(F) J(S) 

which may be called the tensor form of Gauss’s theorem. 

Using 2*34 (X), the last result leads to 

(7) f a(nq)dS=-[ [a(Vq)+(q V)a]dr. 

J(S) J(F) 

Gauss’s theorem may also be formulated thus : 

(8) [ S<*F=-f dSX, 

J(F> J (5) 

using dV for the element of volume and dS for the inwardly directed vector 
element of surface area. 

2 61$. A solenoidal vector forms tubes of constant intensity. If a 

is a vector field, an a-line is a line whose tangent at every point is in the 
direction of the a-vector through that point (cf. streamlines). An a-tube 
results from drawing the a-line through every point of a closed curve. Consider 
the portion of an a-tube between two plane sections by planes 8 lt S z whose 
outward normals are n x and - n 2 . By Gauss’s theorem 

f njadSx- [ n a adS 2 = foadr^O; 

4 1(8,) J(S t ) l 

since by definition *Va = 0 and since by the definition of an a-tube, na dS ~ 0 
at the lateral surface. 


* Page 40 footnote. 
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Thus 4=Jna<£S is constant along the tube. We call A the intensity of 
the tube. We can therefore define a unit tube as one of unit intensity and we 
can speak of the number N of unit tubes which thread a given circuit C. 


2*61 Green’s theorem.* From 2.34 (VI) we have, for any vector a, 

V(^a) = a(V «+^(V •)• 

Thus from 2*61 (1), we get 

-f na i>dS=[ a(V*)*r+[ 

J(S) J(F) MV) j 

Putting instead of a the vector Vf wliere 0 is a scalar functlon » T d 


[ (V#V*)*=- 

1 ^V 2 i/rdr--f 

J(V) J 

1(F) J 

» r 

= - 

l<n J 


since the left-hand side is unaltered when <j> and ^ are interchanged. The 
above relations constitute Green’s theorem, or Green's first identity. 

An immediate inference is Green's second identity 

( 2 ) dS ' 

Put^=^in(l). Then 

(3) 

Def. Any solution ^ of Laplace’s equation V* F = 0 is called a harmonic 
function. 

If ^ is a harmonic function it follows from (1) that 

( 4 ) J (r (VWV^ = -j ( ^- 

Herein put i/i= 1. Then 


f —dS = I 

J(»0» 


(5). 

If (j> and t/r are both harmonic functions, (2) gives 

w LMr*®*-* 

In Green’s theorem the functions ^ and ^ must be one-valued, that is to 


* O. Gwen, Emy on Electricity and Magnetism, Nottingham, 1S28. 
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say, to each point P of the region V there must correspond only one value of ^ 
and one value of ^ These functions will, in our applications, usually represent 
velocity potentials and, provided the region is simply connected,* the Above 
condition will be satisfied. The same may be true in a multiply connected 
region, but here it is possible for the condition to be violated on account of 
the existence of circulations. When circulations exist Green’s theorem requires 
modification. 

Suppose for example that the region is doubly connected and that on 
crossing the barrier B which renders it simply connected, \jt jump by constant 
quantities k, A, the cyclic constants of the barrier, 

(7) = [« = *, ^-f- = M = A. 

Then the foregoing argument shows that 

m l wwi.fr- 



the last result being got by interchanging <j> and ijj in (4), which is permissible 
since the left-hand side is unaltered. 

The foregoing constitute Green’s theorem for a doubly connected region. 
For an n-ply connected region we add one more term for each additional 
barrier. E.g. if n=3, 

2*63. An application of Green’s theorem. Take a closed surface S at 
every point of whose interior V s ^ = 0, V 8 ^ = 0. Then, by Green’s theorem, 

« LMM9*- 1 

Take a point P interior to 5, and let r be the distance of P from the element 
of area iS, We shall prove that, if <f>p is the value of <j> at P, 

(2) 

which expresses the value of <j> at any interior point in terms of its values on 
the boundary. 

Proof. Take \j> = 1/r. It is easily verified that V* 1/v = 0. Draw a sphere 
* See 3*70. 
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E centre P, radius R, so small that E is entirely within 8 and apply 2*62 (2) to 
the region between Zand S. Since dn = dR on E, we get 



Since the first two integrals are independent of R so is* the last, which 
is therefore equal to its limit when P->0 ; and if we make R so small that 
<j> =<j) P nearly over the whole surface, the limit of this integral is 

Therefore we obtain Green’s third identity 

and since V 2 ^ = 0 we have (2). q.e.d. 

It also follows from (1) that the left-hand side of (2) is zero for a point exterior 
to S. 

2*70. Cartesian coordinates. If we take three mutually perpendi- 
cular axes of reference, Ox , 0y> Oz, and three unit vectors, i, j, k, parallel 
to these axes, any vector a can be expressed in terms of its components,* 
a, , a, , a, , along the axes in the form 

a= io,+ja,+ka r 

The vectors i, j, k themselves combine according to the laws 
|1 = j* B k 1 = 1, I] = jk = ki = 0 * 

for their scalar p roducts, since they are perpendicular. 

• This notation for the component* of a yeotor ii ray oonmient. Thus the oomponent* of 
« would be (?#»?*»?,), although they we more usually denoted by («,», is). We 
ihiU use both notations for q. 
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*•151 

For the vector products, we have 

i A k = i, k A i = j. i A j = k, 

for the same reason. 

Taking a second vector b, we have therefore the scalar product 
ab = (ia„+ ja,+ka,)(i6 a 4j&*+k& a ) -aj>^ajb y +a g b 9 ; 
and the vector product 

®A b = (k+K+ko,) A (i6.+ j6,+k&„) 

= o,i a ( + ji, + k6 ,) + a,j A ( i6 e + j6, + ki,) + a.k A (ift, + j6, + ki»,) 

= l(®A- « A) + j (<* A - «A) + k (aj>, - o„6«). 

The vector product can be more conveniently written in the form of a 
determinant, thus : 

j 

a A b a K a v a % 
b z by b t 

In this form it is clearly seen that a A b and b A a have opposite signs, for 
the second is obtained from the first by interchanging the last two rows of 
the determinant, thereby causing a change of sign, but not of absolute value. 

If ^ = <f>(x, y, z) is a scalar function, we have, from 2-22, i V ^ = Bfldx 
and, from 2*15 (i), 

W = i(i V $+ j(j V $+ k(k V 

and therefore V*= (i^+j^+k|) 

so that the vector operator V is to be interpreted by 


(1) v_l ai +, ^ +k &- 

If we apply the operator to the vector q whose components are u, v, w 
parallel to the axes, we shall get 

v, ' = ( l r. +l |i +k s) (i “ +i ' +l " ) ’ 

which gives, on performing the multiplication, 

_ Bu 9v dw 

® y*~Tx + Yy + di' 

Repeating the operation on V ^ we obtain at once 
~ dx l * By % dz 2 * 

4 *. v a*« = ( i ^ + i^ +k r 2 ) A(itt+i * +kw) 

Jdw dv\ .(du dw\. (dv du\ 

+, \5“5A +K U“0»j 
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We can also write symbolically 


V A q = 


i j k 

ill 

dx dy dz 


[*•70 


U V w 

To interpret the expression (a V)q» to observe that, if 
a = ia a +ja v +ka,, 
d d d 


then 
and therefore 




, . / du du du\ 

(aV)q = '(a *+«.*) 

. f dv dv dv\ . ( dw dw dw\ 

+> [ a 'Tx +a 'T y +a -3,r k l a -fe +0 ^ +0 - fc) • 

Lastly, 

^=(£ + 5 + ?>) (itt+i ' ,+M 

, (d l u d l u d 2 u\ . [d i v d l v d*v\ . f&w d l w d l w\ 

= , \0? + ^ + 3?) +, \8i 5+ ^ 5+ a?/ +k lw + ^ + 0 ?/' 


The foregoing interpretations in cartesian coordinates serve to illustrate 
the economy of thought and writing arising from the use of vector notations 
independent of coordinates. The vector methods form a powerful tool for 
obtaining general theorems and afford immediate insight into their intrinsic 
character. In order to investigate particular problems which involve the 
carrying of calculations to a numerical conclusion it is nearly always necessary 
to introduce coordinates at some stage. It is clear that this stage may often 
be advantageously deferred as long as possible. 


2*71. The alternative notation d/dr. We have seen in 2-70 (1) that 
the gradient operator may be written 

(1) i- , 5 +, 5 +k a* r=il+jy+le ' 

and therefore the dyadic product 

(2) ^ :r = ( i ^ +i 4 +k £) : (te+ i y+k *> 

= (i ; i)+ (j ; j) + (k ; k) = /, the idemfactor (2*16). 

Thus if a is a constant vector, 

(3) £(«) = (£;')»=*»=»• 

dr 

Also -r- = i, and therefore 



8*71] 


W 


THE ALTERNATIVE NOTATION < 

.ty_3rty 

dx dr dx dr ' 


These results are capable of a simple generalisation. 
Thus if q = iw+|v+ ktr, we can write 


( 6 ) 


3 i 3 , . 3 . 3 
0q 0u +, 3o +k 


3w’ 


and therefore if a is a constant vector, 

(6) ^(q*) = ». 

and if T is a scalar function of w, v, w, 

(7) 8T = aq8T 
du ~ dud q ’ 

Again, as in 2*33, 

dg 2 d d d 

dj = ej = ^ (t,oC l )+ ^ < qq «) = q,+ q. = 2q from (6). 

If r 0 and r are the position vectors of the same fluid particle at two different 
instants of time* it is easily verified that 

/qv ® d;r 0 i d;r 0 d 

i8) 3~r = l F'dF. Where IF means dr ’ r> ' 

Thus in particular 

( 9 ) 


^ji?. 0 !!! 0 ; r _, 0 ; r 9; r 0 

3r 3r 0 3r dr 0 ' 3r 


Let T be a homogeneous scalar function of the second degree of two inde- 
pendent vectors u, as. By this we mean that if T — T(u, a>), then if ( is a scalar, 
T(tu, to) = t*I(u, a»). 

Write K =*tu, i| = tu, then 

- t ! T(u,a>), 


and therefore 


But 


m.n) 

dt 


= 2iT(u, as). 


Thus 


8r(jq) 318? 3T3rj 
3t 3| 3t + 3») dt 
dT dT 

~'W 

u^+«^ = 2 «T(u, as). 


t = 4 we get 


3T W «* 

“s + “s;‘ a ' 


which is the vector analogue of Euler’s theorem on homogeneous functions (of 
degree2). 
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The method of proof is quite general and applies to a homogeneous function 
of degree », in which case 2 is replaced, in the above proof, by ». 

2-71 Orthogonal curvilinear coordinates. In cartesian coordinates 
the position of a point is defined by the intersection of three mutually perpen- 




dicnlar planes, x = constant, y = constant, t = constant. For certain 
problems other systems of coordinates are convenient, for example, spherical 
polar coordinates, in which the position is defined by the intersection of a 
sphere, r = constant, a plane <e = constant, and a cone 6 = constant, fig. 
2-72 (i), or cylindrical coordinates, in which the position is defined by the 
intersection of two planes, x = constant, a = constant, and a cylinder 


w = constant, fig. 2*72 (ii). 

To discuss the form taken by the nabla operator in such a system of ortho- 
gonal coordinates, suppose these to be defined by 

x = , u a , u 3 ), y = /a(Ui , U* , u 3 ), z = ft(u x , u* , u 3 ), 

where the surfaces, % = constant, u s = constant, w 3 = constant, intersect 
orthogonally. If we draw the surfaces corresponding to , u 3 , w 3 and % + $ «i » 

Uj + 8w| , % + 8« 3 , we obtain a figure 



vhich is to the first order a rect- 
angular parallelepiped whose edges 
are h x 8% , K hu t , A s Sm 3 , fig. 2*72 
(iii), where h lf h it h % are functions 
of the coordinates obtained from the 
relation 

(<fc) 8 = W+W+W 

4W+W+W 

where 
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and bo on, the product terms like du^u^ disappearing on account of the ortho- 
gonal property. 

Let ii , i 2 , i 8 denote unit vectors in the directions 04, OB, 00 corre- 
sponding to increasing values of u x , u 2 , i^. These vectors, being mutually 
perpendicular, satisfy the same relations among themselves as the vectors 
i, j, k of 2*70. 

Then from 2*31 we have, for a scalar function <f>, 


and therefore, using 2*15 (i), 


j 1 


m *71- 1 • , 1 H • 1 H . 

h l fai h+ h i du t '' + h t du ) '* 

Thus, in orthogonal curvilinear coordinates, 

d lg d I3 d 

y = — — , 

, h x du x ht dw 2 h z du z 

Since the unit vectors are themselves functions of the coordinates, we 
must calculate expressions like V A \ x and V i 1# To find the former we have, 
from 2*32 (III), Va (V w i) = and, from (1), V% = iiAi* Therefore 
2*34 (VII) gives 

1 /r _ • v . _/i\ . r 1 a k. 1 8V 1 


V i - Ji_^} *» jjjh 

Vai A^s AjA,^,' 


Again, V\ = VOsa's) = 'a(V a •*) - > a(V a ■*)» from 2,34 ( J )- Therefore 

V 1 A,A,5ui AihjAj 3«i A, 3% ' 

Now let <1 = ?i U+ff* *a+?8 's- 

Then V *1 = 2 V (Si *i) = Aft V h+ ii V ?i)> 

from 2*34 (VI), and this reduces to 

w ^ = TO; {i; <*■ ^ + ^ <*■ *>** ) } • 

Thus if q = - V we get from (1) and (2) 

a> r , ' » IMW+IMV,. 

'* AjA,A,{3«,\ Aj 3«i/ 3«|\ A, 3 uj 3«,\ A, 3u^J 

Again, V A q = 2 V a (?i 'i) = -^ Hi a V ?i+«i(V a 'i)1> 

and therefore, after reduction, in determinants! form the vorticity is 
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hi ii hi i) hi i g 

± ± 2 

(4) ? = v * q “M^| K fat fa 

K q i h t fa Ik q t 

(5) ? = ii £i+ *»£a+ i» • 

For the acceleration * we have, from 3*10 (7) and 2*34 (IV). 


f*7* 


/0q\ _dqi 

U/, » ’ 

(q a?)i = ft £•"?*£* 


t i Mi 

isr*’ fa: 




ft 

hi hi hg ^ - - A « . - - - 

Combining these, the component acceleration along ij is 

(«) i+p&b&bi 

~h 1 \h l \duj + K W *iWJ 

The remaining components can be written down by symmetry. 

To illustrate these results in the case of spherical polar coordinates, we 
have, fig. 2-72 (i), * = r cos 0, y = r sin 0 cos ai, z = rsinfiana., Bo that 
(de)* = (d*)*+(ijf)*+(<fa)* = (dr) s +rW+r* «(*“)*• 

Thus if % = r, u, = 0, tt t = oj, we have 

(7) hj = 1 , Jk, = r, 4, = r sin 0, and therefore, from (S), 

Again, with cylindrical coordinates, 

x = jr, y = t& cos to, 2 = to sin to, 

Taking % - x, u % = w, = w. 

we get ^i = l, ^ 558 1* ^ ~ ”■ 

* This disoossion is placed here for convenience, but section 3*10 of the next ohapterihonld 
be reed first. 
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Tims the yorticity, from (4), is given by 

i* i« 

(8) t = 

w das dm dm 

tz 2m n* 

where the suffixes denote the direction of the corresponding unit vector or 
component. See also Ex. II (16), (17). 


273. Rate of change of the unit vectors. In orthogonal curvilinear 
coordinates (2*72) we can calculate di f /du,, (r, s = 1, 2, 3) as follows. By 
Dupin's theorem,* that triply orthogonal surfaces intersect in lines of curvature, 
we see that the curves along which either or « 2 varies are lines of curvature 
of a surface u 3 = constant. Now normals to a surface at adjacent points of a 
line of curvature intersect. Therefore as we go along OA in fig. 2*72 (iii), the 
normal i 8 +di 3 intersects the normal i 3 and therefore d\ 3 is perpendicular both 
to i a and i s , and so is parallel to \ v Therefore dig/di^ is parallel to i x , and 
similarly di 2 /du 2 is parallel to i 2 , and four similar results. 

Let ds ^ hxdUi i 2 "\" h^du^ i 2 . Thus 

ds ds , ds _ , . 

3% 3« t du>~ lhh - 

Therefore 3 (A, i 1 )/3u a = d(h } i,)/3uj , and so 

l 3i * i d ±-i »■_, d Jh 
1 3 « 2 s 3uj 8 3«! 1 du t 

But Sij/Stt, is parallel to i t , and 31^3% is parallel to i v Therefore 

... = 0j»_i ijh' 

' 3u s Aj du t ' 3% h t du t 


Also from i, = i, A i 3 weget 

... _ 3i» . . 3|s _ U _ *l rji 

(2) 3s;-^ A * ^ 

From (1) and (2) we can write down 3i r /3u, for all values 1, 2, 3 of r , ». 
These results, together with 

v Aj 3u, h t 3 u t ^ du 3 


EXAMPLES II 

1. If it asses m, » are at the extremities of the vectors a, b, prove that the 
centroid is (ma+nb)/(m+n). 


»E. J.T. Bell, Coordinate geometry of three iimtneione, London (1926), pp. 334, 844. 
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EXAMPLES II 


& Prove that 


(i) ab - ba * aj> 9 +ajb 9 +nj > § , 


(ii) (»+b)». 

(iii) a(b A c) 


o ! +6 , +2ab, 
o, a, a, 


“ [**»«] 


b K 6 f b e 
c, c, c g 


3. Prove that (i) (a+b) A (a-b) - -2a A b, 

(ii) | a A b | 2 * a^-fab) 8 » (o6+ab)(a6-ab). 

4. Prove that (i) a A (b A e)+b A (c A a)+c A (a A b) - 0, 

(ii) (a A b) (c A d) = (ac) (bd) -(ad) (be) (Lagrange’s identity), 

(iii) a[b(c A d)]-b[a(c A d)]+c[d(a A b))-d[c(a A b)] - n 

5. Prove that the area of the triangle whose vertices are at a, b, c is the : 
tnde of the vector 


i t(*> a c ) +< c a*) + ( a a *»>]• 

6. If A is a scalar and r, s vectors, all functions of (, prove that 
... d .. . .dr dA 

w s (Ar) -V'sr 

.... d , . ds dr 

(u) s (r,) “ r * +, dt’ 

..... d . ds dr 

(m, dt (r * s)==r *S + S* s> 


\ 


7* If the surfaces <j> = c, where <j> is the velocity potential, be drawn for equi- 
distant infinitesimal values of the constant c, show that the velocity at any point 
is inversely proportional to the distance between consecutive surfaces in the neigh- 
bourhood of the point. 

Prove also that if any surface of equal velocity potential intersects itself, the 
point of intersection is a stagnation point. 


8. If ^(r, t) denotes the velocity potential, prove that 

and show that the differential equations of the streamlines are given by 
dr A V ^ 0. 

9. If (j>, are two distinct solutions of Laplace’s equation (3*20) valid within 
the closed surface S, prove that 



10. If <j>(x+h, y+k f 2+1) be written in the form ^(r+R), where 
r « ia+jy+k*, R « lA+jfc+kl, 
show that Taylor’s theorem can be expressed in the symbolic form 

^(r+R)-^(r)+(RV)^(r)+I(RV)^(r)+.... 


U. If»|«18®+ity+kfe, prove, with the notations of 2*40, that 

/to) - l(«fa+hSj+0&)+}(h8*+&fy+/8*) + ll(jib+/ty+«84 
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where 


2/=*?+*! 
1 dy + dt’ 


9w . dv dv> 
dx* By* C m dz * 


a £+?“ 


du dw 

dz + dx* Mn dx^dy* 
and hence that the equation of the central quadric of 240 is 

o(&r) a + b(8y) % + c(8«) 8 + 2/ 8y 8s + 2g 8s 8x + 2h Sx 8y -constant. 

12, If q * lu+jv+kw, v) - i 8x + j fy+k 8s, 

prove that 

^- , (s**!i* + s fc )*i(s , "5|* + i k ) 


13. Prove that through any point P of a fluid in motion there is in general at 
any instant one set of three straight lines at right angles to each other such that, 
if the lines move with the fluid, then after a short time It the angles between them 
remain right angles to the first order in ht, and that the angular velocity of this 
triad of lines, as it moves with the fluid, is J curl v, where v is the fluid velocity 
at P, Prove also' that, if a small portion of the fluid with its mass centre at P be 
instantaneously solidified without change of angular momentum, then its an gnUr 
velocity immediately after solidification is J curl v, if, and only if, the principal 
axes of inertia for the resulting Bolid lie along the above triad of lines. (U.L.) 

14. Use the tensor form of Gauss’s theorem to prove that 


(i) f (nq)qdS- f [(qv)q+q(vq)]*, 

J{ 8 ) J(V) 


► if D 

J(S) 


(ii)i [nq*-2(nq)q]dS« [q(vq)-q A 0«fr. 

J(F) 

15. If P, Q, JR are finite, continuous, and single-valued functions of x, y, t 
throughout a space bounded by a closed surface S, prove that 


III (s*5 + S)'*‘ i » 4 - 1 < lp **« + ” s > i8 ' 


where l , m, n are the direction-cosines of the outward normal at any point of £, 
and the integrals are taken throughout the volume and over the surface 8. 


Find the value of 



taken over the surface of an ellipsoid, where p is the perpendicular from the centre 
to the tangent plane. (R.N.C.) 


16. For spherical polar coordinates, prove that the components of vorticity 
are given by * 


(curl q) f 
(cut! q)« 


1 r d(q m tm$) dgj\ 
rsinflL W da>J 

1 rd(q,r) dqi \ 

r iir~dey 


> ;x 


K.TJI. 



BXAMPW3 n 


(curl q) g - 



17. Prove that in cylindrical coordinates 




dm 2 m dm ro 2 da> 2 ' 


18. Prove that the components of the vorticity in cylindrical coordinates are 




(curiq). 


dx dm * 


19. Prove that if P lies on a straight line which passes through the extremity of 
a and is parallel to b, then the equation of the line is *) * a + bt, where i) is the position 
vector of P and t is a scalar. ' 


80. Show that the equation of a plane whose normal is n pnd which passes 
through the extremity of a is (tj — a)n = 0. 

81. If F - a ; a' + b ; b' + c ; c', Bhow that tjFtj = constant represents a family 
of central quadrics. 


88* Prove that V A r « 0, Vr - 3, Vr « r/r, V(l/r) - -r/r 8 , V*(l/r) » 0. 


88. Prove that in general orthogonal coordinates 


(I>V)«1 


Aj h % du % A x h z 3wg ’ 


A x A s du t * 




and deduce the expression for (i 2 V)q. 


81 Show that typical terms in (V ; q) are 



and hence write down the complete expression for V ; q. 

85. If 0 is any dyad, prove that 

(i) V(q0) -qV0+(0V)q, 

(ii) 0 » [W ; l]+[$j ; J]+[$k ; k]. 

86. If I, b, c are any three non-coplanar vectors, and if a*, b*, t* are so chosen 
that i*i « b*b * c*c » 1, while all cross-products such as ab* ac*, etc., am aero, 
prove that (a ; a*) +(b;b*)+(c;c*)is the idemfactor. # 

87. If u is a unit vector, interpret geometrically the scalar product ux, and prove 
geometrically that 

u(b+c) - uh+uc 

Deduce the distributive law for scalar products. 


EXAMPLES □ Q7 

vector ^ ® onm ^ ei ' fl 8 the vector product of an arbitrary unit vector u and the 

• a. .. x “*A(b+c)-t A b-a A c, 

Invectop^ucto 6 * 8151118 exam P le - that x - 0, thus deducing the distributive law 

89. With the notation of 2-60 prove that 

f V(nQdS-f V (q is). 

* W J (C) 

M. With the notations of 2-72 show that 

V “ ( 3 y/ 3 ui)‘+ {jkjbtf, 

with similar expressions for h t and h 3 , 

b c 

8L Prove that [abc](p A q) = pa pb pc 

qa qb qc 

82. Prove that 


W ^ [(i : q) - Vf] = q (V q) - q A ?. 

(“) V{r A |,(q iql-i/j 8 ]} = -r A [q(Vq)-q A C], 
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EQUATIONS OF MOTION 


3*10. Differentiation with respect to the time. Fig. 3*10 shows the 
actual path of a fluid particle which at time t 0 was at the point A, whose 
position vector is r, with respect to the fixed point 0. \ 

At time t the particle islat P, 
'0 at time t+U it is at Q, position 
vectors r and r+Sr respectively. 

When the particle is at P 
there are associated with it scalar 
functions, such* as pressure and 
density at P, and vector functions, 
such as its velocity and accelera- 
tion at P. 

We enquire how to form the differential coefficient with respect to the time 
of such scalar and vector functions. First note that the position vector r of 
this particular fluid particle is a function of ( only, for it is clear that r can 
depend only on the time t and some position such as A considered as the initial 
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We have seen in H that 

( 1 ) 


<1 = 


dr 

dt 


Now consider, for example, the density p. If we fix our attention on the 
particle when at P, the density depends on the position vector r and the 
timet, so that 

p=/M. 


Since r is a function of t only, so is p, and therefore we can form a total 
differential coefficient ipjit. To calculate this we have, in the notation of 2*71, 


ipJf{r,t)irdf(r,t)_df(T,t)(d\ 


and therefore 




The first term on the right represents the rate of change of p with respect 
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to the time when P is regarded as fixed, the second the rate of change of p at 
a fixed time t due to the change of position from P to Q, Since p is a scalar, 
this can be written 

This gives the rate of change of density as the particle moves about. If 
the fluid is incompressible, the density of the fluid particle does not change, 
so that 


= 0, or 


i+q(V/») = 0. 


When p is constant, (4) is satisfied identically. 

A similar argument can be applied to any scalar function a, giving 

dot 3a 

(5) *-»+<«?■>■ 

To find the fate of change of a vector a associated with the particle, the 
steps of the argument are exactly the same down to (2), which now gives 

z C \ da 3a 

(«) dT¥ +(, » v)a ’ 

which cannot be further reduced to the form (3). 

The most important case here is that of the velocity vector q whose rate 
of change gives the acceleration of the particle, namely 

PI 

from 2*34 (IV). 

Translating this into rectangular cartesian coordinates by means of 2*70, 
we see that 

,du t dv . dw .3ti.3v.3t0 

, * +l * +k sr'S +l S tk ¥ 


( 4 + *| + 's) |i “ +i,tk ” ) ’ 


ao that (7) is equivalent to the three equations : 

dtt 3ti 3u 3ti 3u 

Ht ~ a dx+ V dy+ W dz' 

dv dv dv dv dv 

5 "¥ + *S + V* F 


( 8 ) 



70 DIPFERENTUTION WITH RESPECT TO THE THIS [frlO 

&w dw dw dw dw 

* ¥ + “& + V tt &' 

Thus we have the equivalence of operators 

id d d d 

5 = r“ai + V w & 

in cartesian coordinates. In the vector form 

(9) M+HVI. 

The operation here implied is sometimes called differentiation following 
the fluid, implying that we are calculating the rate of change of some quaijtity 
associated with the same fluid particle as it moves about.* \ 


3*20. The equation of continuity. If we consider a fluid particl 
infinitesimal volume dr and density p at time t, the mass of this fluid partiple 
cannot change as it moves about and therefore 


( 1 ) 


( p dr) ss 0. 


This is one form of the equation of continuity , or conservation of mass . If 

the volume expands, the density 
diminishes, and vice versa, in such 
a way that (1) is always satisfied. 

Let X denote any property per 
unit mass carried by a fluid particle 
as it moves. Then for a volume V 
which moves with the fluid, i.e, always 
» samel 



Another point of view is the following : 

Consider a fixed closed surface S lying entirely in the fluid. If n is a unit 
inward normal to the element dS, the rate at which mass flows into the sur- 
ris 


( 3 ) 


I pqn dS, 

J tf) 


The mass of fluid within the volume F enclosed by 8 is 
f 

pdr. 


J(F) 


* Som* writers m the notation DjDt, The names tvbtfanfal or material iifltmMo* m 


slcoueed. 
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A ssu m i ng that no fluid is created or annihilated within 8, the maw can 
only increese by flow through the boundary. liquating the tune rate of 
increase of tire mass to (3), we get 

by Gauss’s theorem. Thus 

Ld+M*-* 

Since the surface S can be replaced by any arbitrary closed surface drawn 
within it, we must have, at every point,* 

M |+V(/>q) = 0. 


which is another form of the equation of continuity. 

Now, from 2-34 (VI) and 3*10 (9), we have successively 


( 5 ) 


dp 

^+q(Vp)+pVq = o. 


In the case of an incompressible fluid, dpjdt = 0 (see 3*10 (4)), and therefore 

(6) V q = o, 

which is the equation of continuity for a liquid ; the expansion V q vanishes. 
Using cartesian coordinates (2*70), this gives 


( 7 ) 


du dv dw A 
»- + «r + tt = 0. 
ox oy oi 


In the extremely important case of irrotational motion, we have q = - V ^> 
and therefore the equation of continuity (6) for a liquid in irrotational motion 
becomes 


(8) V 2 * = 0, 

or in cartesian coordinates, 


O) 




Equation (8) is known as Laplace’s equation. 

From this investigation it appears that a fluid cannot move according to 
an arbitrarily assig ned law of distribution of velocity. For the motion to be 


* If for an arbitrary volume »0,aothat Km ®0,i.e, 


\my.AV = A* 
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possible it is evidently necessary that the equation of continuity should be 
satisfied. 

In particular, possible irrotational motions of a liquid are subject to the 
condition that the velocity potential <j> shall satisfy Laplace’s equation. 


4 " 


Pig. 3-30 (i). 


3*30. Boundary conditions (Kinematical). When fluid is in contact 
with rigid surfaces or with other fluid with which it does not mix, a kinematical 
condition must be satisfied if contact is to be pre- 
served, namely that the fluid and the surface with 
which contact is maintained must have the same 
velocity normal to the surface. j 

If we denote by n the normal unit vector drawn 
at the point P of the surface of contact and by q 
the fluid velocity, we shall have, in the easel of 
a fixed rigid surface, qn = 0 , which expresses the condition that the nornlal 
velocities are both zero, or, in other words, the fluid velocity is everywhere 
tangential to the fixed surface, fig. 3-30 (i). 

When the rigid surface is in motion, if U 
U is the velocity of the point P of the 
surface, we must have 


qn = Un, 



or 


(q-U)n = 0. 


Fig, 3*30 (ii). 


is perpendicular to the normal, that is, tangential to the surface. 

When two fluids which do not 
mix (such as air and water) are in 



surface of separation S in order that 
contact may be maintained, it is 
clear that the relative velocity q-q' 
must be again tangential to & Qn 
the other hand, we note that in this 
case the form and movement of S 


3*31. Boundary conditions (Physical). The kinematical boundary 
conditions just investigated must be satisfied independently* of any special 
physical hypothesis. 

In the case of an inviscid fluid in contact with rigid boundaries (fixed or 
moving), the additional condition to be satisfied is that the fluid thrust shall 
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In the case of two inviscid fluids presenting a surface of separation S, the 
condition to be satisfied is that the pressure shall be continuous at the boundary 
as we pass from one side of 5 to the other.* 

To prove this, take a cylinder whose generators are normal to 8 and whose 
cross-sections dS are small areas on either side of S. Then if p, p* are the 
pressures in the two fluids, we have, 
resolving along the normal, 

pdS-p'dS = 0, i.e. p = p\ 

since, as in 1*3, the body forces 
and mass-accelerations are negligible 
compared with the terms retained. 

Thus in the case of water in 
contact with the atmosphere, the 
pressure of the water at the free 
surface will be equal to that of the 
air, and if this^ latter is assumed to be constant, the water surface will be 
a surface of constant pressure. 

Another important example of this principle occurs when the surface S 
separates not two different fluids, but two regions of the same fluid, there 
being a discontinuity of tangential velocity at the surface S which is then a 
vortex sheet (13*70), This may be conceived to occur in the case of air stream- 
ing past an aerofoil, where the two streams from the upper and lower faces glide 
over one another along a surface of discontinuity, springing from the trailing 
edge. Bernoulli’s equation then gives, when the motion is steady, 

* 

and since p = p\ we must have q = q\ Thus the surface will be a surface of 
discontinuity of direction of the velocity, not of speed. 

In the case of a jet or current passing through fluid otherwise at rest where 
the pressure may be assumed constant, the continuity of pressure inside and 
outside the jet shows that the surface of the jet is one of constant speed. 

In the case of a viscous fluid, experiment supports the view that at a rigid 
surface in contact with the fluid the relative velocity is zero, and this is the 
physical condition to be satisfied. 

The interface between a fluid and an immersed solid may be regarded as a 
vortex sheet, Id. a surface of discontinuity of tangential velocity in passing from 
flmd to solid (13*70). Yiscous contact is then distinguished by zero discontinuity. 

3*32* Efflux* Returning to the subject of 1*82, consider the steady irtp- 



* 1%li ooeditioE must be modified when inrf&oe temion ii taken into tooovai. Sae 14*50. 
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tational flow of liquid through an aperture of area o; in the wall of a vessel, 
fig. 3-32. 

Consider a horizontal plane section 2 of the vessel, so far removed from 
the aperture that all the stream filaments may be supposed to cross it with 
the p ft iwA speed & , and let m be a unit normal draw u to 2 into the fluid below. 

Let I be a unit normal drawn outwards at the section a, of the vena 
contracta where the speed is q t . 

Let w denote the surface of the walls of the vessel below the section 2, 
i the surface of the jet between and Oj. 

Consider the fluid bounded by the total surface 2+w+i+o , , and lyt ll 
be a unit inward normal at any point of this surface. 

Since V q = 0, Gauss’s theorem, 2-61 (7), gives 

J q(nq)<f/S = - j (q V) q ^ = -1 J' V 3* *■ = i j n i ,dS 

nsing 2-34 (IV) and then Gauss’s theorem 2-61 (3). 



Now the values of nq on 2, to, s, a, are respectively g 1( 0, 0, - J,, and 
the values of n are m, - 1 on 2,o t . Also, the speed is g, over the surface t 
by Bernoulli’s theorem. Therefore 

-| 0 t l <r,+ma 1 '£ = f ng*dS+g,*[ niS. 

J(») JW 

Since the surface formed by < + + o, is closed, 2-20 (3) gives 

f ndS= - f nd5-[ ndS = l(<r,-ff 1 
Jd) Jw J(«i) 

Therefore mg! 1 2- 1 (2c r,- <r,)g,* = f ng*dS. 

J(») 

Take the scalar product by l/(oi g # *)» and eliminate by the equation of 
continuity in the form gi 2 = g* oj. Then, if <x — cj/oi is the coefficient of 
.contraction, we get i-J-f nf-YiS 

*s_ a _ W 


2-~lm 
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When the plane of the orifice is vertical, 1m = 0 and the denominator 
can be replaced by 2. This is also the case when aJE is negligible. 

Thus for flow through a hole in an infinite plate In = -1, and 




2 


Again, when a vertical cylindrical nozzle, pointing inwards, is fitted to a 
hole in the horizontal bottom of a tank with vertical sides, In = 0 over the 
sides, and experiment shows that q is sensibly zero over the bottom. Thus 


1 

a= 7 > 5 ’ 

and when aJE is negligible, a = 1/2. 


3*40. Rate of change of linear momentum. Consider the fluid which 
at time t lies within a fixed closed surface S. At time t+ht the same mass of 
fluid will have moved and will now occupy the in- 
terior of a closed surface S'. 

Let A, B be the regions within S and external 
to S', and within S' and external to S respectively. 

Let M be the linear momentum at time t of the 
fluid within S. Then at time i+S/ the momentum 
of the same mass of fluid will be 

dM 

M + & + momentum of fluid in B- momentum 
* of fluid in A. 

Now the, last two terms give the momentum which has flowed out of 8 
across its boundary in time Si. 

Therefore the rate of change of the momentum of the fluid which at time t 
occupies the region within the fixed surface S is 



— +rate of flow of momentum outwards across the boundary of 8, 



Bate of flow of momentum outwards across the boundary 

*-[ pq(q«)«w. 

, J<5) 

for -Ignis the normal velocity across dS. The tensor p(q ; q) is the momentum 
transfer tensor, for its scalar product by n is pq(qn) which measures the rate 
per unit area at which momentum crosses dS. 
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( 1 ) 


sL' ,qir -L' ,q(qn)is - 


[HO 


Using Gauss’s theorem, 2-61 (7), this becomes 

J|(pq)<Jr+J[0.q)(Vq)+(qV)(pq)]<*r 


( 2 ) 


= j[^- ) +(pq )( Vq ) ]^ from 310 (9), 

[p£+q(|+p(Vq>)> 

da 

p ~ dr , using the equation of continuity. 


We can also look on this result as follows : 

The rate of change of the momentum within 8 as S moves about with ihe 
fluid is 

i 

since the third integral vanishes on account of the first form of the equation 
of continuity 3*20 (1). 

3*41. The equation of motion of an inviscid fluid. Consider the 
fluid which at time t occupies the region interior to a fixed closed surface S. 

By the second law of motion, the total force 
acting on this mass of fluid is equal to the rate 
of change of linear momentum. 

The force is due to 

(i) the normal pressure thrusts on the 
boundary; 

(ii) the external force (such as gravity), 
say F per unit mass. 

Thus the total force is 



jpnd/S+j F pdrr = Fpdr, 


using Gauss’s theorem. Equating this to the rate of change of linear momen- 
tum calculated in 3*40 (2), we get 


\(fp-Vp-p d S)dr = 0. 


Since the volume of integration is entirely arbitrary, we can shrink this 
volume to a point and so obtain 
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« S-*** 

which is the equation of motion. 

Again, from 3*10 (9) and 2-34 (IV), 

^ = ^+(qV)q = ^+iVj*-q A (V A q). 

Therefore 

( 2 ) 

which is another form of the equation of motion. 


3*41 Euler’s momentum theorem. We shall now obtain the general 
form of the theorem established in 1*9. From 3*40 (1), we have for the rate 
of change of momentum of the fluid within a closed surface S, 

and therefore, from the second law of motion, using fig. 3*41, 

j^npdS = - jpFdT+^jpqdr-j (nq)pqdS. 

This formula states that the resultant thrust on the fluid contained within 
a closed surface S is equal to the reversed resultant of the body forces on the 
enclosed fluid, together with the rate of change djdt of the momentum of the 
fluid, and the rate of flow of momentum outmrds across the boundary of 8. 
This is the generalised form of the momentum theorem. It may also be 
regarded as a generalisation of the theorem known as the principle of Archi- 
medes, to which it reduces when the fluid is at rest. 


3*43. Conservative forces. For conservative forces derivable from a 
potential fl we write F = - V& Also if the pressure is a function of the density 
so that jdpjp exists, we have, from 2*31 (5), 



and therefore, since dr is arbitrary, 



The equation of motion 3*41 (1) then assumes the form 



which shows that the acceleration is derivable from the acceleration potential 
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Further, observing that the vorticity is 5 = V A q, equation 841 (2) can be 
mitten in the form 

(8) ^-q A ?=-Vx. X = J^+fi+4s* 

which puts the vorticity in evidence. 

Again 341 (1) can be written 

p^+p( qV)q= 


q|+qvo>q)=o. 

By addition, using 2-34 (X), we get 

( 4 ) ^+V0> q ; q+/?]+/>Vfl=0, 


where I is the idemfactor. 

In cartesian coordinates, the equation (2) is equivalent to the following 
system of three equations : 


( 6 ) 


du du du du dQ 1 dp 

+ = -r 

ot ox dy dz dx p dx 

dv dv dv dv dQ 1 dp 

* +u to +v ry +w Tz = -ir'p¥ 

dw dw dw dw dQ 1 dp 

ct dx dy dz dz p dz 


If?==if+j^+k{,so that f , rj, £ are the components of vorticity, equation 
(3) yields the following set : 


( 6 ) 


where 




dQjBp 
dx p dx 9 
dQ 1 dp 
dy p dy 

dz pdz* 


q l = 


j. dw dv 
( = Ty-Jz * 


du dw 
dz dx ’ 



The reader should verify that the equations (6) and (6) are equivalent. 
The above results once more illustrate how effectively the vector notation 
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! 19 


Bebromi flows arise when q A 5 = 0 ; the corresponding equation of motion is 
(3) in the form 

<7) 3 |= -Vx. x = J^+fl+is*. 

If the vorticity is different from zero, the condition q A IJ = 0 states that 
vortex lines and streamlines coincide. 

If 5=0 we have the important case of irrotational motion which is also a 
Beltrami flow and obeys equation (7). 


In the case 
by pip. 


IS 


are 


motion. In them attention is directed to a particular point r of space. As time 
t elapses this point is occupied by a succession of fluid particles ; r and t are 


3-44. Lagrsmgian form of the equation of motion. From the La- 
grangian or historical point of view instead of fixing attention on a particular 
point of space we fix attention on a particular fluid particle and follow its pro- 
gress. The independent variables are r 0 , the initial position vector of the 
particle, and t the time. If the particle occupies the position r at time t f we have 
r=r(r 0 ,t) so that the acceleration of the particle is 3 2 r/df 2 , a partial derivative, 
and therefore from 3*41 (1) the equation of motion is 

— = F F * d ;f 0 dp 

«■ p8r " 3r ‘9r„ 

using 2*71 (8), Multiply in front by 3 ; r/3r 0 . Then from 2*71 (9) we have 

« fe'Gr'Hjfc-* 

and this is the Lagrangian form of the equation of motion, all differentiations 
being with respect to the independent variables r 0 , t. 

li F= - integration from 0 to t gives Weber’s transformation, namely 


(2) 




h 






The equation of continuity follows from 3*20 (1) in the form 

(3) pdr = p 0 ^ T o 

where suffix zero refers to the particle in its initial position, expressing the fact 
that the ram* of the particle remains unaltered as it moves. 

In cartesian coordinates we have dr-dx iy i z, dr 0 =dx 0 dy 0 ds \ and 

(4) dxdydi = Jds i dy (l d h , J = 
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J being the Jacobian of the coordinates (x t y, z) of r with respect to the coordi- 
nates (xq , y 0 , 2 0 ) of r 0 . In this notation the equation of continuity becomes 

(5) pJ = p 0 . 

A surface F(r, 0=0 always consists of the same fluid particles if, and only 
if, dfjdt= 0. For this condition means that F(r, t) is independent of t and so 
when expressed in Lagrangian coordinates has the form /(r 0 ) = 0. This 
occurs, in particular, in the case of the free surface of a liquid in continuous 
motion. 

It is not essential that r 0 should be the initial position vector. Any vector 
variable which serves to identify a particle and which varies continuously jfrom 
one particle to another may be used ; see for example 14*80. | 

\ 

3*45. Steady motion. When the motion is steady, dqjdl = 0, and we 
then get, from 3-43 (3), 

W = > x = jy+h‘+ fl - 

From the meaning of V applied to a scalar, this shows that the vector 
q is normal to the surfaces 

(2) J^+ij*+Q = c, 

where c is a constant. Since q A IJ is perpendicular to q and to (, it follows that 
any particular surface of the system (2) contains both streamlines and vortex 
lines. Along every such streamline or vortex line the left-hand member of 
(2) has the same constant value. This is the general form of Bernoulli’s 
equation for a fluid. For a liquid / dp/p in (1) and (2) is replaced by p/p. 

The existence of the surfaces (2) is a necessary condition for Bteady motion 
to be possible. 

When the motion is both steady and irrotational (( = 0), equation (1) 
shows that the constant in (2) is the same throughout the fluid. 

3*50. The energy equation. When the forces are conservative, the 




Since dQ/dt = 0, we hare, from 3-10 (9), 



and therefore 


/)j.[i? , +fl]= -qV?. 
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Multiply by the volume element dr and observe that, by the equation of 
continuity (3*20 (1)), 

|(p<J7)=°. 

We then get, on integrating throughout the volume of the <M, 

-jqVjxfr- 

Now, if T = jipg*ir, F = jpfldr, J = ^pBir, 

ate the kinetic, potential and internal (1'6) energies respectively, we get, "«»[ 
2*34 (VI), 

~(jP+F) = -|v(jPq)^+|pV<|dr 

= |pqn d5+|p V qdT, 

by Gauss’s theorem, the surface integral being taken over the bounding surface, 
and n being the unit inward normal. 

Now the last integral is -dJ/dt, see Ex. Ill, 31, and therefore 

|( r+F+J^jyqndS, 

which expresses that the rate of change of total energy of any portion of the 
fluid as it moves about is equal to the rate of working of the pressures on the 
boundary. 

3*51 Rata of change of circulation. Let C be a closed circuit which 
moves with the fluid, i.e. a circuit which always consists of the same fluid 
particles. Let a be the acceleration of a fluid particle and B its curl : 

(1) a = dq/dt, B = V a a - 

Then for the rate of change of circulation in C as it moves we have 

m -L** 

for q d(drjdi) = qdq and therefore its integral round C vanishes. 

Also by Stokes’ theorem 

(3) • f a*r»f n(V A a)<*S 

J (C) J(S) 

over any diaphragm S which closes C. Therefore 

(4) —circC = f 
<tt J (5) 


v 


MLTJL 
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[8*51 

Now the vector field B is solenoidal (2*24 footnote), for by 2*32 (II) 

(5) VB«V(Va*) = 0, 

and therefore we can define unit B-tubes (2*615). Therefore from (4) 

(6) ~circC=tf, 

where N is the number of unit B-tubes which thread the circuit C. This result 
holds for viscous and compressible as well as for inviscid or incompressible 
flows. 

For an inviscid fluid under conservative forces we have 

and therefore 

(7) B=V?aVQ- 

If we call 1 Ip the balkiness of the fluid, Vp and V (1 Ip) are normals respec- 
tively to the curves of constant pressure and constant bulkihess, so that the 
vector B is tangential to the curve of intersection of these surfaces. The 
direction of B determines the sense of the circulation in C. 

As an example ; at given temperature and pressure water with greater salt 
content has higher density and therefore smaller bulkiness. Suppose in an 
ocean that the salinity decreases in a certain direction. Then the bulkiness 
increases in the same direction, and the pressure increases downwards. The 
result is that circulation is set up along the bottom in the sense of decreasing 
salinity and along the surface in the sense of increasing salinity. This explains 
the surface currents into the more saline Mediterranean from the Black Sea 
through the Bosporus and from the Atlantic through the Strait of Gibraltar. 

From (6) it appears that the necessary and sufficient condition for con- 
stancy of the circulation in a circuit which moves with the fluid is V a t-O or 
B=0. 

A fundamental application of this result is Lord Kelvin’s theorem concern- 
ing the constancy of circulation in a circuit moving with the fluid in an inviscid 
fluid in which the density is cither constant or is a function of the pressure (baro* 
tropic' flow). 

Proof If /> is a constant V (1 //>)= 0 and therefore B=0, from (7). 

If p is a function of p, V (1 jp) and y p m parallel vectors and therefore 
from (7), B=0. In either case d circ C/$ = 0 so that circ C is independent of 
time. q.e.d 

3*51 Vortex motion. If 5 is the vorticity vector, we have 
S'Va* 
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and therefore, 6om 2-32 (II), 


vonm motion 


V? = 0, 

so ftat the divergence of the vorticity is everywhere zero ; vortioity is sole- 
noidal. 

Vortex lines have been defined already (2-41). If through every point of 
a closed curve we draw the vortex line, we obtain a vortex tube. 

A vortex flamenl is a vortex tube whose cross-sectional area is of infini- 
tesimal dimensions. By Gauss’s theorem, applied to the volume eadmi 
between two cross-sections of areas do, and do, of a vortex filament, we get 

J?ndS= -Jv?dr = 0, 

and since nlj = 0 on the walls of the filament, 

?i n x da x + 5a n t da t = 0, 

where & , 5a are the vorticities at the ends of the filament. Thus * 

• fi do x = d<T| , 

which expresses that the magnitude of the vorticity multiplied by the cross- 
sectional area is constant along the filament * 

It therefore follows that a vortex filament cannot terminate at a point 
within the fluid. Vortex filaments must therefore be either closed (vortex 
rings) or terminate at the boundaries. 

The analogy of the foregoing with the corresponding property of stream 
filaments in a liquid may be noted, for in the case of a liquid V q = 0, so 
that q like 5 is adenoidal. 

3*53' Permanence of vorticity. If a is the acceleration, we have 
Taking the curl and using 2-32 (III) and 2-34 (II) we have 

V A » = f~(?V)q+(qV)?+?(Vq)-q(V?). 

Now from 3-52 VS = 0, and from 3-20 (5)/>Vq= -dpjdt. Thus using 
3‘10 (9) we find that 

v..-§-«vn-$ » 

This purdy kitm utiicd relation gives the rate of change of 5/p. 

* This mult follow* directly from the property of solenoid*! vectors (2*615). 
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If the forces are omemtive ad the pressure is a function of the density, taking 
the curl of 3*43 (2) shows that V A a=0 > and in this case (1) becomes 


( 2 ) 




an equation dne to Helmholtz. 

To solve this equation we use the notation djdr for V> and so, from 2*71 (8), 


( 3 ) 


PM /£jj\ 
dt\p)~y\ dr } y\dr}'\drj 


... d/3;r 0 \ /«;r\ 8;r, 3;q_ 

{i) dt[-dr)-[wj + -dr-^- 0 ’ 

since drjdt= q. Thus (3) can be written 

m^*pjh\. 9 JL m o. 

dt\f>) + pdt\ dr ) dr, 

Multiply on the right by d ; rjdr and use 2*71 (9) again. Then we get 

« s('-ir ')' 0 

and therefore 


(6) - • = constant = 

P M Po 

where X# and p 0 are the values of £ and p at time t 0 . 

Multiply on the right by d ; r/dr 0 and use 2*71 (9) once more. ‘ Then 


( 7 ) 


P h 3r o 


from (6) we see that if IJ 0 = 0, then £ = 0 so that motion once irrotational 
remains so. Therefore a particle which has vorticity at any time continues to 
have vorticity. Thus rotational motion is permanent and so is irrotational 
motion. 


(2) ; inviscid fluid, conservative forces, pressure a function of the density. 


3-54. Permanence of vortex lines* When inviscid fluid moves under 
conservative forces and the pressure is a function of the density a vortex line 
consists always of the same fluid particles and therefore moves with the fluid. 

Proof, Let a line of particles be specified by a Lagrangian parameter a so that 
at time ( the position vector of a particle is r == r(a,t). Then at timet the tangent 
, to the tine is in the direction of the vector drjfa, 
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By the definition of a vortex line the vorticity vector is tangent to the line 
and so if (o is the vorticity at time t 0 , we have 

dl |\l-» « !•=*.£ 

where A, is a scalar, and these statements are equivalent. From 3-63 (7) we have 
at time t 

= *JT’ 

p 0 da dr 0 p Q * da da 

so that the same particle a is still on the vortex line. q.e.d. 

Such a line moves about with the fluid like a material substance. More- 
over the line cannot disappear, for we have proved that rotational motion is 
permanent. 

It follows that when in an actual fluid a vortex line does disappear, the 
internal friction must be the cause. 

3*55. Relative motion. Velocity is a concept relative to a frame of 
reference whiclj the observer sets up as his standard of “ fixity ” Thus the 
velocity of a terrestrial body 
is usually measured with re- 
spect to a frame of reference 
fixed to the globe of the 
earth. 

Now consider two car- 
tesian frames of reference 
Oxyz or F, and O’x’y’z’ or 
F'. Each frame may be 
imagined as identified by a 
set of wires rigidly connected 
and moving with the frame. 

Suppose that at time t the 
frames are coincident and that 
F f is moving relatively to F with a motion described by an observer in F 
as a velocity U of O' and an angular velocity w. Then the position vector 
r of a particular fluid particle P at time t is the same for both frames.* 

Let q, q' be the velocities of the fluid particle P at time t as estimated by 
observers in F and F respectively. Then q=q'+U+w A r, and therefore, 
for the vorticity, 

S- V*<1 = VA<l'+V*(®>A r ) 

= y+M(V r)-( tt> y)r = y+3ft)-u = y+2to, 

* Fig. S’65 above the relative poeitioni of the frames at time t + St, when they are no longer 
ooiaoident. The fluid partiole wmeh was at P at time t is at J y at time <+&. 
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so that, like velocity, vorticity is a concept relative to the frame of reference. 
If 5 = 0 in the frame F, the observer in that frame says that the motion is 
irrotational, and therefore also says that there is a velocity potential <j> such 
that q = - V <£, while the observer in the frame F says that the motion is 
rotational with vorticity - 2o>. 

Similarly, circulation is a concept relative to the frame of reference, for if 
r is the circulation in a closed circuit C as measured by an observer in F and 
if P is the circulation in the same circuit as measured by an observer in F\ 
then 

r=r+2o>s, 

where S is the area enclosed by the projection of C on a plane perpendicular 
toco. \ 

Proof, r-r- f qdr-f q'dr=[ (U+co A r)dr = <*>[ (r A if). 

J(0 J(0 J(0 J(o \ 

Take o> = wk. Then ' 

co I r A ir = co (xdy-ydx) = 2coS/ q.E.D. 

J(0 J(0 

These considerations are of importance in the hydrodynamics of meteor- 
ology on the rotating earth. 

3*60. Irrotational motion. Pressure equation. When the pressure 
is a function of the density, p -f(p), the equation of irrotational motion 4 under 
conservative forces is, 3-43 (7), 

Since q = - V <f> in irrotational motion, this gives 

and therefore 

id Ji+tf+fl-S-cw, 

where C(t) denotes an instantaneous constant, that is to say, a function of t 
only, which therefore at a given instant has the same value throughout the 
liquid. This is the pressure The function C (f) may be replaced by an 

absolute constant by adding a suitable function oitto<j>. The addition of such 

♦ “ With motion irrotational, in fluid incompressible, 

A tiny little minnow swims alons a line of flow, 

And the greater its velocity-well cutting out verbosity— 

The greater its velocity, the faster it will go.” 

Norsk, Cambridge. 
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a function to ^ does not affect the relation q s - Vf When the motion is 
steady, tyjdt^ 0, and we recover Bernoulli’s equation, but with the same value 
of c throughout the fluid at all times. 

The pressure equation is of paramount importance, for once we know the 
velocity potential <j> t the velocity is determined by q = -y and the pressure 
is then found from the pressure equation and the relation p =/(p). 

Note that ty/dt is calculated by varying t only and therefore refers to a 
point fixed in space. 

When the fluid is incompressible the pressure equation is 

s +f5 - + fl-|=0(„. 

It follows that in principle the solution of any problem of irrotational 
motion of a liquid is reduced to finding the velocity potential </> whioh satisfies 
Laplace’s equation V* <j> = 0 and the other conditions of the problem. The cal- 
culation of fluid thrust on a surface is then reduced to an integration. 

3-61. The pressure equation referred to moving axes. Consider as 
in 3*55 a moving rigid frame of reference F whose motion referred to the 
instantaneous position F of the frame,* with 0 as base-point, is described by 
the linear velocity U and the angular velocity c*>. The point ?, whose 
position vector referred to 0 is r, if rigidly attached to the frame F f has 
the velocity V = U + u> A r. Thus if P is fixed in F instead of in the frame 
F\ it will appear to an observer in the frame F to move with velocity -V. 
If the motion is irrotational when referred to the frame F, there exists a 
velocity potential <f> such that q = - V^, and the rate of change of ^ at a 
point fixed in F is now measured (cf. 3*10) by an observer in F as 

(r vv V 

Hence the pressure equation for a liquid becomes 

j-+h*+fl-|+vv* = c«). 

Let q r be the velocity of the fluid relative to the moving frame. Then 
q r = q-V = -V*-V. 

Thus ig > +V(W) = }(q-VMV*. 

and therefore the pressure equation with respect to the moving frame can be 
written 


•This miUntAoeous poaition F ki taken m the standard of fixity referred to in 3*55. 
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where g r is the magnitude of the fluid velocity at P relative to the moving 
frame, and V is the speed of the same point regarded as fixed to the moving 
frame. 

341 The thrust on an obstacle. Consider the steady irrotational 
motion of a homogeneous liquid in the presence of a fixed obstacle S. Let 
F be the thrust on the obstacle due to the hydrodynamical pressure. Then if 
n is a unit outward normal to the element dS of the surface of the obstacle, 

F = - j pn AS. 

J IS) 

Now, from the pressure equation, since the motion is steady, 
p = constant- Jpg 2 , 

and a constant pressure produces no resultant action on a closed 

Therefore 

= Jp f n g* AS. 

Now nq is the component of the 
velocity of the fluid normal to the 
boundary, and therefore n q = 0 at 
points on the boundary. Therefore 
we can write 

(1) F = Jpf [ng*-2q(nq )]AS, 
J IS) 

the surface integral being taken over the surface of the obstacle. Let S' be a 
closed surface entirely surrounding the obstacle, and let n' be a unit normal 
(drawn outwards from the region between S and S') to the element dS'. 

Then, if we integrate over the surface £+ S', we get from Gauss’s theorem 
2*61, (3), (7), 

f [ng*-2q(nq)]dS = -[ [V? l -2q(Vq)-2(q V)q]ir 
J(5+F) J(F) 

= -[ [2q A (V A q)-2q(Vq)]ir, from 2-34 (IV). 

J(V) 

Since the motion is irrotational, V A q = 0, and if the region (F) between 
S and S' encloses no points at which fluid is created or destroyed, V q = 0 
from the equation of continuity, and therefore the volume integral vanishes. 
It follows that 

I [nj , -2q(nq)]i/S * f fn'j*~2q(fi'q))AS'. 

M J(F) 
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Thus in (1) we can replace S by any enclosing surface, provided we cross 
no singularities in the fluid, i.e. by any reconcilable surface (see 3*70). 

In the same way we prove that the moment about the origin is 

( 2 ) —ibf r A[n? ! -2q(nq)]i(S, 

•MS') 

where S' is any surface reconcilable with S without crossing any singularities 
in the fluid. 

3*64* impulsive motion# Let us suppose that a fluid in motion is 
subjected to external impulses and to impulsive pressure. 

If (|i is the velocity generated in the element which was previously moving 
with velocity q, I the external impulse per unit mass, and vs the impulsive 
pressure, by equating the impulse to the change of momentum of the fluid within 
a closed surface S, we get, as in 3*41, 

• |wndS+|lpdr s= |p(qi-q)dr. 

Using Gauss’s theorem this gives 

|{l/>-Vw-p(qi-q)}<2r=0. 

Since the volume of integration is arbitrary we have 

i--V® = q 1 -q 

This is the general equation of impulsive motion. 

This equation provides a physical interpretation of the velocity potential 
as follows. 

The external impulses being absent, let $ be the velocity potential of a 
motion generated from rest by impulsive pressure vs. Then in the above 
equation I = 0, q = 0, q x = - V <M n( * therefore 

which in the case of a homogeneous liquid gives 
w = constant. 

The constant can be ignored, for a pressure constant throughout the fluid 
produces no effect on the motion, and we see that fxj> is the impulsive pressure 
which would instantaneously generate from rest the motion which actually 
exists (cf. Bx. m, 32). 
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Conversely, a motion generated from rest by impulsive pressure only is 
necessarily irrotational, the velocity potential being wjp. This must neces- 
sarily be the case when a motion is, for example, started from reBt by sudden 
motion of the boundaries. The argument is true also for a viscous fluid as 
regards the initial motion (see Plates 1, 2, fig. 1), but vortex sheets (13*70) 
may form even in an inviscid fluid due to the bringing together of layers of 
fluid which were previously separated and are moving with different velocities. 
The presenoe of even slight viscosity may cause these sheets to roll up and 
form concentrated vortices (see Plates 1, 2, 3, 4). 


3*70. Connectivity. Definition. A region of space is said to be connected 
if we can pass from any point of the region to any other point by mbving 
along a path every point of which lies in the given region. I 

Thus the region interior to a sphere, fig. 3-70 (i), or the region between 'two 


coaxial infinitely long cylinders, fig. 3*70 (ii), are connected. 


Definition . A closed circuit, all of whose points lie in the given region, 
is said to be reducible, if it can be contracted to a point of the region without 
ever passing out of the region. 

The circuit PRQS in figs, (i), (ii) is reducible ; the circuit P'R'Q’S' in 
fig. (ii) is irreducible , for it cannot be made smaller than the circumference of 
the inner cylinder. 



Fro. 3*70 (i). 


Fra. 8*70 (U). 


Definition. A region in which every circuit is reducible is said to be limply 
connected. 

Examples of simply connected regions are : the region interior to a sphere ; 
the region exterior to a sphere; the region exterior to any number of spheres ; 
the region between two concentric spheres ; unbounded space. 

The region between the concentric cylinders in fig. (ii) is certainly not 



MO] CONNECTIVITY 91 

amply connected, for it contains irreducible circuits. We can, however, make 
this region simply connected by inserting one barrier or boundary which may 
not be crossed, such as the plane iS containing 
a generating line of each cylinder, fig. (iii). 

When this barrier is inserted every circuit 
in the modified region is reducible and the 
modified region is therefore simply connected, 

We also note that the insertion of an 
additional barrier between the inner and outer 
cylinders would break the region up into two 
parts which, although individually connected 
regions, would not form a connected region 
in their totality. 

We thus arrive at the following definition. 

Definition . A region is said to be doubly connected, if it can be made simply 
connected by the insertion of one barrier. A region is said to be n-ply connected, 
if it can be made simply connected by the insertion of n - 1 barriers. 

Examples of doubly connected regions are : the region between coaxial 
infinitely long cylinders ; the region interior to an anchor ring ; the region 
exterior to an anchor ring ; the region exterior to an infinitely long cylinder. 

Another useful idea is contained in the following definition. 

Definition. The paths joining two points P and Q of a region are said to 
be reconcilable , if either can be continuously deformed into the other without 
ever passing out of the region. 

Thus in figs, (i), (ii) the paths PRQ, PSQ are reconcilable. In fig. (ii) the 
paths FRO*, FS'Q' are irreconcilable. 

Two reconcilable paths taken together clearly constitute a reducible circuit. 

Definition . Two closed circuits are said to be reconcilable, if either can be 
continuously deformed into the other without ever passing out of the region. 

Reconcilable circuits are not necessarily reducible. 

The term reconcilable can also be conveniently applied to surfaces (of. 3*62). 
Thus the diaphragms referred to in the verbal enunciation of Stokes’ theorem 
2*51 (I) must all be reconcilable without passing out of the fluid. 

The above properties of regions are termed topological rather than geo- 
metrical, for they do not essentially depend on the particular shapes of the 
boundaries mentibned, For example, the cross-sections of the cylinders could 
be ellipses or any other simple closed curves. 

3*71. Acyclic and cyclic irrotational motion. When the region 
occupied by fluid moving irrotationally is simply connected, the velocity 



Fio, 3*70 (iii). 
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potential is one-valued, for the velocity potential at P is defined by (see 2*52) 

(1) A>--[ qir, 

J(OAP) 

and this integral is the same for all paths from 0 to P, for all such paths are 
reconcilable. Motion in which the velocity potential is one-valued is called 
acydic. Thus in a simply connected region the only possible irrotational motion 
is acydic . This result depends essentially on the possibility of joining any 
two paths from 0 to P by a surface lying entirely within the fluid and then 
applying Stokes’ theorem (see 2*52). 

When the region is not simply connected, two paths from 0 to P pan be 
joined by a surface lying entirely within the fluid only when certain! topo- 
logical conditions are satisfied. When they are not, the inference from Stokes’ 
theorem cannot be made, and the velocity potential may then have more than 
one value at P, according to the path taken from 0 to P. \ 

When the velocity potential is not one-valued the motion is said to be 
cydic . r 

In the continuous motion of a fluid the velocity at any point must be 
perfectly definite. Thus, even when </> has more than one value at a given 
point, must be one-valued. It follows that although two paths from 
0 to P may lead to different values of <j > P , these values can differ only by a 
scalar k, such that V * = 0, and k is therefore independent of the coordinates 
of P. This scalar k may be identified with the circulation in any one of a family 
of reconcilable irreducible circuits, for, if C be any circuit, (1) shows that 

(2) circ G = decrease in<j>on describing the circuit once. 

We shall have occasion later to consider particular types of cyclic motion. 
For the present we shall consider only acyclic irrotational motion, and the 
general theorems which follow must be considered as applying to that type of 
motion only. In that sense the regions concerned may always be considered 
as simply connected, but it should be remembered that acyclic motion is also 
possible in multiply connected regions. 


3*71 Kinetic energy of liquid. The kinetic energy is given by 

r = i[ 

Jw 


When the motion is irrotational, 


9“ -VA 


m] 
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«od therefore by Green’s theorem, if ^ is single valued, and since = 0 , 

*-fo[ mm)**- iJ As, 

J(F) J ( 5 ) on 

taken over the bounding surface of the liquid, in denoting an element of 
normal drawn into the liquid. 

Hue result has a simple physical interpretation. Since the actual motion 
could be started from rest by the application of an impulsive pressure p$, 
and Bince -ty/dn is the velocity of the liquid normal to the boundary, 
fnf>iSx - J tyjdn is the work done by the impulsive pressure on the element 
iS in accordance with the following dynamical theorem. 

The work done by an impulse is equal to the product of the impulse into 
half the sum of the components in the direction of the impulse of the initial 
and final velocities of the point at which it is applied. 

The surface integral therefore represents the work done by the impulsive 
pressure in starting the motion from rest. 


3*73. Kelvin’s minimum energy theorem. The irrotational motion 
of a liquid occupying a simply connected region has less kinetic energy than 
any other motion consistent with the same normal velocity of the boundary. 

Proof. Let T be the kinetic energy of the irrotational motion, <j> the 
velocity potential, and T l the kinetic energy of any other motion given by 

q=-y^+q 0 , V<|o = 0> nq 0 = Oat the boundary, 
the second condition being the equation of continuity. Then 


where 

Now, from 2*34 (VI), 


n = jlpqo’tfr. 


W q«) = q»(V $+^(V q«) - q»(V 4)- 

Therefore j (y<j>)q 0 dr = -| n^q 0 dS = 0 , 

by Gauss’* theorem, and since nq„ = 0 . 

Therefore f, = T+T t . 

Since T, is positive, it follows that T<T V 


Q.I.D. 
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374. Mean value of the velocity potential. We shall prove the 
following theorem due to Gauss. 


Tie mean value of <j> over any spherical surface , throughout whose interior 
W = 0, is equal to the value of<f> at the centre of the sphere , 

Proof Describe & sphere 8 of r&dius r about P, Then from 2*63 (2) 



But the seoond integral vanishes by 2*62 (5). Therefore 




4 * 8 . 


(S) 


Corollary. 4 cannot be a maximum or minimum in the interior of anyjegion 
throughout which VV = 

For if <j>p were, say, a maximum, it would be greater than the va 
tj> at all points of a sufficiently small sphere, centre P, which contradict! 


We can now prove the following theorem. 

In irrotational motion the maximum values of the speed must occur on the 


Proof Take a point P interior to the fluid as origin, and take the axis of 
x in the direction of motion at P. Then if q P , q Q are the speeds at P and Q 
(a point near to P), 


H. 


Hi);. 


Now, ~ satisfies Laplace’s equation * and therefore cannot be a maximum 
ox 


or minimum at P. Therefore there are points such as Q in the immediate 
neighbourhood of P at which j , and therefore qtf > <j>*. 

Thus q P cannot be a maximum in the interior of the fluid, and its maximum 
values, if any, must therefore occur on the boundary. Q.E.D. 

It should be noted that q l may be a minimum in the interior of the fluid, 
for it is zero at a stagnation point. 

From the above results we can deduce the following theorem. 

In steady irrotational motion the hyirodynamical pressure has Us minimum 
values on the boundary . 

Proof By Bernoulli’s theorem, 

2-fig* s constant 
P 


•*2-i**«* 
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Tima p is least where f is greatest, and this cannot occur inside the fluid* 
Thus the minimum values of p must occur on the boundary. The maximum 
values of p occur at the stagnation points. q. e>d# 

3*75. Mean value of the velocity potential in a periphractic region. 

A region is said to be periphrastic * when it is bounded internally by one or 
more closed surfaces. For example, the region occupied by fluid in whioh a 
solid sphere is totally immersed is of this nature. 

Consider liquid at rest at infinity bounded internally by a closed surface 
S and unbounded externally. With centre ?, describe a sphere E t of radius R t 
large enough to enclose S. If the liquid is in irrotational motion, Gauss’s 
theorem applied to the periphractic region between S and E gives 




Therefore, since dn = -dR on E, 




where F is the flux into the region considered across the internal boundary 8, 
Now, dZ a* R? do, where do is the solid angle subtended at P by d£. 
Therefore the above result can be written 


sj**— £• 

But if Jf ($ is the mean value of over the sphere E, 


♦ Greek, iw^pmor * w fenced about w . 
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and therefore 

( 2 ) 


dR = ~ knR v 


m-£- B +c. 


where C is independent of R. To show that C is also independent of the 
position of the centre of the sphere 27, let ns displace the centre through a 
distance Sz, keeping R constant. Then 

dC _dM(<l>)_ 1 ffy 
dx ~ dx 47r J dx 

Since by hypothesis cty/3x-»0 at infinity, by making R large enough we 
can make ty/dx as small as we please, so that BC/dx = 0. Thus C is mfeltered 
when the centre of the sphere 27 is displaced, provided that S is |lways 
within the sphere. 1 

In the important case when S is the surface of a solid body, there is no 
flow across it, so that F = 0, and therefore the mean value of <j> over any 
sphere enclosing the solid is constant and equal to C. 

We now prove that <f>p-+C when oo . In fact, applying 2-63 to the 



Now, the latter integral is equal to 

from (1) and (2). Therefore 

( 3 ) 

If we now let r->oo , both 1/r and its differential coefficient tend to zero, 
and therefore when P-+ ao , 

376. Kinetic energy of infinite liquid. Taking liquid moving irrota- 
tionally, at rest at infinity, and bounded internally by a solid 5, we shall 
suppose that the velocity potential <j> is single valued. Applying the method 
of 3*72 to the region between the solid 8 and a large surface 27, completely 
enclosing £, we get for the kinetic energy of the liquid occupying this region 
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Since there is no flow into the region across S, the equation of continuity 
takes ike form (cf. 3*20 (2)) 



and therefore 


Ti = -iP J w e-0> fjjtf-frJ 0-0) %d£, 

where C is any constant. It follows from (1) that Jtty/9n dJEis independent of 2 
and is in fact zero since for a solid boundary jdfydn dS=0. If therefore we take 
C to be the value to which <j> tends at infinity (3*75) and then enlarge the surface 
2 indefinitely in all directions, the second integral vanishes and we get the 
kinetic energy. 

T = - U\ (*-C)|dS =-*/>[ &*B. 

J(5) ™ J(S) ™ 

3*77. Uniqueness theorems. We shall now prove some related 
theorems concerning acyclic irrotational motion of a liquid. The proofs are 
all based on the following equivalence of the expressions for the kinetic energy, 

(1) £p|} 2 (Zt= 

where the volume integral is taken throughout the fluid and the surface integral 
is taken over the boundary. 

(I) Acyclic irrotational motion is impossible in a liquid bounded enlirdy by 
fixed rigid wq/ls. 

For — = 0 at every point of the boundary, and therefore {‘dr = 0. 
dn J 

Since 5 * canno t be negative, q = 0 everywhere and the liquid is at rest. 

(II) The acyclic irrotational motion of a liquid bounded by rigid walls will 
instantly cease if the boundaries are brought to rest. 

This is an immediate corollary to (I). 

(III) There cannot be two different forms of acyclic irrotational motion of a 
confined mass of liquid in which the boundaries have prescribed velocities. 

For, if possible, let ^,^ t be the velocity potentials of two different motions 
subject to the condition = W* at each point of the boundary. 

Then <f> = fa-fa is a solution of Laplace’s equation and therefore repre- 
sents a possible irrotational motion in which 

•25_!2L« = o. 

dn dn dn 


M.T.H. 
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Therefore, as in (I), q * 0 at every point, and therefore = constant, 
so that the motions are essentially the same. 

This theorem shows that acyclic motion is uniquely determined when the 
boundary velocities are given. 

(IV) If given impulsive pressures are applied to the boundaries of a confined 
mass of liquid at rest , the resulting motion, if acyclic and irrotational, is uniquely 
determinate . 

If possible, let ^ and <j> z be velocity potentials of two different motions. 
The impulsive pressure which would start the first motion is ^ , that which 
would start the second is > and since the pressures are given at the boun- 
daries t 

pi i = i4i 

at each point of the boundary. 

Therefore <j> = fa-fa is the velocity potential of a possible irrotatipnal 
motion such that <j> = 0 at each point of the boundary. Therefore, from (1), 
q as 0 at each point of the liquid. If follows that is ponstant and the 
motions are essentially the same. 

(V) Acyclic irrotational motion is impossible in a liquid which is at rest at 
infinity and is bounded internally by fixed rigid walk. 

Since the liquid is at rest at infinity and there is no flow over the internal 
boundaries, the kinetic energy is still given by (1) (see 3*76) and the proof is 
therefore the same as in (I). 

(VI) The acyclic irrotational motion of a liquid at rest at infinity and bounded 
internally by rigid walls will instantly cease if the boundaries are brought to rest. 

This is an immediate corollary to (V). 

(VII) The acyclic irrotational motion of a liquid , at rest at infinity , due to the 
prescribed motion of an immersed solid, is uniquely determined by the motion of 
the solid. 

If possible, let ^ , <j> % be the velocity potentials of two different motions. 
The boundary conditions are 


3n in t 8Ur ® aoe tk® solid, j, = q t = 0 at infinity. 


Thus <j> = is the velocity potential of a possible motion, such that 
tyjdn as 0 at the surface of the solid, q = 0 at infinity. It that follows from 
(1) that q - 0 everywhere, so that as constant, and the motions am 
essentially the same. 

(VIII) If the liquid is in motion at infinity with uniform velocity, the aegotic 
inotahmal motion, due to the pretcribed motion of an irnmm solid, u uwjueiy 
determined by the motion of the tM. 
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Pot tbs relative kmematical conditions are unaltered if we superpose on the 
whole system of solid and liquid a velocity equal in magnitude and opposite in 
direction to the velocity at infinity, This brings the liquid to rest at infinity. 
The resulting motion is then determinate by (VII) and we return to the given 
motion by reimposing the velocity at infinity. 


EXAMPLES III 

1. Establish the equation of continuity for an incompressible fluid in the form 
du dv dw 


Show that u > 


2xyz 


dx + dy + dz**®' 


(#+y 8 )*’ v (a^y 2 ) 2 ' w s*+y* 
are the velocity-components of a possible fluid motion. Is this motion inotational? 

(R.N.C.) 

2. If the fluid moves radially and the velocity u is a function of r, t only* where 
r is the distance from a fixed point, prove that the equation of continuity is 

WMiw «• 


8. If every particle of fluid moves on the surface of a sphere, prove that the 
equation of continuity is 

0 0 0 

where 0, w are the latitude and longitude, and q 9 , q w the angular velocities in latitude 
and longitude respectively. 

4 . If o> is the area of the cross-section of a stream filament, prove that the 
equation of continuity is 

where i* is an element of arc of the filament in the direction of flow and q is the 
speed. 

5. If P(r, t) » 0 is a surface which always consists of the same fluid particles, 
show that, after an infinitesimal time Si, P(r+q Si, i + Si) » 0, and deduce that 

^+«JV)F 0. 

8* the method of differentiation following the fluid, and find the 

condition that the surface F(x> y, z, <) « 0 may be a boundary surfaoe. 

Prove that the variable ellipsoid 

iSHM) 1 

a possible form of boundary surface of a liquid at time t. 

7 • A quantity of liquid occupies a length 22 of a straight tube of uniform 
small bore, under the action of a force towards a fixed point in the tube varying 


100 


Humus m 


as the distance from the fixed point. Determine the pressure at a distanoe * from 
the fixed point when the nearer free surfaoe is at a distance *. 

g. For cylindrical coordinates (2*72), prove that the acceleration is 

where d'/cK - d/dt + qjd/da + ®~ V/®" + 2*3/9*- 

9. Prove that the three equations of motion expressed in cylindrical co- 
ordinates are, (see Ex. 8), 

_ i dp iji* v 
* pdx dt * * p dvj dt to 




10. If liquid rotates like a rigid body with constant angukr speedj. about 
a vertical (i) axis and gravity is the only external force, prove that the procure is 
given by \ 

£ = | w 2 r* -gz + constant, > 

P 

where r is the distance from the axis. Show that the surfaces of equal pressure 
are paraboloids with the same latus rectum. 

11 If liquid contained within a closed circular cylinder rotates about the axis 
of the cylinder, prove that the equation of continuity and the boundary con- 
ditions are satisfied by q = » A r, where o> is the angular velocity supposed depen- 
dent on the time only and r is the position vector measured from a point on the 
axis of rotation. 

12 if the liquid in Ex. 11 starts from rest under the external forces whose 

components wlx+Py, yx+&y, 0 and the axis of the cylinder is the r-axis, wnte 
- - J ~"ov6tnat 


S-KH* 

Prove also that the pressure is given by 


2 = iwV+H«**+(0+y)*y + fy*>] 


where r is the distance from the s-axis. 

ig If the motion of a fluid be referred to a moving frame of reference which 
rotates with angular velocity u and moves forward with velocity u, show that 
i is 




F-iVp, 

P 


dr 


or 

where =• q-u-« A r, 


W +v (4)“ 0> 


where q is the fluid velocity and the position vector r is referred to the moving 
frame. 
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It If the motion is referred to & moving frame which has velocity u and 
4 ** ff tiar velocity <*, prove that the vorticity satisfies the equation 

|+» A ;+(q r V)i;-«V)q, 


where q, - q-u-w A r. 

15. If q is the velocity, prove that 

^ v M,v,< (qV > q+q ^ 

and deduce that 


1 “ L q(nq)<iS+ L q(Vq)<iT -| ( r ) (q ^ )<Jr ’ 

where 8 is a closed surface and V the enclosed volume. 

Use the above result to find the force on a body due to fluid pressure. 


16* If T is the circulation around any closed circuit moving with the fluid, 
prove that 

£-K). 


if the external forces have a potential, and the pressure is a function of the density 
alone. (U.L.) 


17. A pulse travelling along a fine straight uniform tube filled with gas causes 
the density at time t and distance x from an origin where the velocity is u 0 to become 
p Q <f> ( Vt - x). Prove that the velocity u is given by 

iui -» 


18. Every particle of a mass of liquid is revolving uniformly about a fixed axis, 
the angular speed varying as the nth power of the distance from the axis. Show 
that the motion is irrotational only if n+2 = 0. 

If a very small spherical portion of the liquid be suddenly solidified, prove that 
it will begin tq rotate about a diameter with an angular velocity (n+2)/2 of that 
with which it was revolving about the fixed axis. 


19. An explosion takes place at a point 0 at some distance below the surface 
of deep water. If O' is the image of 0 in the free surface, show that the velocity- 
potential of the initial motion at any point P varies as 


1 1 


OP ” UP 


Determine the initial velocity of the free surface at any point. (R.N.C.) 

90, Define irrotational motion and prove that under certain conditions the 
motion of a Motionless liquid, if once irrotational, is always so. Prove that th» 
theorem remains true, if the motion of each particle be resisted by a force varying 
as its absolute velocity. 

a. If i is constant over the boundary of any simply connected region occupied 
by liquid in irrotational motion, prove that ^ has the same constant value through- 
out the interior. 

99 . Prove that, if the normal velocity is zero at every point of the hotmdaiy 
of liquid occupying a simply connected region, and moving lrrotationaliy, f is 
constant throughout the interior of that region. 
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88. liquid moving irrotationally occupies a simply connected region bounded 
partly by surfaces over which <j> is constant, and partly by surface oyer which the 
normal velocity is zero. Prove that <j> has the same constant value throughout 

il. : 


84. A body moves in a given manner, without change of volume, in an inviscid 
liquid. T q denotes the kinetic energy of the fluid when it has no external boundary 
and is at rest at infinite distances ; T 0 ' denotes the kinetic energy of that part 
of the fluid which is outside a closed surface £ 0 which is external to the body ; 
T denotes the kinetic energy of the fluid when S 0 is its external boundary and 
is fixed. Prove that, if the regions occupied by the fluid are simply connected, 

T>T 0 +T 0 '. 

25. If a « constant, j3 « constant are the equations of a curve, show that the 

tangent is in the direction of the vector V ot A V jB. Hence show that if the a and 
surfaces are any two systems of surfaces which pass through the vortex linis, then 
( *= jP Va A VjB, where F is a scalar function. ] 

26. In Ex. 25 use the fact that V? * 0 to prove that (V F)(V<x A V p) » 0, 
and hence show that this is equivalent to the vanishing of the Jacobian 1 

d(F, a,P)/3(i, y,t), 

so that /is a function of a, jS only. , 

27. Prove that V/( a, jB) *= Va+^V|3. With the notations of Ex. 25, 26 

show that if the scalar function /(oc, jB) is so chosen that 3//3a m F t then 

(i) q * /(«, jB) V jB is a solution of the equation ? =» V A q. 

<ii)5 |v« A V0. 


28. Use Ex. 27 to prove that the general solution of ? V A q is 

q - -V 4 +/(a, 0)Vj3, 

where a - constant, jB » constant are two systems of surfaces which pass through 
the vortex lines, and ^ is a solution of Laplace’s equation. 

29. Obtain Clebsch’s transformation that the velocity can be expressed in the 
form 

q * V/x, 

where the surfaces A - constant, p » constant move with the fluid, and the curves 
in which they intersect are vortex lines. 

80. Prove the moment formula 3*62 (2). 

81. If E is the internal energy per unit mass, prove that 


P 


dB pdp 
eft pit 


“l»Vq. 


82. Prove that for a compressible fluid moving irrotationaUy 



where a is the impulsive pressure which woold generate the motion from »*t. 



CHAPTER IV 

TWO-DIMENSIONAL MOTION 


4*1. Motion in two dimensions. Two-dimensional motion is charac- 
terised by the fact that the streamlines are all parallel to a fixed plane and 
that the velocity at corresponding points of all planes parallel to the fixed 
plane has the same magnitude and direction. To explain this more My, sup- 
pose that the fixed plane is the 
plane of xy and that P is any 
point in that plane. Draw PQ 
perpendicular to the plane xy (or 
parallel to Oz).% Then points on 
the line PQ are said to correspond 
to P. Take any plane (in the 
fluid) parallel to xy and meeting 
PQ in R. Then, if the velocity 
at P is j in the xy plane in a 
direction making an angle 9 with 
Oy, the velocity at R is equal in 
magnitude and parallel in direc- 
tion to the velocity at P. The 



Its. 4-1 (i). 


velocity at corresponding points is then a function of x, y and the time t, 
but not of 2 . It is J m -'~ L L ~ ““ :J ~ * u “ 


at which the velocity is the same. 

In order to keep in touch with physical reality it is often useful to suppose 
the fluid in two-dimensional motion to be confined between two planes parallel 
to the pl»n* of motion and at unit distance apart, the fluid being supposed to 
glide finely over these planes without encountering any resistance of a factional 
nature. Thus in c onsidering the problem of the flow of liquid past a cylinder 
in a two- dimensional motion in planes perpendicular to the axis of the cylinder, 
instead of cno«id«ring a cylinder of infinite length, a more vivid picture is 
obtained by restricting attention to a unit length of cylinder confined between 
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axis, we oan profitably suppose the cylinder to be of unit thickness* and to 
encounter no resistance from the barrier planes. This method of envisaging 

the phenomena in no way 
restricts the generality and 
does not affect the mathe- 
matical treatment 

To complete the picture 
we Bhail adopt as our repre- 
sentative plane of the motion 
the plane which is parallel to 
Fig. 4-1 (ii). our hypothetical fixed planes 

and midway between them. 

Thus in the case of a circular cylinder moving in two dimensions the dia- 
gram will show the circle C which represents the cross-section of the cylinder 
by the aforesaid reference plane, and the centre A of this circle will b^ the 
point where the axis of the cylinder 
crosses the reference plane. This point 
may with propriety be called the centre 
of the cylinder. More generally any 
closed curve drawn in the reference 
plane represents a cross-section of a 
cylindrical surface bounded by the fixed 
planes. 




A clear understanding of the above 0 
conventional description will enable us ^ 4 J ^ 

to use the more familiar notation of 

ordinary two-dimensional geometry without confusion, and the reader is 
invited to form a mental picture of his results in the light of the diagram of 
fig. 4-1 (ii). 

Two-dimensional motion, as will be seen in the sequel, presents oppor- 
tunities for special mathematical treatment and enables us to investigate the 
nature of many phenomena which in their full three-dimensional form have 
so far proved intractable. 


4*20. Two-dimensional steady motion of a liquid. In 2*40 we 
analysed the general form of fluid motion. In this section we shall make a 
detailed analysis of the two-dimensional steady motion of a liquid. 

Consider two neighbouring streamlines PP\ QQ'. The motion being 
steady, the streamlines are the paths of the fluid particles. The particle which 

*The term “ thickness ’ will be used to denote dimeniione perpendicular to the plane of 
the motion. 
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is at 4 at time t will arrive at 4' at time t+it. Draw the normals AD> 4'ff 
to PP t and let them meet at 0, the centre of curvature. Let AD = 8a, the 


towards 0. Mark along PP\ QQ f 
lengths AB, DC each equal to 8n. 

The fluid which at time t occu- 

ABCD will at time t+ht occupy 
the prism typified by the rhombus 
A'BVD\ for if q is the speed at 4, 
the speed at D will be q+(dqldn)bn. 

Let 4'D' make an angle a with 
the normal 4'0. Since the diagonal 
A'C' of the rhombus bisects the 
angle FA!D\ it follows that the 
angle C'A’D' is Jrr-Ja, therefore 
4'C' makes with 40 the angle j3 
given by 

j8 +0 = a+Jir~ \a = Jw+Ja, 





Fig. 4-20 (i). 


where 0 is the angle between the normals at 4 and 4'. 

It should be noticed that we are considering the motion of an infinitesimal 

element during an infinitesimal 
time and therefore the angles <x and 
8 are themselves infinitesimal. 

It now appears that during the 
time ht the element ABCD has 
undergone the following changes. 

(i) A translation whereby the 
centre E of the square has moved 
to E\ the centre of the rhombus. 

(ii) A ronton whereby the axis 
of symmetry AC has been rotated 
through the angle Jw-jS = 

into the direction A!C\ This angle is positive when measured counter- 
clockwise. 

(iii) A pure /train whereby all lines parallel to AC are lengthened and all 
lines parallel to AD are contracted in the same ratio. 

It is the distortion engendered by the pure strain which has turned the 
square into a rhombus. The distortion is essentially due to the velocity of D 
relative to 4. 
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Rotation and strain are both absent only when the motion is one of pore 
translation. 

The pure strain here found is characteristic not only of the motion of a 
liquid, but of any substance which is capable of change of shape. 

The rate of translation is measured by the limit of EE' fit, when 8 M), 


To calculate the rotation, we have 

(1) AA! -qht~ RS , where R = 04, the radius of curvature of PP' at 4. 
DU = (j+^8»)&. QD' = A’Q<x = ahn. 

DO = (S-Sn)ff = v( 1 ~j) St, from (1), thus 
DU -DO (Bq^ }\ s , 

and therefore the rotation is 

The rate of rotation is therefore 

Since the rate of rotation is half the vorticity, we have for the vorticity 

? 3? 

<a ~R~Bn‘ 

In two-dimensional motion the vorticity vector is perpendicular to the 
plane of the motion and therefore fixed in direction. The two-dimensional 


by the vorticity we need only mean, in general, the scalar magnitude o>. 

By equating the flux (4*30) across AD to that across A'O we find the 
equation of continuity in the form 


5+1. o 

Bt + R ’ 


where R is the radius of curvature at A of the orthogonal trajectory of the 
streamline (see 19-82). 

To calculate the strain, we find the elongation, i.e. the ratio* of die increase 
of AO to its original length, namely 

A'U-AC 

~~E 
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»U»t 

Since a is infinitesimal, this gives 

^'(l-?) = 8»V2=4C, 
and therefore, using the binomial approximation, 

(■-iT- 1 * 

we get A'C = (l+^j AC, so that the elongation is 

2 = 

and the rate of elongation is 

*\dn + B ) 

A similar calculation readily shows that the rate of contraction of BD is 
given by the same expression. 

It is clear that AO, BD are directions of maximum rate of elongation and 
contraction respectively. Lines parallel to AB undergo no elongation or 
contraction. The strain is therefore a shear in which lines parallel to AB 
move forward at rates which increase linearly with their distance from AB. 

4*2 1* Motion without vorticity. When the motion is irrotational the 
vorticity is zero, and therefore 

d l-l 

dn R * 

When the streamlines are straight (R = oo ), we have q - constant, as we 
proceed across the stream. Thus for parallel flow in a canal, if the motion is 
irrotational, the speed will be constant across a section of the canal. This is 
the case for an inviscid liquid but not for a viscous one (see fig. 1*0). 

Again, dqjdn is positive when we move in towards the centre of curvature 
of a streamline Thus at a bend in a river we should expect the speed to 
increase as we proceed across from the outside to the inside of the bend,* with 

* V 1 m 


* la actual riven this theoretical effect is profoundly modified by a tendency to reversal of 
ttow at the downstream part of the inside of the bend, and other causes. 
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4-22- Motion without strain. The rate of strain will he zero if 
3» fi 


Thus if the streamlines are straight (R = oo ), we see that, if q is constant 
as we proceed across the stream, there will be no strain. 

A g ain , if the fluid rotates steadily about an axis with the same distribution 
of velocity as in a rigid body, namely q = ru>, where r is the distance faun the 
axis and a* the constant angular speed, we have 


n 3f <*J 
R = T ’ dn~~ dr 

and so the strain vanishes. We may observe that in this case the vortic|ty is 



and that the molecular rotation is therefore w. 

4*23. The vorticity. In two-dimensional motion the vorticity vector ? 
is necessarily at right angles to the plane of the motion add therefore the 
vector product ? A q will represent a vector lying in the plane of the motion, 
at right «»glM to q, and in such direction that the sense of rotation from q to 
5 A q is counterclockwise. 

From 3-63, we get the rate of change of vorticity 

(i) §-«V* 

Now, the right-hand member represents a rate of variation of q when we 
proceed in the direction £, i.e. at right angles to the plane of the motion. By 

thedefinitionoftwo-dimensionalmotion 


\ 



q 

Fw.m 


this rate is zero. Thus 



This means that the vorticity of a 
fluid particle does not change as the 
particle moves about. 

This property of the vorticity is 


peculiar to two-dimensional motion, as is obvious from (1). 

In steady motion the paths of the particles are also the streamlines. 
Therefore the vorticity is constant along a streamline. ( 

4-25. Intrinsic equations of steady motion. The accelerations of 
the element ABCD in fig. 4*20 are 
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tangentially and normally. Equating the mass x acceleration to tie force, we 

gpt 


( 1 ) 

( 2 ) 

where Si is 
can be written 


13 ? 

J ds ~~ P d8~d8 f 
R pin dn* 

mass of the external forces. These equations 


8 

ds 

_ 0 _ 

dn 


(?+i2 s +fl) = 0, 

(MHM) 


= ~qu, 


where a> is the magnitude of the vorticity. The first gives 


. t+w+Q = c, 

where 0 is constant along the streamline, which is Bernoulli’s equation. The 



which shows how the constant C changes as we move across the stream. When 
the motion is irrotational, co = 0 and 0 is then constant throughout the fluid. 

4*30. Stream function. In the two-dimensional motion of a liquid, let 
A be a fixed point in the plane of the motion, and ABP, ACP two curves also 
in the plane joining A to an arbitrary point 
P. We suppose that no fluid is created or 
destroyed within the region R bounded by 
these curves. Then the condition of con- 
tinuity may be expressed in the following 
form. 

The rate at which liquid flows into the 
region R from right to left across the curve ABP is equal to the rate at which 
it flows out from right to left across the curve ACP . 

We ghftll use the convenient term Jlux for the rate of flow, and we shall 
fuwnmfl the flui to be consistently reckoned in the same sense, here from right 
to left. 

The term from right to left is relative to an observer who proceeds along 
the curve from the fixed point A in the direction in which the arc s of the curve 
measured from A is increasing. 
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Thus the flux across ACP is equal to the flux across any curve joining A 
to P. 

Once the base point A has been fixed this flux therefore depends solely on 
the position of P, and the time U If we denote 
*2 this flux by </* is a function of the position of 
P and the time. In cartesian coordinates, for 
example, 

*fi = fax, y, t). 

The function if/ is called the stream function, 

Fio. 4-30 (u). The existence of this function is meriy a 

consequence of the assertion of the continuity and incompressibility of lthe 
fluid. Thus a stream function exists for a viscous liquid. \ 

Now take two points P x , P 2 , and let fa , fa be the corresponding value* of 
the stream function. \ 

Then, from the same principle, the flux across AP % is equal to the flux 
across AP X plus that across P, P a . Hence the flux across P x Pj. is «/r a - fa. 

It follows from this that if we take a different base point, A! say, the stream 
function merely changes by the flux across A' A. 

Moreover, if P x and P a are points of the same streamline, the flux across 
P x P a is equal to the flux across the streamline on which P x and P 2 lie. Thus 
fa-fa = 0. Therefore 

the str earn function is constant along a streamline. 

The equations of the streamlines are therefore obtained from $ = c, by 
giving arbitrary values to the constant c. 

When the motion is steady, the streamline pattern is fixed. When the 
motion is not steady, the pattern changes from instant to instant. 

In terms of the measure-ratios L and T of length and time, the dimensions 
of the stream function are represented by L l T~ l . 


4*31. Velocity derived from the stream function. Let P x P, = U 

be an infinit esimal arc of a curve. The fluid velocity across this arc can be 
resolved into components along and perpendicular to 3s. The component 
along 8* contributes nothing to the flux across. The com- 
ponent at light angles to 8s 

s= flux across divided by Ss 
= (fa-fa)l**t 

where fa , fa are the values of the stream function at P x , P*. 

Thus the velocity from right to left across 8s becomes in the limit 



i 


Fie. 431 (1). 



t .$ij macm derived from toe stream eunotioe u* 

Ijj oarteun coordinates, by considering infinitesimal increments 8®, Sy, 
Hie components «, v of velocity parallel to the axes are given by 


9y’ ® - to’ 



Fia. 4-31 (ii). 

In polar coordinates, we get 


Fig. 4*31 (iii). 


for the radial and transverse components, fig. 4-31 (iii). 

4-31 Rankine’s method. If tbe stream function i/i can be expressed 
as the sum of two functions in the form ^ = fak , the streamlines can be 
drawn when the carves & = constant, fc = constant are known. 


Bmfil 


Taking a small constant m, we draw the curves f = c>,S« 

i 7L t, , and so obtain a network as shown m fig. Mi 

* It «!*m iiia >. * -■ >»' “ <*"' fj? 1 “S.fcT.Jl'SS 

<l> * constant, the dotted lines in the figure. 
w small enough, and tie meshes can be regarded as paraUelogr 


112 
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mm). The streamlines are then obtained by drawing the diagonals of the 
meshes. The streamlines which pass through the comers of a mesh axe 
approximately parallel in the neighbourhood of the mesh. 

4*33. The stream function of a uniform stream. Suppose every 
fluid particle to move with the constant speed V parallel to the 2 -axis. 

V 


Fro. 4-33 (i). Fig. 4-33 (ii). 

If P is the point (x, y), the flux across OP is the same as the flux i 
PM, where PM. is perpendicular to Ox, Thus the flux is - Uy, and therefore 

e J y 

is the stream function for this motion. In polar coordinates, 

^r= - Ur sin 0. 

Similarly, for a uniform stream in the direction Oy of speed F, we get 
ijj=Vx=Vr cos 0. 

If we superpose the two streams, we get a stream of speed \IU % +V* inclined 
to the 2 -axis at the angle a = tan -1 F/Z7, and for this stream 

Writing P = Qcosa, F = Qsina, we obtain the 
stream function for a uniform stream, Q making an angle 
a with the 2 -axis, namely 

^ = Q( 2 sina-ycosa), 
or, in polar coordinates, 

Flo. 4*33 (iii). 

<li = -Qr sin(0-ot), 

and in all these cases the streamlines are straight lines, as is indeed obvious. 
The streamline which passes through the origin corresponds to ^ = 0 and 
is therefore the line 0 = a. 

4-40. Vector expressions for velocity end vorticity. Let Sj be a 

unit vector tangent to the streamline <j> = constant, and in the direction of 
the velocity q. 

Let n be a unit vector in the direction of the normal to the streamline 
drawn in the direction towards which <ji diminishes, and let k be a unit vector 






4 *« 8 . vmma kbssskoks fob moomr and vo*ncair lia 

I ^ e f“ r ^ the ot *• motion in such sense that k, *, , n form a 
T hen q 88 J»i , when j is the speed, and, from 4 -m! * 


' dn~~ 


(n V# 



Since n and - V (fr are parallel and n is a unit vector, the magnitude of 

the velocity is that of ( - y ^), To obtain the velocity we must theSretum 

this vector through a right angle from n to s x . Therefore 

(D q = -k A (-Vfl = k A Vf 

Agak - ? = V A q = V A (k A V^) 

= k t(V)(Vf)]-(kV)V^. 

using the triple vector product. The second term represents a v ariation going 
along k and is therefore zero since the motion is two-dimensional. TW« 


( 2 ) ? = k V*^. 

. q A ? = (k A VW A (k V*^)> or 

w q A ? = (v^)(v 8 A 


wdng the triple vector product and observing that kk = 1. 

Knally, consider the operator q V = (k A V $ V- Using the triple scalar 
product^ we get 

(*) qv = k(v^ A v). 

It fellows, from (2), that if u is the magmtude of the vorticity, 

( 8 ) w = 


( 8 ) 

In polar coordinates, 

(?) 


av d 2l 

~ dx , + dy i ‘ 


di* rdr* r*3d*‘ 


M.TJU 
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4*41. Equation satisfied by i/>. We have proved, in 4-23, that = 0, 

Therefore, using 8*10 (9), 

§4(qV)? = 0. 

Hence from 4-40 (2), (4), we get 

|(kVV)+(MV*AV))(kVty) = o. 

01 

and since kk = 1, it follows that 

k|(W)+(V^)AV(W) = o. 


w hich ie the equation satisfied by 

When tiie motion is steady, this becomes 

(mv(W)=o, 

and therefore the vectors V V(W) 

Since these vectors are normal respectively to the curves <l> = constant, 
Vty = constant, it follows that <ji = constant impUes VV = constant, and 
therefore that 

where /( i/i) is a function of >/> only. This result also gives another proof that in 
steady motion the vorticity is constant along a streamline. 

4*5. The pressure equation. If we put, with the usual notations, 


X = ?+!f*+fi, 




becomes, using 4-40 (1), (3), 

(1) k A v|-(VWV*^) = -Vx. 


which is the equation of motion in terms of the stream function. 

How, let it be the dement of arc at P of a curve 4P in the plane of the 
motion and Sj a unit vector along the tangent at P . Then(2'31), 


*iVx = 


h 

3*' 


Taking the scalar product of (1) by St , we get 

h nWl. 
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Now integrate along the are AP. Then 

® w#+ L[ k * v ?l'* - **■ 

erfww F (t) is an arbitrary function of the time t. 

This is the pressure equation expressed in terms of the stream function. 
The second integral on the left is 



where n is the unit normal to AP, drawn so that k, Sj , n form a ri ght - handed 
system. Thus (2) can also be written 


'+W+Q-\ vv#-lf 

JUP) ot) {AP) dn 


In the case of steady motion, the terms involving the time disappear, and 
since in that case (4*41) is a function of i/r, we can write 


?+h'+Q-M = c, 

where C is an absolute constant. This is Bernoulli’s equation showing the 
dependence on the particular streamline chosen. 

4*4. Stagnation points. Suppose that the origin is a stagnation point. 
Then the velocity vanishes there and hence at the ori gin 


Without loss of generality we may suppose that 0 = 0 at the origin and 
therefore, by Maolaurin’s theorem, 

= {(a&+2hxy+by t )+.... 

Hence, when # a> and y are very small, the form of the streamline >jt = O k 
in general given approximately by the equation 

(1) oa , +2toy+6y‘ = 0, 

which represents two straight lines. Thus at a stagnation point the strea m- 
Bn# crosses itself, in other words it presents a double point. 
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When the motion is irrotational, 



and therefore the lines (1) are perpendicular, so that the two branches of the 
streamline cut at right angles. 


4*70. The velocity potential of a liquid. In irrotational motion the 
velocity is the negative gradient of a potential, namely q = ~V<£, and in 
cartesian coordinates its components are given by 


u 


dx } dy 


Since the velocity components are also given in terms of the stream function, 
have I 


we have 


[l} dx By' dy “to* 

In the notation of vectors, 

(2) -V*»k*V* 

Thus if is a unit vector in any direction, and n a unit vector normal to 


or 


-SiV^ = Si(k A V^) = (Si A k)V^-nV0, 

a* “an* 


which yields equations (1) if we take ds = dx, ds = dy in turn, for the corre- 
sponding values of dn are dy> and - dx . 

We also conclude from (2) that V ^ and V ^ at right angles. This 
means that the curves, <j> = constant, $ = constant, intersect at right angles. 


The following points should be observed : 

(а) The stream function i/» exists whether the motion is irrotational or not. 

(б) The velocity potential can exist only where the motion is irrotational. 

(c) Where the motion is irrotational, the velocity potential does exist. 

(d) Part of the fluid may be moving iirotationally and other parts rota- 
tiortally. The velocity potential exists only and always in those parts of the 
fluid where the motion is irrotational. 

(e) As the fluid moves about, the irrotational part may occupy different 
regions of space. The existence of the velocity potential is a property of those 
parts of the fluid which are moving irrotationally, not of the regions of space 
which they may temporarily occupy. 

( f ) The flow pattern in irrotational motion under conservative forces 
depends solely on the boundary conditions. In particular, when the fluid has 
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no free surface, the flow pattern of acyclic irrotational motion depends solely 
on the motion of those boundaries, and not at all on the field of external force 
which merely affects the pressure. 

Consider the stream function 

<i > » **. 

We find that V* ^ = 0, so that the motion is irrotational. 

The velocity components are -r, y. 

Hence, to find the velocity potential, we can write 


( 1 ) 



so that 


dJ> 86 

ty = = xdx-ydy = a*- 


■rt- 


Thus <f) = 

The streamlines are wy = constant, that is, rectangular hyperbolas having 


are also rectangular hyperbolas 
Thus this stream and velocity func- 
tion give the flow round a rectangular 
comer, fig. 4-70, where the dotted 
lines correspond to constant values 
off 

Consider a rectangular drop of 
fluid ABCD with sides parallel to 
the axes. From (1) we see that « 
is the same for all points on BC and 
v is the same for all points on AB. 

Hence ABCD remains a rectangle as 
AB moves up. Also the area ABCD 
remains constant (equation of con- 
tinuity) since the same particles are 
involved. Clearly AB continually decreases in length while BC continually 
increases. Hence the drop alters its shape, but the sides remain parallel to 
the axes. This illustrates the irrotational character of the motion, and the 
rate of pure strain referred to in 2*40. 

4*71. The equation satisfied by the velocity potential. When the 
motion is irrotational the vorticity is zero and therefore 

VV = o. 

Again, q = ~Vf and VQ = 0, from the equation of continuity. There- 
fore 



W = 0. 
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It Mows that <f> and both satisfy Laplace’s equation V*P = 0, or, in 
cartesian coordinates, 

3*7 3*7_ n 
3<c* + 3 y* 

We have now arrived at the point where two-dimensional irrotational 
motion can be most profitably investigated in terms of the complex variable. 
The next chapter will be devoted to a brief description of the necessary 


In Chapter VI we shall see that, in terms of the complex variable, irrota- 
tional motion in two dimensions admits of a special mathematical treatment ^ 
which enables us to solve problems which in their full three-dimensional form j 
cannot be attacked with the means at present at our disposal. By limiting 
ourselves to two dimensions, we are thus enabled to discuss many peculiarities 
'Of fluid motion which might otherwise elude treatment, and so to throw light 
on important physical properties of hydrodynamical problems. 


EXAMPLES IV 

1. Wind blows over the surface of water which is flowing in the direction of 
the wind, but with different velocity. Explain why, in general, any small departure 
of the water surface from a plane form will tend to increase. 

2. Determine the condition that 

u-ar+hy, v ** cx+dy 

may give the velocity components of an incompressible fluid. Show that the 
streamlines of this motion are conic sections in general, and rectangular hyper- 
bolas when the motion is irrotational. 

8. Prove that in a two-dimensional motion of a liquid the mean tangential 
fluid velocity round any mall circle of radius r is wr, where 2a> is the value of 

dv 3 u 
dx 3 y 

at the centre of the circle, terms of order r 8 being neglected. 

4. Show that u « 2 easy, v * cf^+a^-y 2 ) are the velocity components of a 
possible fluid motion. Determine the stream function and sketch the streamlines. 

5* Obtain the equation of continuity for the two-dimensional motion of an 
incompressible fluid in the form 

d(ur) 3c n 
0r + 00 ’ 

where u, v are the velocities in the directions of increasing r and 8 respectively 
r t 9 having the usual meanings. • 

Show that this equation is satisfied by u - ajSv n r , * (n+l) *, v m at* 
and deter mine the stream function. Show also that the fluid speed at any 
point is 

where #is the stream function. (BJSf.O.) 
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6. If tt, v are the velocity components of a continuous two-dimensional motion 
of an incompressible fluid, show that 


du dv 
dx+dy 


0 . 


Deduoe the existence of the stream function. If the circulation round any 
closed path is zero, prove that the stream function satisfies 


av 

ftr 3 y* 


0. 


7. The stream function in a two-dimensional motion is given by ^ ® Or 1 ®, 
r, 9 being polar coordinates. Find the vorticity and the velocity at any point. 
Show further that this motion corresponds to the case of two plane boundaries 
hinged together along their intersection, opening out or closing in. 


8. In two-dimensional irrotational motion, prove that, if the speed is every- 
where the same, the streamlines are straight. 

9. Determine the condition that the equation t/t(x, y y c) ® 0 shall give the 
streamlines of an irrotational motion, c being a parameter which is constant along 
any one line of the system. 

10. In a two-dimensional motion, show that a streamline cuts itself at % point 
of zero velocity, and that the two branches are at right angles when the motion is 
irrotational. 

Sketch the streamline which passes through the stagnation point of the motion 
given by 

ifim u(y-atoir 1 ^, 


and determine the velocity at the points where this line crosses the axis of y. 

11. Show that the velocity potential 

(s+flp+y 8 

gives a possible motion, and determine the form of the streamlines. 

Show that the curves of equal speed are the ovals of Cassini given by 

rf' m constant. 


*»ilog 


12. Liquid moves irrotationally in two dimensions under the action of con- 
servative forces whose potential Q satisfies V 8 fl * 0. Prove that the pressure 
satisfies the equation V*(log V 8 p) =0. 


18. In irrotational motion in two dimensions, prove that 

14. By considering the circulation round an infinitesimal quadrilateral bounded 
by two adjacent streamlines and adjacent normals to them, such as AA'QD in 
fig. 4*20 (i), pro*e that in steady motion the vorticity is 

iJi 

% is 


in the notation of 4*20. 



CHAPTER V 


COMPLEX VARIABLE 

5*01. Complex numbers. Let i, j be unit vectors along the axes of 
*, y, and let k be a unit vector perpendicular to each of these, the three forming 
a right-handed system. 



I'M. 501 (i). I'M. 501 (ii). 

If we confine our attention to vectors in the xy plane, the vectors a and 
k A et are perpendicular and lie in that plane. Thus the operation of multi- 
plying a given vector a in the xy plane by k A results in a rotation of that 
vector, without change of magnitude, through a right angle in the sense a> to y, 
i.e. counterclockwise in the figure. K 6 is a scalar, then 6k A a is the vector 
obtained by rotating a through a right angle and multiplying its magnitude 
by 6. 

ThuB as regards vectors in the xy plane we can look upon k A as an operator 
which turns a given vector through a right angle. 

If we multiply a given vector a by a + 6k A , we get the vector aa + 6 (k A a), 
which is also in the ay plane. Thus the operator o+6k A applied to a vector 
in the ay plane changes it into another vector in that plane. 

Dtfmtim. The operator a+6k A is called a complex number, where a 
and 6 are scalars. 

It is customary in mathematics to write t instead of k A , and the complex 
number is then written in the form 

a+*6. 

5-10. Argand diagram. The complex number t+iy applied to the 
vector (gives 

(»+ty)i = ai+yk A i = ai+yj, 
that is, the position vector OP of the point P(a, y). 
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23ms any complex number applied to the vector i yields the position vector 
of a definite point. 

This point is termed the representative point of the complex number, and is 


complex number z = x+iy. In this sense 
we may refer to the point &, meaning thereby 
the representative point in the above geo- 
metrical description which is known as the 
Argand diagram. 

The law of addition of complex numbers 
is now easy to obtain. Let 

2 i = a>i+iyi, z t = x 2 +iy s . 

Then, operating on the vector i, 



Fig. 5-10 (i). 


(*i+«/i) i = *1 i+Sh j. (»»+%) i = *1 i +y. j. 

Hence 


(h+m) i +ta+»y») i = (*1+S>) i+to+ys) j = l(j>i+^)+Hl/i^yM 
so that we may write 

(®i +%)+(»»+%) = (®i+*,)+t(yi+y t ), 

and this means that the addition of complex numbers follows the same law 

as the addition of vectors. 



0 x 

Fig. 5-10 (ii). 


Thus if 4, B, C are the repre- 
sentative points of z 1 ,z ti z 1 +z 2i the 
four points 0, A, 0, B are at the 
vertices of a parallelogram. We also 
note that, since 

05 = 00-04, 

the same method can be applied to 
obtaining the difference of two com- 
plex numbers marked on the Argand 
diagram. 


HI. Multiplication. Let z 1 = x 1 +iy 1 , z 2 = x z +iy 2 . Then, operating 
on the vector i, 

(®i+%)(*i+»y«) i = (A+*yi)(*i i+y«i) 

= ®iV+ a^ygj +(/!», j-yifci, 

since, by definition, % j = - i. 

Thus (*!+%)(», +*y,) i = i+(*iy«+®«yi)i 

= t(®x Jfa) + * (»i y* + ^ Sfi)l *• 



MULTIPLICATION 


m 

and timeline 


{Ml 


(1) (%+t'yJ (*,+%) = (*, x t -y l y,)+»(ai, ?,+*,&). 

It is easy to prove that the same result is obtained if the factors are taken 
in the order (0*+%)(ai+tyi)* 

Thus the order of the factors may be interchanged without altering the 
product ; multiplication is commutative. Moreover, if we multiply the factors 
in (1) according to the ordinary laws of algebra, we get 

*i3>t+i{*iyi+xiyi)+*yiyv 

Comparison with (1) shows that the product is obtained by the ordinary 
. laws of algebra, provided that we put 

** = - 1» 


an interpretation perfectly in accordance with the definition of % as the operator 
k A , two successive applications of which to a vector reverse its direction and 
therefore multiply it by - 1. 

5*11 Equality of complex numbers. The equation 
implies the equality of the vectors 

fa+Wi^i+hl, 

(a?i-ftyi)i = « t i+y,j, 

and therefore ®i = , y% = % 

Complex numbers are often called imaginary numbers, and in this ter- 
minology a? is the real part of the complex number z = and iy is the 
imaginary part,* The equality of two complex numbers therefore implies 
the equality of the real parts and the equality of the imaginary parts. In an 
equation between complex numbers we may therefore equate the real parts 


A complex number is said to be zero if both its real and its imaginary 
parts vanish. 

We can apply the principle of equality to find p, q, such that 

fa+W * (*•+<»*)(?+<?)» 

gjgi+yiy, fryi-Si h 

9j Hyf ’ h * , 

* Thi* name ii ako applied to y it*e£ The *• and p-um ate oalled the real and 
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The number p+ijis called the quotient of the numbers a^+t^ , ®,+^ a , so 
that 

a>i+*yi _ ' 

*t+iy% ~ tf+yit *f+y% % ~ (®*+»ya)(«*-<y»)’ 

We have thus found that the fundamental rules of algebra— addition, 
subtraction, multiplication and division— apply to complex numbers, subject 
to the interpretation 

and relying upon this, we shall manipulate complex numbers according to 
those rules. 

5*13. Euler’s theorem. 

cos0+*sin0 = e i9 . 

We define e w by putting x = id in the exponential series 

03 ® 03 ® 

. * =l+x+ 2\ + si + ---> 


from which it follows at once that 


<fe# 

(Z0 


= ie* 9 . 


Also d(coB = , gfa fl+i cos 0 = t(cos 04-i sin 0). 


Thus the linear differential equation 
du 

ir %u 

has the two solutions Wj = e#, u 2 = cos 0+t sin 0, 

both of which become equal to unity when 0 = 0. Therefore they are identical 

and thus 

(1) e* = cos 0+i sin 0. Q.E.D, 

The complex number z = x+iy can therefore be expressed in the form 
z = r cos 0+ir sin 0 = re w , 

where (r, 0) are the polar coordinates of the point (x, y), fig. 5*10 (i). 

In fins notation f = (sc® + is called the modulus of z, written 

r-W- 

The modulus of a complex number measures the distance of the represen* 
tative point from the origin. Thus the modulus is essentially a positive 
quantity. An important result is | & | » 1, if 0 is real. This follows at once 
from(l). 



m 


*■ 
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The angle 0 is called the argument of z. Thus 
arg 2 = 0 . 

Again, if 2j = r^, 2 2 = r* A then 2j s 2 » r x r 2 

Therefore arg z 8 ) = argZj+argZj, 

In applying this result it is important to remember that argz = 0 is 
indeterminate to an integral multiple of 2 t r, for 
e <(«+fcr) = e»xe w , 

and e 2 ** = cos 2ir+* sin 2 tt = 1. 

We also note that 

e iir ~ cos7r+tsin7r = -l, 
e ivl2 = cos \ 7r-f t sin Jrr = ♦. 

Thus arg(-l) = rr, arg(t) = Jir. 

5*14. Conjugate complex numbers. If in an expression involving 
i we change the sign of % throughout, the expression so formed is said to be 
the conjugate complex of the original expression. 1 

Thus, if z = x+iy = re*, 

then the conjugate is z = x-iy - re-*. 

We shall express the conjugate complex by placing a bar above the original 
symbol. Observe that the conjugate of 2 is 2, and that 2, 2 have the same 
modulus. 

We have, from the above, 

z+z = 2as, 2-2 = 2 iy, zz = x 2 +y i = r a . 

Thus we have the following important theorems : 

( 1 ) The sum of two conjugate complex numbers is real. 

( 2 ) The difference of two conjugate complex numbers is purely imaginary 
(Le. has zero for real part). 

( 3 ) The product of two conjugate complex numbers is real and equal to the 
square of the modulus of either. 

( 4 ) If a complex number is equal to its conjugate, the number is real (use 

( 2 )). . 

If/(z) is a function of z, we denote the conjugate complex by /(f). Thus 
if/(z) = 62+3*2*, f(z) as 62 - 3 tz* ; replacing herein 2 by 2 we get / (z) » 
62-3*2*. 

* 

515. The reciprocal of a complex number. If z « re*, the re- 
ciprocal of 2 is 

1 r* 

z 


r 
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To represent 2 and its reciprocal on the Argand diagram, draw acirde of 
unit radios, centre 0. 

Then if P is the point z, and if on OP we take the point Q; such that 



(so that Q' and P are inverse points with respect to the circle), the point Q 
which represents 1 jz is the image of Q f in the tf-axis, fig. 5*15. 

5*16. Vector properties of complex numbers. We have already 
seen that complex numbers obey the vector law of addition when represented 
on the Argand diagram. If P x , P 2 are the representative points of z x , z, , for 

purposes of addition, we can identify the vectors 0P X , 0P 8 with z l and Zj in 
the sense that if 

OP^Zi, 0P 2 =s z 2 , then 0P x +0P 8 = 

On the other hand, the scalar product is not represented by ^ . z,. We 
note, however, that 

v** = h+Wh-W = %^+yi 

= OP 1 .OP l -i|flPi A flP.|. 


OPj.OP* = real part of 2 ^ . z 8 = i(2x^a+^i *a)» 

|OP 1A OP t | =» real part o£ ia^x . = 

For example, the moment about the origin of the complex force F = X+iT t 
acting at the point z, is the real part of izF , that is of iz(X - %Y), 
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5-17. Rotation of axes of reference. If we wish to change from rim 
Ox, Oy to axes Ox', 0y\ where Ox! makes an angle a with Ox, we have 



a'+iy' = s' = re® 1 = «•*-*) = jr 4 * 
and t = x'e 4 *. 

If in addition we change the origin to the 
point 2 0 (referred to Ox, Oy), we get 

a = fy+aV*, 
a' = (a-a 0 )e- fa . 


5*20. Logarithms. 

Let a = a+ty = re®. 

Thai log a = log r + id 

= Jlog^+y’J+ttan- 1 -. 

Thus the real part of log z is log r, or J log (x 2 +y*). • 

The imaginary part of log z is 9, or tan* 1 ? . 

It is important to note that 6 is not determined, except to an integral 
multiple of 2tt, for the addition of 277 to 9 does not alter the position of the 
point (r, 9). 

Thus if we draw a circle, centre 0, radius r, and, starting from A, describe 
the circle once in the counterclockwise or positive sense, when we return to A 
the argument has increased by 2rr, assuming that it changes continuously. If 


The argument therefore depends not only on the point A, but on the 
history of our movements in arriving at that point. The same applies if we 
move from A to A round any curve which encloses the origin. 

Thus the imaginary part of log z may have the values 

9 , 9+ 2tt, 9+4tt, ..., 
or 9, 9-277, 9-4f»r, .... 

5‘2I. Real and imaginary parts* We shall frequently require to 
separate a function of z = x+iy into its real and imaginary parts. We have 
.just seen that 

log s a J log tan* 1 

and therefore, if J, Y are real functions, 

log(I+»T) = ilog(I«+y')+itaR-‘|. 
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Again, from Euler’s theorem (5*13), 

cob# = ginJ=: 6 — - 

2 i 

Changing 9 into ia, we get 

e-“+e* . . % . . 

cos we = smwe as - (e*-e-*). 

The hyperbolic functions cosh a, sinhaare defined by the equations 
cosh a = J (e*+e~*), sinh a = \ (e*-e'«), 
so that cosh 0 = cos id, mid = tsinhfl. 

Hence sin2 = sinzcosty+coszsinty 
= sin z cosh y +t cos a; sinh y, 
cos* = cos zcoshy-t sin z sinh y. 

Similarly, cosh * = cos (iz) = cos {ix - y) 

= cosh x cos y+i sinh a? sin y, 

•sinh * =s sinh z cos y+i cosh x sin y. 

5*30. Definition of a holomorphic function of z. If <f> = 0(z, y), 
$ =5 ^(z, y) are any functions whatever of x and y, the combination ^+ty is 
a function of the complex variable * = z+ty, in the sense that given z (i.e. z 
and y) there must correspond to this value 
of * one or more values of ^+i^. This 
conception is far too general to be useful. 

We shall therefore restrict the functions 
which we shall consider to the class of 
holomorphic * functions of * which will now 
be defined. 

A simple arc is an arc which does not 
intersect itself and is rectifiable, i.e. has a 
definite length. 

A simple dosed curve is a closed curve 
which is separated by every pair of points on it into two simple arcs. 

Let there be given a simple closed curve (or contour) 0 in the plane of the 
Argand diagram of * (briefly, the 2 -plane) and a function /(*). The function 
f(z) is said to be hdomorphio within the contour C, if it satisfies the following 
conditions. 

(a) To each value of z within C them corresponds one, and only one, value 
of /{*), and that value is finite (i.e. its modulus is not infinite). Briefly, /(*) is 
finite and one-valued in 0. 



* Greek oA os complete, pop^ form. 
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(5) For each value of z within 0 the function has a one-valued finite 
differential coefficient with respect to z. 


Since x=\{z J ri)> z) any function of y is a function of z and 

z. Thus for example if <j> (x, y), \fj (x, y) are given functions, 

<j,{x,y)+i<li(x > y)=f(z, i). 

Now 


Therefore 


But 


Jf r dl 
dz~ dz^dz \ 4 t\-*dz 



which is indeterminate, since hx and 8y can tend to zero independently of one 
another. 

Therefore a determinate derivative can exist only if dfjdz- 0. 

Therefore a holomorphic function of z is necessarily independent of z, i.e. 


Suppose then that /= <j> (x, y ) + i ^ (x, y) = <j> + 1 ^ and that dfjdz = 0. Since 


dz dxdz fydz 


and x=£(z-fz), y=-Jt(z-z) wehave 


Therefore 

( 1 ) 



* da)” <fy‘ 


These results are known as the Cauchy-Riemann equations. They are 
necessary but not sufficient. Sufficient conditions are obtained by adjoining 
to (1) the further conditions : 


(2) . All the partial derivatives — , — are" continuous. 

Thus dfjdz = 0 , together with (2) are necessary and sufficient conditions that/ 
shall be a holomorphic function of z. 

Obvious examples of holomorphic functions are sins, e\ zP+5t*-J, 
(l+ 2 )/(l~s*). In the last case we must exclude the points at which & * L 
On the other hand, | z | is not a holomorphic function of z, for | z | » */(«!), 
and so involves L 
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5*3 i* Conjugate functions. The real and imaginary parte of a holo- 
morphic function of % are called conjugate functions. Thus, if 

f(z) = ^(a, y)+uft(x t y) = </>+{$, 

$ and ^ are conjugate functions. As an example, 

& = (»• - 3a?y*) + i(3a?*y ~ y 3 ) 


yields the conjugate functions z 8 - 3 ay*, 3z*y - y 3 . 

The Cauchy-Riemann conditions (5*30) give 

m 9_9 9- 9 

3a ~~ dy* c* 

from which we deduce 

2JS-A fiLS A 

' 3a* + 3y*~ U * 

d* d* 

Thus if Vi a = the two-dimensional form of Laplace's operator, 

we see that conjugate functions are solutions of the equation Vi*F = 0. 

If we equate conjugate functions to constant values, say, <f>(x, y) = Cj, 
ifr(x, y) = c, , we get two systems of curves. These curves are orthogonal, that 
is to say, their tangents at a point of intersection are at right angles. To prove 
this, observe that the gradient dy/dx of the curve <j>(x, y) = ^ is given by 
ty tydy_ . 

dx + dydx~ 


Thus the gradient is - ^ I 
The gradient of y) - c, is -^j 


d\jt I dtjj 

From (1), we see that the product of these gradients is -1, and therefore 
the tangents are at right angles. 



Therefore 

s i 


is as follows. We have 

f(z)dz a= d^+ii/t. 

(arg iz^-coMtont = + (arg dz )^ mtKm ^ , 


M.T.H* 
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so that the elements of arc of the curves ^ = constant, \jt constant, are at 


5 It follows that the curves ij> = c^ = c a , if drawn at frequent smaflintemls 
of the constants c^c*, divide the plane into infinitesimal rectangles (not all of 

the same size). 

To illustrate this point, consider 
the conjugate functions defined by 
= logs. Now, logs is not 
holomorphic in any curve which 
encircles the origin, for taking ,z 
----- once round the origin in the positive 
X sense increases arg z by 2ir 
Fig. 5-31 (ii). therefore log z by 2^, so that log) 

is not one-valued. If /(z) ie holomorphic, it must be continuous and one 
valued in the region considered. This can be achieved by introducing surtable\ 
barriers. Let us then exclude the origin by drawing round it a circle of small 
radius < and make a cut or impassable barrier along the positive part of the 
real axis, so that * may move in any manner outside the circle without cross- 


6 


let us agree that logs = w when s = -1. We then get 

^ilog^+y*), 0 = tan- l |. 

where tan" 1 y \% can now take all values between 0 and 1m, but no other values. 
The curves <j> = Cj are circles, centre the origin, the curves i/r = c, are straight 



The resulting pattern is shown in fig. 5-31 (iii). 

S-3L On the relation of conjugate functions to /(s). 1 given 
holomorphic function /(*) can be written in the form 

(1) /(*) =/(*+«/) = MmRWm) = 
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Therefore we have the identities 

f{x+iy)+J{x-iy)=ty(x, y), f(x+iy) -f(w-iy ) = 2» ^ (x, y). 
?vAx=\z,y=-^iz. Thai these identities give 

f(z)=m*. - w-m /w= 

Let/(0)=#+»jS, and/(0)=«-»j3. Then 

2«=/(0)+/(0)=2^(0, 0), 2ijS=/(0)-/(0)= 2#(0, 0). 

Therefore if ^(x, y) or ^(x, y) is given we determine /(z) from 
f(z)=miz, -\iz)-<j>(0, 0)+t/S, /(z)=2^(|z, -J«)-t^(0,0)+«, 
wherein /Sand % are arbitrary real constants. 

Example. ^(x,y)=sinxcoshy+2oosxsinhy+z , -y , +4xy, 

/(z) = 2 sin $z cosh ( - fiz) + 4 cos £z sinh ( - jjtz) + |z» + $z* - 2b*, 

Since cosh (iff) = cos 0, sinh»0=isin0, 

/(z) = sin z - 2t sin z + z* - 2tz‘. 

I * 

5*33. The solution of Laplace’s equation. To solve the equation 


put 


Then 


Vr‘7- 


0x* 0y* 


= 0 , 


z = x+iy, z = x-iy. 

dVJVdz dVdz_dV dV 
dx d z 0x + 0? 0x ” 3z * dz 


07 = 07& sjdz_./av_m 
dy dz dy + dz dy ~ 1 \dz di)' 


Thus we have the equivalence of operators 

„j0 __0_. 0 l_d . 0 
dz ~ dx * dy’ dz~dx + *dy’ 


Therefore 


0|F PV _ (d__ . 0\ /0F .0F\ ,0*7. 

3a^ + 0(/ , ~\0x *0y/\0x *0y/ 0z0t~ 


It follows successively that 


f =//(*■). 7 =/i(z)+/»(z) 1 


where/j (£),/, (z) are arbitrary functions, and this is the general solution. We 
thus see that any holomorphio function /(z) satisfies Laplace’s equation and 
therefore that tide is the most general continuous solution involving t only. 
The most general real solution is 7 =/(z)+/(f). 
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The conjugate functions to which f(z) gives rise must also be solutions, for 
the real and imaginary parts of f(z) must separately satisfy the equation. 
This is in agreement with the result already obtained in 5*31. Solutions of 
Laplace’s equation are often termed harmonic functions. Thus conjugate 
functions are also harmonic functions. 

5*40. Sense of description of a contour. In calculating integrals 
taken round a contour 0 we can go round the contour in either sense : clock- 
wise or anticlockwise. We shall make the convention that the sense of descrip- 
tion shall be called positive if the contour is described, so as to leave the area 
regarded as bounded by it on the left, the region L in fig. 5*40. * 



Fig. 5*40 shows the positive sense of description when the area is regarded 
as internal to the contour or external to it. The values obtained for the integral 
in the two cases will differ in sign. 

5*43. Complex Stokes’ theorem. If/(z, i) is a function of z = x+iy, 
7= x-iy, which is continuous and differentiable in the area S enclosed by the 
contour C, then 

(1) [ /(*,*)& = 2»[ | iS, 

J(0 J(S)<» 

(2) [ f(t, z)iz = -2i [ | dS. 

J(0 JtfO* 2 

Proof. By Stokes’ theorem applied to the plane contour C closed by the 
plane diaphragm 8 

3Jowdr = i dr+j dy = (dz+i dy) I adz i, since j = k A !=*♦!. 


’>1 
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!>: 


m 


m 


L /i * i L® +i D <s - af LI is ’ . 

from 5*33. Fonnula (2) Mows by taking complex conjugates and then 
replacing/ by/ qxd. 

Corollary . In (1) put /= u - iv. Then equating real and imaginary parts we 


The fundamental importance of the above theorem was not perceived at 
the time when it appeared as a lemma in Chapter 9, of the first edition of this 
book. 


5*50. Cauchy’s integral theorem. Let C be a simple closed contour 
such that the function f(z) is holomorphic at every point of C and in the 
interior of C* TW 

f{z)dz = 0. 

1(C) 

This is Cauchy’s integral theorem. 

Proof. Since /(z) is holomorphic, dfjdz = 0. 

Therefore, from 5*43 (1), I f(z)dz = 0. Q.E.D. 

J(0 

The proof here given is based on the assumption pointed out in 5*30 that 
sufficient conditions of holomorphy are satisfied. A complete proof would be 
long and difficult but the conditions here assumed are satisfied in the applica- 
tions. 


5*51. Morera’s theorem. This is the converse of Cauchy’s integral 
theorem, and states that, if 

f f(z)dz = 0, 

ho 


for every simple closed contour within a region R, then f(z) is a holomorphic 
function of z within that region. 


Proof From 5-43 (1) we get 


m 


dS = 0, 


* This means that C and its interior lie wholly within a larger contour inside which the 
function is holomorphic. 
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where 8 is the region enclosed by C, Since this region is arbitrary, provided it 
lies within R, we must have 


d l 

dz 


0 , 


so that f(z) is a holomorphic function of z, Q.E.D. 

The above argument requires a considerable amount of amplification to 
make it completely satisfactory. For a complete exposition the reader is 
referred to works on Analysis. 


5*51 Analytical continuation. Let R lt R % be two regions, separajfced 
by the line E> in which functions fi(z),f t (z) are holomorphic, and such that 

fM =/,(*) on 2. \ 

Then the function /(z), which is equal 
to jfi(z) if z is in R x and to/,(«) if z is in 
R % , is a holomorphic function in the total 
region R^R* To prove this, we have 
only to show that 

/(*)& = 0 
1(C) 

when 0 is a contour within R l +R 2 . Since / x (z), /,(z) are holomorphic, the 
only case for which this is not obvious is when the contour cuts E, see fig. 5*52. 
For such a contour, we have 

f /(*)& = f /i(*)*+ [ M¥ z = 0, 

J{0 J UBPJL) J UQBA) 

since the integrals along AB and BA annul one another. Thus, by Morera’s 
theorem, /(z) is holomorphic in the total region 

This situation is described by saying that/ a (z) is the analytical continuation 



5*53* The principle of reflection. Let f x (z) be a 
defined within the region R l which is bounded by a 
straight line E on which f t (z) takes reai values. 

Let iJj be the reflection of the region R t in the 
line I regarded as a mirror. 

Let P a be the reflection of P x in E. 

To continue / x (z) analytically into the region R t , 
it is only necessary to take as/|(z) a function whose 
value at each point ? t is the complex conjugate of 
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5 54. Contraction or enlargement of a contour. Let us apply 

Cauchy’s theorem to the contour consisting of two closed curves 0, O' and 
the line AS joining two points on them, as shown in fig. 5*54. 



Fig. 5*54. 

Then assuming /(z) to be holomorphic on C and 0' and at every point in 
the region between them, we have 

[ fW*+[ /«*-[ /W*+[ /«*“«■ , 

J(C) JUB) J«T) J (BA) 

The integrals along iZ? and BA cancel because f(z) is one-valued and 
therefore 

f /(*)&=[ /(*)** 

J(0) JOT 

both integrals being taken in the positive (anticlockwise) sense round the 
respective contours C and C'. 

This means that, starting with the contour C, we can replace it by a con- 
tracted contour C\ provided that/(z) does not cease to be holomorphic at any 
point between G and O'. Similarly, under the same conditions the contour O' 
may be enlarged to 0. 

5*55. Case where the function ceases to be holomorphic We can 

apply the method of argument of section 5*54 to obtain an important result* 



Fig. 6*55. 

If the function ceases to be holomorphic at a finite number of points within 
a contour, we can draw small circles with centres at these points, such that 
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inch circle encloses only one point at which the function ceases to be hdo* 
morphic. We can join these circles by non-intersecting straight lines to the 
contour C. Fig. 6*65 illustrates the case where the function ceases to be 
holomoiphic at three points. The circles are C x , C Z) C 8 , and the lines are 
A 2 B x , , A 3 B a . Then, by Cauchy's integral theorem, 

[ /<*)&+( -J +( +J -J +f +[ -I +f -o, 

J(C) J(ii4) J(Ci) J (Mi) JUA) J(Cj J OM JWA) J(*4) 


where the integrand /(e) dz is understood throughout. Thus 


f /(*)& = [ /(z)dz+[ /(z)dz+[ /(»)&. 

J(C) M> J<C*) J(C,) 

This means that the integral round a contour can be replaced by the suA 
of the integrals round small circles centred at the points within the contour 
at which the function ceases to be holomorphic. \ 


5*56. Singularities. A point at which a function ceases to be holo- 
morphic is called a singular point , or singularity of the function. 

Thus the function f(z) = (z-a)" 1 is holomorphic in any region from which 
the point z = a is excluded (e.g. by drawing a small circle round it). At z = a 
the function ceases to be finite and therefore does not satisfy the first part of 


Uore generally, if near the point z = a the function can be expanded in 
positive and negative powers of z - a, say 

f(z) =. . + 

the point z = a is a singular point. 

If only a finite number of terms contain negative powers of z-a, the point 
z = a is called a pole. 

Again, consider the function f(z ) = log z. This function ceases to be holo- 
morphic at z = 0. We have seen in 5*20 that log z is many-valued. If we 
choose one particular determination, say that which reduces to zero when 
z a 1, and allow z to describe a closed curve which does not encircle the point 
z = 0, log z will return to its starting value and will be holomorphic inside the 
curve. 


5*57. Residues. We have seen that a function, which in the neighbour- 
hood of z = a has an expansion which contains negative powers of z-a, is 
lingular at z = a. 

In this case the coefficient of (z-a)~* is called the residue of the function 
at z = o. 
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fi-57] 

Let us consider 


BESHOTS 

(z-a)*dz 


taken round a circle of radius R whose centre is at the point z-a. On the 
circumference of this circle z-a = Re 0 , and therefore 


J (z-«)»dz = £ JR* +1 •«**>•< dB = = 0, ifn#-l. 

If, however, » = - 1, we get 

[— = [*',•(» = 2m. 

J*-“ Jo 

Now, suppose that/(z) has an expansion in the neighbourhood of z = a of 
the form 

. . . + i,(z-o)‘+4 1 (z-o) + 4,+A- )+ ^A- #+ . . . . 


If we integrate round a small circle surrounding z = a, we get 

* |/(z)iz = 27nB 1 , 

for all the integrals vanish except that of B t (z - a)- 1 . 

Thus we see the importance of the residues, for they form the only contri- 
butions to the integral of a function which is holomorphic at all points except 
singularities of the kind described above. 


5*58. Cauchy’s residue theorem. Let C be a closed contour inside and 
upon which the function /(z) is holomorphic, except at a finite number of 
singular points within G at which the residues are Oj , a, , . . . , a n . Then 

f{z)dz = 27rt(a 1 +a a +.. .+a n ). 

J(0 

Proof. Suppose there are three singularities. Surround them by small 
circles, as in 5*55* Then 

[ f(z)dz = [ f(z)dz+ f f(z)dz+ f f(z)dz 
J(C) J <c,) Jictf M) 

= 2iria 1 +2iria i +%7ria z , 

from 5*57. This proves the theorem in the case of three singularities. The 
proof for any finite number is the same. q.&d. 

5*59. Cauchy’s formula. Let /({) be a function of the complex variable 
{, holomorphic inside and on a closed contour G and let z be any point not on 
C. Then 



according as z is inside or outside C . 
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Proof. Let ^(f) = [/(C) —/(*)]/ (C “ *)• Ttan f (J) is holomorphic every- 
where within C except at J =«, where it is undefined. 

But since |(j) is holomorphic, 


Let us therefore define F(£) to be equal to f'(z) when J = z. 

With this definition F(£) is holomorphic everywhere within C, and there- 
fore by Cauchy’s theorem JT(J) d£ = 0. Therefore 


if m d r^±\ m d r = 
27rtJ(Cf)£'-2 27T1 J (O £ — 


d£ =/(«) or 0 


by Cauchy’s residue theorem, according as z is inside or outside C. Q.E.D. 


5*591* Principal value of an integral. 



Let Jo be a point on an arc A (which may be a closed contour) and consider 

where /( J) is given when J moves on A. The integrand becomes infinite when 
J=Jo and so this integral is, in general, indeterminate. Describe a circle 
centre Jo of radius € so small that the circle cuts the arc A in two points B, D, 
say. Denote by a the part of the arc inside the circle, i.e. the arc BD, and 
denote by A- a the rest of the arc 4. The integral (1) is said to exist as a 


(2) limf ~~ij exists. 

«^oJ u-a) S~4o 

Observe that an integral which exists in the ordinary sense, exists also as a 
Cauchy principal value. The converse is false. Every integral can therefore 
be considered as a Cauchy principal value when this latter exists. 


Consider in particular 


t 


* 


taken round a cloud contour C. Here 


limf /y=lim [log ({-{,)] =limi[arg({-yl =swr. 
«-m) L J(c-i) «-*o L J{c-«) 
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Therefore aa a Cauchy principal value 


r 3_. 


Mr, 


5-591 The formulae of Plemel j. Let be a given point on a simple 
closed contour C and let </>(£) be a function given on C such that 


( 1 ) 


j_( w-m 

2«J(o J-J, 


di 


exists, at least as a Cauchy principal value. 

Having fixed a positive sense of description, the curve C separates the plane 
into two regions, L on the left and R on the right. See fig. 6-40. We consider 


( 2 ) 



i-z 



If z is in L, we write ( 2 ) for $( 2 ) giving 


(3) 


^(z) 


= ±f m 


(c) £~ z 




by Cauchy’s integral formula. 

Now let z, while remaining in I, tend to £ 0 . Then we write 

(i| * ,U = s| B Tf' ! « 

Again if z is in R, we have d£/( J - z) = 0 by Cauchy’s residue theorem, 

J(0 


ML«. 

2«J(o J-z 

Therefore if z, remaining in R, tends to we write 

Subtracting (5) from (4) we get the first Plrnelj formula * 

(6) <*(W-4*(£o ) = m 


and adding (4) to (6) we get the second Plemdj formula * 

<7) ^(W+^(C»)=^f P&U. 

«J(0)4- to 

1 Plemelj, J., “ Ein Ergtnrangiwtz . . ”, MonatAe]k}& Math.* Pip,, 19 (1908), 20548. 
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THE FORMULAE 07 PLEMELJ 


l*m 

If instead of a closed contour C we have an open arc A the formulae stall 
subsist, for we can close the arc by joining its ends and on this closure ascribe 
the value zero to <£(£). 

One of the most valuable conclusions from the first Flemelj formula is 
embodied in the Mowing theorem. 

The Plrndj theorem. The functional equation 

(8 ) 

on an arc A has a particular solution 


(9) 


> = ±f iM . 


27rtJ(4) {-* 

This is the unique solution which is holomorphic in the whole plane except < 
the arc A and which tends to zero at infinity. 

That (9) is a solution follows at once from ( 6 ). To see that it is unique 1 
V(z) be the difference of two solutions which satisfy the given conditions^ 
Then by suitably defining W(z) on A (where it is undefined) we find that !P(z)^ 
is holomorphic in the whole plane including infinity, and therefore by Liou- 
ville’s theorem reduces to a constant which must be zero for tf(z) has to vanish 
at <x> . 


5*60. Zeros. If a holomorphic function f(z) can be expressed in the 
form f(z) = (z-z 0 ) n g(z), where n is a positive integer and g(z) is not zero 
when z = z 0 , the function f(z) is said to have a zero of multiplicity n at z = z 0 . ! 
Ifn = l,z 0 is a simple zero. 

Since f (z) = n(z - z 0 ) n ~ l g(z) + (z - z 0 ) n g' (z), 

f (z) will have a zero of multiplicity n - 1 at z = z 0 . 

In the case of a simple zero, f (z 0 ) ^ 0. 

Thus if f (z) & 0 inside a given contour in which /(z) is holomorphic, f(z) 
can have only simple zeros within this contour. 

Again, since the argument of a product is equal to the sum of the argu- 
ments (5-13) : 

arg/(z) = arg(z-z*)Harg 0 (z) = warg(z-z*)+arg 0 (z) 
for the same reason. 

In counting the zeros of /(z), it is convenient to regards zero of multiplicity 
n as n zeros (all equal). 

5'4I. The principle of the argument. If C is a simple closed contour 
upon which /(z) has no zeros, and within and upon which /(z) is holomorphic, 
then the number N of zeros of f(z) within the contour is given by 
2nH = [ugMo), 

whew the notation means the increase in arg /(*). when s describes the contonr 
once in the positive sense. 
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Proof, for simplicity, suppose there are two zeros inside, say z 1 and %, 
of multiplicities ^ and n s , Then 

f(z) « (s-^*(s-*)*y(*), 
where p(z) has no zeros inside (7. Thus (5*60), 

arg f(z) = % arg (z - zj + n 2 arg (z - z*) + arg g (z). 

When z describes C once in the positive sense, 
arg(z-Zi) and arg (z-z t ) each increase by 2n f while 
arg g(z) returns to its original value. 

Therefore [arg f(z)\o = 2rr(w 1 +7i 2 ) = 2ttN. q.e.d. 

If in addition f(z) has a zero, say z 3 , on the contour 0, when z describes 
the contour once in the positive sense, there will be an increase in arg (z-z # ). 
This increase will be w, if z, is an ordinary * point of C ; it will be the angle 
between the tangents at Zj , if z 3 is a point at which there are two distinct 
tangents.f Thus in any case we shall have 

, [arg/Wlto > 

where N is the number of zeros of f(z) mthin the contour C. 

5*62* Mapping. Let f(z) be a function of z = x+iy, which is holo- 
morphic inside and upon a simple closed contour C in the x t y plane, which we 



y 




0 


z- plane 


Fig. 5-62. 


plane 


shall call the z-plane. We take a second complex variable ( = f +• tj and 


which we shall call the (-plane. Now consider the relation 

(l) f=M 

By means of this relation, to each point within or upon G there corresponds 
one point in the (-plane, and, since f(z) being holomorphic is one-valued, only 
one point. Thus the points of C and its interior are mapped into certain points 
in the (-plane. We shall enquire into the nature of the map on the following 
hypotheses: 


* 8*e fig. 7*32 (i). 


f See fig. 7-32 (ii). 
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(а) f(z) never takes the same value at two different points of the contour 
C; and 

(б) the derivative /'(z) has no zero on the contour C, 

We shall now prove several properties of the mapping given by (1). 

(i) When z describes C once, £ describes a closed curve R in the (-plane, 
and this curve has no double points. 

Proof. The function /(z) being holomorphic on C varies continuously, and 
therefore £ varies continuously, so that £ describes a continuous curve R. 

Since f(z) being holomorphic is one-valued, when z describes C once, return- 
ing to the same point, /(z) and therefore £ returns to its initial value. Therefo 
r is a closed curve. 

Since, by (a), f(z) never takes the same value twice when z describes 
£ never takes the same value twice when it describes R. This means that the 
curve r does not cross itself, that is, it has no double points. 

(ii) Given the point Zq inside 0, the corresponding point £ 0 is inside R. 

Proof . Let * 

» = I [arg {/(*) -mio = ^[arg({- Wfo. 

Since f(z) -/(z 0 ) has at least one zero inside C, namely z 0 , section 5*61 
shows that n > 1. 

Now, when £ describes f once, the increase in arg (£ - £ 0 ) is 0, dta (where * 
a<27r), or ± 2ir according as £ 0 is outside, on, or inside R 

The corresponding values of n are 0, ±w(m<l), ±1. But n > 1. Hence 
n = 1, and therefore 

[arg(£-£o)]<n = 2tf. 

This shows that £ 0 is inside R and that R is described in the positive sense. 
This means, 5*40, that £ 0 is on the left of an observer who describes the contour 
in the positive sense. 

(iii) If z describes C in the positive sense, £ describes T in the positive 
Bense. 

This is an immediate corollary to (ii), where it was proved that when z 
describes G positively, £„ is inside r and T is described positively. 

(iv) Given the point £, inside T, there is exactly one pant z, inside 0 such 
that £,=/(*,). 

Proof. Since ( 0 » inride T, has exactly one zero inside T, and 
therefore > 

l = i[arg«-{ c )] (r , = I(arg{/(z)-£ ( }] (0) , 
cum fhu ns doubl. stint and thnvferos mart be Jm tlum 2». 8e»tga7*tt 

mn. 
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which shows that /(z)-£ 0 has exactly one zero inside C. Calling this z 9t we 
get/W-£o = 0* 

(v) The derivative f'(z) cannot vanish inside or upon C. 

Proof ; If possible, let ^ be a zero of f'(z) inside C. Then /(zJ-Zfo) has 
a zero of multiplicity greater than 1 since/' fo) = 0 (see 5*60). 

Therefore the equation f(z) -fih) = 0 has at least two roots at Zy , which 
is inside C. This contradicts (iv), and so the hypothesis that/'(z) vanishes 
inside C is false. That/' (z) cannot vanish upon C follows from (6). 

(vi) When £ moves inside P, z is a holomorphic function of £. 

Proof. From (iv), we see that to each value of £ within P there corre- 
sponds a single definite value of z within C, so that z is a one-valued function 

oft 

It remains to show that z has a unique finite derivative for each value of 
£ within L Now, if f'(z) is not zero, 

d£~ W/ /'(*)’ 

and since /'(z) is unique and never zero while z moves within C, the required 
result follows. On account of (6) the result is still true when £ moves on P. 

The above results show that the relation (1), subject to the condition (a) 
constitutes a bi-uniform mapping whereby the region within C is mapped 
point by point on the region within P, and conversely, the region within P is 
mapped point by point on the region within C, in such a way that to the point 
Zq within C there corresponds one, and only one, point £ 0 within P, and to the 
point £ 0 within P there corresponds one and the same point z 0 within C . The 
adjunction of condition (b) ensures that the bi-uniform character of the mapping 
extends to the boundaries C and P. 

5*83. Indented contours* It may happen that we require to map a 
contour 0 on which there occurs a zero of/' (z), say at P. 



To do this we indent the contour C, that is to say, we replace it by a modi** , 
fied contour C* in which an infinitesimal arc of C containing P is replaoed l^ 



INDENTED CONTOURS 
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a circular arc, centre P, of infinitesimal radius, so that P is now outside the 
modified contour Q\ fig. 5*63. 

To the modified contour C' the theorems of mapping now apply. We then 
let the radius of the indentation tend to zero. A contour may of course be 
indented at as many points as may be necessary. 


570, Conformal representation. Let a bi-uniform mapping of a 
region of the z-plane on a region of the {-plane be defined by 

(1) {=/(*)* 



Let z, Zj , z* be represented by the points P, ? x , P a of the z-plane, and let 
the corresponding values {, { 2 , { 2 be represented by the points 77, 77 2 , 77 a of 
the {-plane. Then 

U-t JM-M ' £i-t. /(*»)-/(*) 

Z 1 “Z ~ Zj-Z ’ z a -z z a -z 
If we suppose z 1 ~z, and z a -z to be small, we then have 

( 2) =/ ' (2) 

Zj - z z a - z 


very nearly, and hence 

%-* 



S’ 


Thus, taking modnlua and argument, 


(») 


Hence 


mu mu 

pp, ■ pp, 


= !/'(*) I = 


dz 


aig JZZ7, - arg PP, = aig JE7, - arg PP, = argf(z). 
argilHj-aigiin, = argPP,-argPP„ 


4i7,iH7,= iP,PP r 


and therefore 

(4) 
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Equations (3) and (4) mean geometrically that the triangles P t PP % , /IjiI/7, 
are similar* so that an infinitesimal triangle in the z-plane maps into a similar 
infinitesimal triangle in the £-plane. Thus the mapping preserves 


(а) the angles ; 

(б) the similarity of corresponding infinitesimal triangles. 

From these properties we derive the name confomal representation of the 
mapping given by (1). 


The relation (3) gives the scale of the mapping at the point il. This scale 
since it is a function of z, varies from point to point. An illustration of 
conformal mapping is afforded by an ordinary map on Mercator’s projection. 
It is well known that the angle between two lines as measured on the map is 
equal to the angle at which the two corresponding lines intersect on the earth’s 
surface ; in fact, it is this property which renders the map useful in navigation. 

In particular the lines on the map which represent the meridians and 
parallels of latitude are at right angles. If we confine our attention to a small 
portion of the map, we also know that distances measured on the map will 
represent to scale the corresponding distances on the globe, but that the scale 
changes as the latitude increases. 

We also obtain from (3) the ratio of corresponding small areas. Thus 


A Ui/IIfg 

A PiPPt 


!/'(*) I* = /'(*)*/'(*) 


5 A 

dz dz’ 


where /(z) is the conjugate complex of/(z). 
To illustrate this last point suppose that 


f[z) = 6z + 3i z l . 

Then /' (z) = 6+6t z = 6+6i (x+iy), 

f'(z) = 6 - 6» z = 6-6 i (x-iy), 
and |/ , (s)| , = (6-fy)*+(63)*. 


571. The mapping of infinite regions. In most of the applications 
of conformal representation to hydrodynamics one or both of the regions eon» 
ceroed extends to infinity and it becomes of importance to have a dear idea 
as to what constitutes the “ inside ” of the boundary. To elucidate this point, 


J = z*, «>1 

applied to the region in the z-plane bounded by the circular arcs r — a, r — b 
and the radii 6 = 0, 6 = ir/o, fig. 571 (i). 

Put t - re*, l ** Jie*. Thai 

Re* - r*e w . 


M.T.B. 
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Thus y =s 0 and ( moves along A’F when % moves along AB (6 » 0), 
y = w and ( moves along CD’ when i moves along CD(0 = w/«), while on 
the arc AMD(r = o), R = a«, and on the arc BLC(r = 6), R = 6*, so that 
the corresponding paths in the (-plane are the semicircles D'M 'A\ B'L'C. 




Fig. 5-71 (i). 

It is clear that the conditions 5*62 (a), (b) are both fulfilled by the mapping 
function, for the origin, at which the derivative of z" vanishes, is excluded fron 
the region considered. Thus the mapping is bi-uniform and* the inside of the 
sectorial region in the z-plane is conformally represented on the inside of the 
region between the semicircles in the (-plane. Moreover, the sense of descrip- 
tion corresponds in the two diagrams, the area mapped in both being on the 
left when the contours are described in the senses shown. These statements 
are true however great b may be, and therefore letting 6->oo and denoting 
points at infinity by the suffix oo , we obtain fig. 5*71 (ii), in which the hatching 



indicates the exterior. This shows that the interior of the infinite sectorial 
region is mapped on the upper half of the (-plane, and that now the term 
interior is to be inferred from the limiting form of the finite case and is related 
in the same way as before to the sense of description. The indentations at the 
origin may now be removed by supposing a to tend to zero. 

Simple considerations on the above lines will generally* be adequate to 
decide on the meaning which is to be assigned to the terms inside or interior 
when applied to mapping in which infinite regions are involved ; indeed the 
sense of description atone will generally furnish the required information. 
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EXAMPLES V 

1. If - /(z), and f[z) is real when y - a, show that ^ « 0 when y * a. 

2. Find the function of z whose imaginary part iB 

2aj(a*~3^)+i(^-^)+aa>y. 


(i )£“*+«, (ii) £ - (iii)£«&, (iv) i - sr x , 

prove that the first is a translation, the second a rotation, the third a rotation 
and a magnification, the fourth an inversion followed by a reflection ; where a is 
real and o, b may be complex. 

Prove that £ - («z+/?)/(yz+8), where «8-j3y^O, may be compounded of a 
succession of the above transformations and hence gives a mapping in which circles 
and straight lines transform into circles or straight lines. 


4. Prove that the transformation £ » (z-i)/(z+i) maps the upper half of 
the z-plane on the interior of the circle | £ | ■ 1. Find the points corresponding 
to z - oo, -1,0, 1. 


5. Show that the transformation £ » z* maps the half-plane y>0 on the 
whole of the 5-plane, provided the part of the real axis for which f > 0 in the J-plane 
is regarded as an impassable barrier, so that £ may not be taken along any path 
which crosses this barrier. 


6. Prove that the transformation £ - -\(z- l)/(z + 1) maps the region within 
the circle ! z | - 1, indented at the points z - 1, z * -1, on the region in the 
£-plane witniu a semicircle of great radius indented at the origin. Find the relation 
between the radius of the semicircle in the £-plane and the radius of the indentation 
at z » - 1, and hence show that when the latter tends to zero the whole of the 
upper half £-plane is mapped. 

7. Show that the transformation z « cos £ maps the whole of the z-plane in 
which there is an impassable barrier along the real axis from z® -oo to z ® 1, 
on the semi-infinite rectangle bounded by £ « -w, ( ® w for which rj > 0. Show 
that the curves ij = constant are confocal ellipses. 


8. Show that the relation 


z « 



l+l 


maps the region between the lines y ® o, y « - a on the interior of a circle of unit 
radius and centre at the origin in the £-plane. 

9. If OA is the line y » x tan (far) from x «= 0 to x * cos (far), where! < 1 
and OB is the line joining the origin to x ® -1 2 > show that the transformation 


maps the circumference of the unit circle in the £-plane on the broken line AOB 
described twice, the points £ * e**, £ * mapping into the origin and the pomte 
£ « into A and B respectively, where sin/? « A; sin a and F is a 


suitably chosen constant. 

10. If the circle | £ | <r is mapped on a region B of the z-plane by the relation , 
% m £+aj{*+«8P+ . . . . , prove that the area of B is 

ff{f*+2|o a |*r 4 +3|a 8 |*r # + ...}, ; >:■ 'V 

and is therefore greater than the area of the given circle. 
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11, Use the theorem of the preceding exercise to show that the problem of 
mapping a given region B in the {-plane on a circle in the z-plane is reducible to 
thcproblem of determining ..,such that, ifz -{+ 0 |{*+ . . . »/({), 


ff mm 

JJ(Si 


is a minimum. Show that, by restricting the series to a few terms, the region B 
can be mapped on an almost circular area. (Bieberbach) 

12. The transformation Ex. 3 is called a Mobius transformation. Prove that the 
inverse transformation z = ( - 8{ + j3)/(y{ - a) is also a Mobius transformation. 

18. If successive Mobius transformations transform { into % and z l into z, prove 
that the { is transformed directly into z by a Mobius transformation. Deduce that 
all Mobius transformations form a group. 

11 Prove that the Mobius transformation .maps the whole z-plane (including 
z ** oo ) on itself. 

16. Prove that the Mobius transformation 

{ ai * — =, c not real, 

z~c 

maps the half plane y>0 on the unit circle | { | < 1 and maps z*»c on { » 0. 

16. Prove that the Mobius transformation 


maps the unit circle | z | < 1 on the unit circle | { | < 1 and z - c on { «0. 

17. Prove that the transformation 

wmmi; 

1 (*+l)*+i(*-l)» 

map, the semi-circle on the line joining z - -1 to t - 1 as diameter on the unit 
eucle|{|<l. 



CHAPTER VI 


STREAMING MOTIONS 

AO. Complex potential. Let <f>, iji be the velocity potential and stream 
function of the irrotational two-dimensional motion of an inviscid liquid. 
Then eqnating the velocity components, 

m s.s 

to dy’ dy dx‘ 

We define the complex potential of the motion by the relation 
i w — <j>+uji. 

We see from 5-30 that, on account of (1), w is a holomorphic function of 
the complex variable i - z+iyinany region where <f> and tji are one-valued. 

Conversely, if we assume for w any holomorphic function of t, the corre- 
sponding real and imaginary parts give the velocity potential and stream 
function of a possible two-dimensional irrotational motion, for they satisfy (1) 
and Laplace’s equation. 

Thus to = 2 * gives <f> = x l -f, <ji = toy, 

a motion which has already been discussed (4-70). 

Since iw is likewise a function of i, it follows that - 0 and ^ are the velocity 
potential and stream function of another motion in which the streamlines and 
lines of equal velocity potential are interchanged. 

It will be found that the mathematical analysis is very considerably ampli- 
fied by working with the complex potential instead of ^ and f separately. 
The simplification is of the same nature as 
that attained by using one vector equation 
instead of three cartesian equations. In two 
dimensions we work with one equation in i 
instead of two in x and y. 

The dimensions of tire complex potential 
are those of a velocity multiplied by a length, 

Le.L»T- 1 . F».e<>{t). 

We give a few illustrations in which V represents a velocity and a is a lesj 
both retd. 

(i) 



tc = Vi. 
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Here $ = Ify, and the motion is a uniform stream parallel to the negative 
direction of the &-am 



(ii) 


W » * 


V o 1 


Pa* 


■ sm V - - 


The streamlines = constant are circles ; 
all touch the x-axis at the origin. The motion 
is due to a doublet at the origin (see 8*23). 


(iii) 


w ~Ua\^ 


The motion takes place 

tained by the aims of an angle a, and the streamlines are 

\y 


arms. The special case a = tt/ 2 has been 
considered in 4*70. 

From the mathematical standpoint, the 
complex potential in the form w-f(i) 
determines a mapping of the z-plane on 
the w-plane in which the streamlines of the 
motion in the z-plane map into the straight 
lines i/j = constant, parallel to the real axis 
in the ti-plane. The determination of this 
mapping is 
means 



Fio. 6 0 <iii). 


6*01. The complex velocity. From the complex potential w = 
we get 

ty .ty _dw _Aid dz _dw 
te + * dx~ fa~ dtdx~ <k‘ 

Now 

and therefore 

(1) 

using the Greek letter v (npsilon) to denote the combination u-w, which we 
shall call the complex vdodty. We note that the complex vdooity is obtained 
directly from the complex potential as shown in (1). Graphically, the vector 
representing the complex velocity is the reflection, in the line through the 
point considered parallel to the z-axis, of the vector of the actual velocity. 


u = “> » = v-i 

3* ox 
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THE COMPLEX TELOCITY 



The relation is shown in fig. 6*01. 

It is very important to notice that -fo/dz gives u-w * v and not 
tt+W-v. If we want to obtain u+iv 
we must change the sign of t through- 
out, so that «+w = -dw/<fe, where w 
is the conjugate complex function of z. 

Thus, if w » iz a , we shall have ib - - is 8 , 
changing the sign of i throughout, and 

v = u-iv = - 2iz } v = w+ic = 2iz, 

either of these leading to w = 2y, 0 Fia.6-01. 

v = 2a;. 

As a simple application, consider the uniform stream depicted in fig. 4*33 
(iii). We have 

dw n , , 

- = Qcosa-t(/8ina = 

which gives w = - 

6*01 Stagnation points. At a stagnation point the velocity is zero, 
and therefore the complex velocity vanishes. It follows that the stagnation 
points are given by 

& =0, 

Hence, if w = Va 1-1 , the stagnation points are given by 


z* = 0. 

Thus, if Tr<a, the stagnation point is at infinity. If it >a, the stagnation 
point is at the origin. See fig. 6*0 (iii). 

6*03. The speed. For the speed, we have 
!«</(*+*)« 

An alternative method is as follows : 


J* s s (U-MJ)(U+W) =s V.V s= 


dz dz' 


To illustrate the calculation, suppose u? = 2z+ 3 then w = 2z~3i?, , 
j* a (2 4- 6«) (2 -6«) as 4 4* 36zz 4 12* (z - z) — 4 •+■ 36 (a?* 4- y*) — 

There is a stagnation point given by 2+6iz = 0, whence z = t/3, and the 
point is (0,J). 
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6 04 The equations of the streamlines. We here explain a method 
whereby the equations of the streamlines, namely \f> = constant, can often be 
deduced with the minimum labour. Let 

w = 

Then exp = exp w. 

This may be written 

e*cos^+te*sin^ = J+tT, 
where Z, 7 are the real and imaginary parts of exp w. 

Thus Z = e*cos^r, 7 = e*sin^r. 

Eliminating we get 

7 = Ztanf 

Thus when ift = constant, we can write tan $ = fc, and the streamlines are 

7 = kX. 

By attributing values to k, we get the individual streamlines. The lines 

IT 

corresponding to k = 0, k = oo, i.e. to = m, i/t = (2n+l)- are respectively 
7 = 0, Z = 0. 


6*10. Flow through an aperture. If w is a function of z, then z is a l 
function of w, and it is sometimes useful to use this form of relationship between 
z and w. 



Fig. 6*10. 


If we take z = c cosh w, we get 

x = c cosh ^cos'^+icsinh^ sin i/f, 
as = ccosh^cos^, y-c sinh <£ sin i/r. 

Eliminating^, we get 

g r _ t 

c*cos'^ c'sinY ~ ’ 

so that the streamlines >ji = constant are confocal hyperbolas, whose real and 
tramvene semi-axes are c cos c sin ft and whose foci are («, 0), ( - e, 0). 
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If we take the cylinder whose cross-section is one of these hyperbolas for a 
fixed boundary we obtain the pattern of liquid flow through the aperture so 
formed. As a limiting case, if we take the hyperbolic boundary quite flat 
(\jj = 0, t r), we get the flow through an aperture of breadth 2c in a flat plate. 
This limiting case, however, cannot accord with physical reality since the 
speed iB infinite at the edges. 

To prove this, we have 


1 

f* 


dz dz 
dw dw 


s= c* sinh w sinh w = \c* (cosh (w+w)~ cosh (w - w)) 


$c* (cosh ty -cos 2 \jj). 


At the edges (c, 0), (-c, 0), we have <f> = 0, $ = 0 or w. Thus gr* = 0, 
and therefore the speed is infinite. 


6*1 1. Circulation about an elliptic cylinder. Taking z « c cos tc, we 


get 


9 x = c cosh ifj cos <f>, y = ~ c sinh i)j sin <j>, 



so that the streamlines are now confocal ellipses whose semi-axes are c cosh 0, 
csinh(/r. 

If we take the cylinder represented by one of these ellipses as a fixed 
boundary, we have the case of liquid circulating about a fixed elliptic cylinder. 
As a limiting case, if we take as our fixed cylinder $ = 0, the ellipse reduces 
to a line of length 2c and we get the case of liquid circulating about a flat 
plate of breadth 2c, but here again the speed at the edges will be infinite, for 


1 

? 




which vanishes when z = ±c. 

Also when | z | is large, we have approximately q = 1/r, where 
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Since cos w = cosli w, we see that the formulae of this and the preceding 
section illustrate the interchange of streamlines and lines of equal velocity 
potential when we write vw for w (see 6*0). 

6*21. The circle theorem. We now prove a general theorem * which 
will be of great use subsequently. 

The mde theorem. Let there be irrotational two-dimensional flow of incom- 
pressible inviscid fluid in the g-plane. Let there be no rigid boundaries and let 
the complex potential of the flow be f(z) } where the singularities of f(z) are all 
at a distance greater than a from the origin. If a circular cylinder, typified by 



(1) «=/to+/(j)- 


Proof. Since z = a*/s on the circle, we see that w as given by (1) is purily 
real on the circle C and therefore $ = 0. Thus C is a streamline. \ 

If the point z is outside C, the point a 2 /z is inside C, and vice-versa. Since 
all the singularities of f{z) are by hypothesis exterior to C, all the singularities 
of /(a 2 /z) are interior to 0 ; in particular /(o*/z) has no singularity at infinity, 


and so all the conditions are satisfied. Q.e.d. 

6*21 Streaming motion past a circular cylinder. Consider the 
stream whose complex potential is Uz. If we insert the cylinder | z | = a, by 
the circle theorem (6*21), the complex potential becomes 

(1) W = P (*+y) . 

which is therefore the complex potential of a circular cylinder placed in a stream 
whose velocity at infinity is U negatively along the as-axia. This system is 
generally referred to as a ciicnlar cylinder in a uniform stream. Actually the 
stream is disturbed by the presence of the cylinder and only remains uniform 
at a great distance from it. Accepting this conventional meaning, the ter- 
minology is convenient. 

More generally, if we insert the cylinder in the uniform stream Par**, the 
complex potential, again by the circle theorem, is 

(2) v st Uu-**+? a * 


If the centre of the cylinder is at the point z , , a simple change of origin 

Pa 1 *** 


( 3 ) 


w = Uze~ k +- 


*-*s 


* Hil&e-ThomMB, Pnt. Garni. PML See., U (1940), 
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Returning to (1), since % = re®, the stream function is 

<fr = V anff-y sinflj = Py(l-pf) = fa+fa 

where & = Uy, 4'* = -^^- 

Putting fa = mUa, fa = -nJJa, 

weget y = m, x' + (y~£j' = 

bo that the lines corresponding to ^ and </» a are straight lines parallel to the 
2 -axis and circles touching the z-axis at the origin. By giving ro, n the values 
0*1, 0*2, 0*3, . . . , the streamlines can be readily plotted with the aid of 
Rankine’s method (4*32). 

The streamlines are symmetrical with respect to the y-axis, for changing 
the sign of z does not alter their equation. The streamlines above the 2-axis 
are the reflections in that axis of 
the lines below it, as is obvious 
from symmetry. 

If the velocity V is reversed, 
the streamline pattern is un- 
altered. 

Writing iff - kVa, the equa- 
tion of the streamlines is 

so that, whenr~>ao , y-+ka, and 
therefore y = ha is the asymptote of the streamline. Also if k> 0, then 
y>ka, and therefore the streamline approaches its asymptote from above. 
Again, consider the streamlines which are asymptotic to 

y = ka, y = (fc+l)a. 

Let y x , y, be the respective ordinates of these lines as they pass over the 
cylinder, i.e. when 2 = 0. 

Emu te = yi ( 

Subtracting and rearranging, we get 
a . 

SS 1+ 

y*-» x yi y* 




156 STREAMING MOTION PAST A CIRCULAR CYLINDER [6*22 

Since the term on the right is positive and greater than unity, we conclude 
that y%>yi , and that y 2 -yi<fl. But at infinity the distance between these 
lines is a. Hence the lines come closer together as they pass over the cylinder. 
Since the same mass must cross every section of a stream tube, the velocity 
where a given line passes over the cylinder is greater than the velocity at 
infinity, and hence by Bernoulli’s theorem, in the absence of extraneous forces, 
the pressure is less than the pressure at infinity. 

6*23. The dividing streamline. In the flow past a cylinder the contour 
of the cylinder itself must form part of a streamline. Since the stream function 

we see that the contour r = a corresponds to \ft = 0. 

The complete streamline ijj = 0 consists therefore of y = 0 and r = a, thpt 
is to say of the circle r = a and that part of the x-axis which lies outside it, 
fig. 6*22. 

Thus the stream advances towards the cylinder along the 2 -axis until the 
point L is reached, then divides and proceeds in opposite directions round the 
cylinder, joins up again at M and moves off along the x-axis. This streamline 
which divides on the contour is called the dividing streamline . The dividing 
line is very important, for a knowledge of its position at once enables us to 
draw the general form of the stream by successive lines at first nearly coin- 
ciding with it, and then becoming less and less curved. A study of the 
diagram 6*22 will make this clear. 

The stagnation points are given by dw/dz = 0, that is, by 



whence z = a or z = -a. These are the points I, M where the dividing line 
meets the cylinder, and we observe that, in accordance with the general 
property of intersecting streamlines (4-6), i, M are double points where the 
tangents are at right angles. 

6*24. The pressure distribution on the cylinder. To calculate the 
speed at the point z = oe# on the cylinder, we have 

^ = P (l -p) = P(i -*-»«) = . 2U rin 6, 


and therefore 

(i) 


q = 2P sin 6. 
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Thus q* is greatest when 0 = ±w/2 and the speed at these points is 20 
that is, twice the velocity of the stream at infinity. 

Thus the speed is greatest at 
A and B where the diameter per- 
pendicular to the stream at infinity 
meets the cylinder. 

It also follows from (1) that the 
speed at P on the cylinder is pro- 
portional to the area of the tri- 
angle LPM. 

If II is the pressure at infinity, 

Bernoulli’s theorem gives for the 
hydrodynamic pressure at a point of the cylinder 

-+217* sin* 0 = — +iP ! , 

p P 

or p-J7 = y P 2 (l-4sin a 0). 

We can represent the pressure distribution on a polar diagram in which, 
taking the radius a to represent the pressure J7, the pressure at each point is 
measured by a length drawn along the radius through that point. With this 
representation, fig. 6*24 (ii), we see that at N lf N % , N t , N it whose vectorial 



Fig. 6*24 (ii). 


angles are 30°, 150°, 210°, 330°, the pressure is II, along the arcs N i LN t , 
N t MN Z the pressure exceeds II, the maximum excess being at I, M f 
while along the arcs N t AN z , N^BN t the pressure is less than 77, the maximum 
defect being jpU 1 . This pressure diagram is symmetrical, the pressure at the 
angles 0 and 0+w being the same, so that there is no resultant force on the 
cylinder due to the hydrodynamical pressure. This result agrees with experi- 
ment only as regards the anterior portion NiLN ^ , elsewhere the pressure is 
generally in defect (cf. fig. 1*93 (c)). 



CAVITATION 


4*25. Cavitation. A fluid is presumed to be incapable of sustaining a 
negative pressure. In the relative motion of a solid boundary and fluid, the 
fluid will remain everywhere in contact with the boundary only so long as the 
pressure at every point of the boundary remains positive. Thus at points 
where the pressure vanishes a slight further diminution would render the pres- 
sure negative and a vacuum would tend to form. The formation of a vacuous 
space in a fluid is called cavitation. The phenomenon commonly occurs, for 
example, near the rapidly moving tips of propeller blades. 

In the case of the flow past a circular cylinder, cavitation will tend to set 
in if the pressure is zero where it is least, i.e. at the sides (0 = ±Jrr). The 
condition for this is / 


and if U exceeds the value given by this formula the liquid will cavitate at the 
sides of the cylinder. \ 

£*29. Application of conformal representation. Consider a mapping 
of the {-plane on the 2 -plane by 

( 1 ) 

such that the region R exterior to C in the {-plane maps into the region 8 
exterior to A in the z-plane. Then the contour C maps into the contour A. 




KiH 


Let a fluid motion in the region R of the {-plane be given by the complex 


(2) w({) = v> = 

Then at corresponding points { and z given by (1), v> and therefore ^ and tji 
take the same values. 

Now C is a boundary and so a streamline, and therefore ^ = i, a constant, 
at all points of C. Since A corresponds point by point with C, ^ ='i at all 
points of A. Therefore A is a streamline in the motion given by (2) and (1) 
together in the z-plane. 

The actual form of the complex potential in terms of z would be got by 
{ between (1) and (2), but it is often preferable to look on ( as a 
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parameter and forgo the elimination. Thus to find the velocity at Q ia the 
2-plaae corresponding with P in the (-plane, we have 

dw dw 
dz '#V 

and therefore 

( 3 ) Uq-Wq = (up-ivp)lf (to- 


il) 


?x* = ?s a * 


dz 2 

S ’ 


Let dS t , d/S t be corresponding elements of area surrounding P and Q. 
Since the representation is conformal, we know that dS x , dS % are similar and 
that the ratio of corresponding lengths in dS x and dS 2 is | dtydz |. Thus 


and therefore 
and hence 


d£ J«« 

dS^\dz 9 

9\dSi = q 2 dS 2 , 

| iptfdSi = | ip?s $ <*S, , 


the integrals being taken over corresponding areas. But these integrals measure 
the kinetic energies of the liquid in the corresponding areas. Thus the kinetic 
energies of the two motions are the same. 

We now see the application of these results. If we know the complex 
potential of a motion in the (-plane given by ( 2 ), and if we then transform to 
the 2-plane by means of ( 1 ), we obtain the complex potential of a motion 
in the 2-plane, the boundaries of the motion being the lines corresponding 
in the 2-plane by means of ( 1 ) to the boundaries in the (-plane. The stream- 
lines correspond and the velocities at corresponding points are given by ( 3 ). 


6*30. The Joukowski transformation. The transformation 


( 1 ) 


2 = Z + 


4 Z 


is one of the simplest and most important transformations of two-dimensional 
motions. By means of this transformation we can map the Z-plane on the 
2-plane, and vice versa. We begin with the remark that when | z | is large, 
we have Z = z nearly, so that the distant parts of the two planes correspond 
unaltered* Thus a uniform stream at infinity in the 2-plane will correspond 
to a uniform stream of the same strength and direction in the Z-plane. 

Let us nour enquire into the transformation of circles in the Z-plane whoe* 
centres are at the origin. 
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THE JOUKOWSKI TRANSPOBMATION W* 

first note that if I, JIf are the points Z * i<s, 0 * - & corresponding 
points in the s-plane are z = c, z = - c, say S, ff . 



Z-flane 

Fig. 6*80 (i). 

Let the point F in the z-plane correspond to the point P in the Z-plaie 
on the circle | Z | = J(a+&) and suppose o*- 6 * = c*. The transformation 


Z+^-c = z-c, Z+^+c = z+e. 


P'S = I z-c \ = 


(2-1 c)‘ 2PL* 

Z 0+6 ’ 

, (Z+Jc)* 2 PM* 

FM = |z+c|=' W 

and therefore SF+HF = 2 (PI*+PM«)/(o+ 6 ). 

But since OP is a median of the triangle MPL, 
PL*+PM* = 2 (01* + OP*) 


and therefore SF +HF = 2a , 

so that F describes an ellipse whose foci are 5 and H, and whose major aria 
is 2 a. 

Now, in the ellipse, if B is an end of the minor axis and 0 the centre, 


OP* = SB* -05* = 5*. 


therefore the semi-axes of the ellipse are a, b. 

Thus concentric circles with centre at the origin in the 2 -plane map into 
confocal ellipses in the e-plane. 

In particular, if we take h = 0 , the circle | Z j * Jo maps * into the straight 
fr. SH ** fai ^e minor axis of the corresponding ellipse is then 
aero, and a = e. ___ 

* In the present oue dzj&Z ** Q L, M. W« nnat thsnlon wppow the cirok to b* 

»t thaw ptmti m eiplussd in 8-68. 
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This result is easy to establish analytically, for any point on the circle is 
Z = \ae 0 t and therefore z = Jae#+$oe^ = a cos 6. 

Hence as 6 goes through the values 0, ir/2, rr, 3w/2, 2 ir t z goes throng the 
values 0 , 0, -0, 0, 0 , and as P describes the semicircle LDM, F describes 
the line SH, and when P completes the circumference along the semicircle 
MEL, F moves back along the line HS. 



Z- plane z-plane 

* Fig. 6-30 (ii). 


Now consider the inverse transformation which gives Z in terms of z. 
From (1), 

Z 2 -zZ+£c 2 = 0, 

(2) Z = }(z±n/z 2 -c 2 ). 

The positive sign outside the square root means that the value of ^/(z^-c 2 ) 
is to be taken which becomes real and positive when z is on the positive part 
of the real axis which lies outside the ellipse. When | z | is very large, we have 
from (2), Z - z or Z = 0, approximately, according as the positive or negative 
sign is taken. Therefore, if we take the positive sign for the square root, the 
points outside the ellipse in the z-plane will map into the points wtside the 
circle in the Z-plane. 

Therefore the transformation 

Z = ^(zW^-c 2 ), c 2 = 0*-6* 

map s the region outside the ellipse of semi-axes 0 , 6 in the z-plane on the 
region outside the circle of radius J( 0 + b) in the Z-plane. 

t-31. The flow past an elliptic cylinder. If we take in the Z-plane 
of fig. 6*30 (i) a stream V which makes an angle a with the teal axis, the 
complex potential, from 6*22 (2), is 

M.T.H. 


L 


Ij2 THB JLOW PAST AN ELLIPTIC cniNDZ* tMl 

The T«gin" outride the circle is mapped on the region outride an ellipse in 
the fr-pUne whose semi-axes an a, b, centre at the origin and axis a along the 
g-axis, by the transformation 

Z = \[i+J(i'-*)], c* = a*-&*, 

and therefore the complex potential for the flow past an elliptic cylinder is 
w = \V [«-*{* + - c 1 )) + 2 +J ( j!_V)] ’ 
and since [&+ - c 8 )]" 1 = ®*)1» 

and this is the solution of the problem. ^ 

In the above form the complex potential does not readily lend itself 
detailed description of the flow. To simplify the treatment we shall not 
introduce elliptic coordinates. 


6 31 Elliptic coordinates. Let 


( 1 ) 

where 

Then 


( 2 ) 

and therefore 


1 = e cosh £, 

l-H* 

a+fy = ccosh(f+M)) 

= c cosh £ cos ij+tcsinh£ sin ij, 

x = ccoshfcosi), y - esinhf sini), 


* l_ = l 

c*cosh'f" , ’c*rinh*£ ’ 


W 0 * 008 * 1 ) c* sin*t) 

Prom (3), it appears that if ( has the constant value (, , the point (*, y) 
lies on an ellipse whose semi-axes a, b are given by « 

( 5 )' o = ccosh{ 0 i 6 = csinhf, 

and therefore a*-6* = e». 

The #p«« corresponding to constant values * of { are therefore confocal, 
the distance between the foci being 2c. The curves (*) corresponding to 

•In whet follow, we dull let (, oorwepond to the 
0<«<2ir. Another powfob interpretation b f>0 for »>0 sad f<0 for y<0. Is* 
ootwponding r*np§ in bm -»<£<+*, 
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constant values of 77 are hyperbolas confocal with (me another and with the 
ellipses. 

Now, through any point of the plane we can draw two conics of a confocal 
system, one an ellipse and the other a hyperbola. On the ellipse £ has a con- 
stant value, on the hyper 
bola 77 is constant. If w< 
know these values of £, rj 
the conics can be drawi 
and by their intersection 
fix the point. For thi 
reason the parameters £, 1 
are called elliptic coordi 
notes. 

If we fix our attentioi 
on the ellipse £ = £ 0 > Wl 
see from ( 3 ) that 77 is th< 
eccentric angle of\he poin 
(x, y) on the ellipse. Th 
geometrical interpretatioi 
is shown in fig. 6 * 32 . 

In this figure AA' is the 
major axis of the ellipse £ = £ 0 , S, H are the foci. The confocal hyperbola 
which passes through P on the ellipse is also shown. On AA' as diameter, 
the auxiliary circle of the ellipse is drawn. 

The ordinate PN meets this circle in Q. The angle QON - 77. 

For if a, 6 are the semi-axes of the ellipse, comparison of (2) and (5) shows 
that 77 is the eccentric angle of P. But 



x = ON = 00 cos QON = a cos QON 


and therefore the result follows. 

We can now see that, if 77 = 770 on the hyperbolic branch which lies in the 
first quadrant, the values of 77 on the branches of the same hyperbola which 
lie in the second, third, and fourth quadrants are 7 r-r) 0 , tt+t } 0 , 27 r- 77 § 
respectively. 

It also appears from ( 4 ) that the line 

- as tan 77 
x 1 

is an asymptote of the hyperbola through P. This asymptote is the radius OQ. 


J04 ELLIPTIC COORDINATES 

In order to complete our description of the ellipse f * { 0 , we use ef iiitw 
(5). These give 

jgj a+b = c (cosh f 0 + sinh f 0 ) = ^ 

a-b = c (cosh fo) = ce “ f# * 

By division, we obtain 


o+6 

£«• = r » 

a-b 

a+b 

U = i*°® jrj' 


and therefore 

This equation determines the parameter | 0 in terms of the semi-axes a, J>. 
Lastly, we note that the foci (c, 0), ( -c, 0) correspond to ( = O.r, =\0 ; 

| = 0 , i) = w, as is clear from (2). j 

6-33. Application of elliptic coordinates to the streaming pastan 
ellipse. The complex potential was found in 6-31. If we put i ■ e cosh I, 

we get V^-c*) = c sinh J, and therefore 

2 + V (* ,_C *> = 0 ( cosl1 ?+® n ^ 1 £) = 

2 -V( 2 *-<:*) = c(cosh£- sinh?) = «r<. 

Also, on the ellipse f = (, , we have, from 6-32 (6), 
o+6 = <**•, a-b = ce- f >. 

Therefore * = *&(«+*) [e-^+e'-^*]. 

w = U (a +b) cosh (? - £o - 

This expresses the complex potential for the streaming motion past an 
ellipse in trams of the elliptic coordinates. 

If we put f = £„ we obtain 

w = I/(o+6) cosh 
= [7 (a + 6) cos (q- a), 

so that ^ = 0. Hence the ellipse f = f» * 6rms part of the streamline + = 0, 
which is therefore the dividing streamline. 

The stream function, from (1), is 

[7(o+6)sinh(f-f 0 )sin(ij-«). 

Hence the complete dividing line is given by 

»inh (*-£,) = 0 and sin(i;-«) = 0, 
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The line through 0 in the direction of the stream at infinity is an asymp- 
tote of the hyperbola. 

The general form of the streamlines is shown in fig. 6*33. The asymptote 
to the dividing line is shown dotted. The dividing line intersects the cylinder 
at L, which are therefore stagnation points and consequently points of 



Fra. 6-33. 


maximum pressure. It would therefore appear that the cylinder is subjected 
to a couple tending to set it broadside on to the stream. We shall calculate 
the magnitude of this couple in section 6*42. 

For the velocity, we have 

dw _dw<% _ ?7(fl+6)sinh(£-£ 0 -t«) 
dz~ dtdz~ c sinh £ 

and therefore at the stagnation points 

= 0 or iir> 

so that f =s f o , rj = a, or a + 7 r, giving the points L, M, already found from the 
dividing line, 

Al # P(a+6) sinh (£-&-&) P(a+&)sinh(£-f 0 +fo*) 

AlSO 0 s ss —— - " *■ . . i X 

csmh£ c sinh £ 

_ U i (a+b) t coeh(i+l-2^)-cosh^-l-2i a ) 

« 8 cosh ({+£)- cosh ({-{) 

_ V i {a+h) cosh 2(f-| 0 )-CQ8 2(r)-«) 

~ a-b cosh2f-cos2ij 

_ V l (a+b) 

o-6 sinh , £+sm , i) 
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Since £ = 0 only at a focus, it follows that the denominator cannot vanish 
and so the speed is never infinite. 

The pressure distribution on the elliptic cylinder is found from Bernoulli’s 


P.1 gfe +j) 1-oos 2(17— <x) _ n . 

p * a-b cosh 2£ 0 - cos 2ij p * 


where iJis the pressure at infinity. To find where the pressure is greatest and 
least, we have dp/drj = 0, which leads to 


sin 2 (17 ~ a) cosh 2£ 0 - sin 2^ + sin 2a - 0, 
or sin (17 - a) {cos (77 - a) cosh 2f 0 - cos (77 + a)} = 0. 

Now sin (77 - a) = 0 gives the stagnation points where the 
greatest. The points of minimum pressure are therefore given by 

cos (77+ a) , t 
— ¥ — = cosh 2f 0 , 
cos (17 - a) 



whence 


, , 1 - cosh 2f o 6 a 


from 6 * 32 . If P denotes a point given by this equation, the result means that 
the tangent at P is parallel to the normal at a stagnation point. 

If we substitute tan 77 = - b* cot a/o* in (2), we get, after some reduction, 
for the minimum pressure the value 

The condition that there shall be no cavitation is therefore 




6*34 Flow past a plate. If b = 0, our ellipse degenerates into the line 
joining the foci, namely £ 0 = 0, and therefore a = c. Hence for the flow past 
a plate inclined at angle a to the stream, we have 

it = Uacoah([~ia). 

The stagnation points still lie on the hyperbolic branches 
77 * a, 77 = 77+ a. 


The speed becomes infinite at the edges of the plate, so that the solution 
cannot represent the complete motion past an actual plate. 

Intermsofs, wehave 

w = U (s cos « - - a 1 ) sin a) . 
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6*841 

Wbm tie plate it perpendicular to the stream, 
v<=-WJ(t'-a*). 



Fio. 6-34. 


6*35. A general method. Consider a cylinder of cross-section 0 placed 
in the stream Ux~ u . Analogously to elliptic coordinates, let 

a) *=m 

define a system of coordinates {(, i;) in which the curve C is given by { = £». 
Then on C, J = 2 Thus the complex potential 

(2) we/ffl+ff 2f,-{) 

is purely real on G, which is therefore tie streamline ifi = 0. 

Now the complex potential of the uniform stream is 

( 3 ) Uze-* = Vme-* = F 1 (i)+FM 

where we suppose J,(£) to contain only terms which tend to zero at infinity. 
If we can arrange this split into the sum of two functions in such a way that 
0 also tends to zero at infinity, our streaming problem is solved by 

(4) « = f 1 (i)+^(2f,-C). 

Thus for the ellipse we have z = c cosh J, and so (3) gives 
*,({) = *l7c*w, ?,({) = iPce-*-*, 

mid therefore 

« = !P«e { -* , +lUce M, - {+i *, 

Which is 6-33 (1), 



10g A OlSmt METHOD t* 8 ® 

To determine a coordinate system of tie required type, let 0 be given by 
the parametric equations »=/,(«). |*A». Writin 8 of *> w# 

get 

(5) ®=/i(*fo ~ *0 o — *£)* 

which has the required property. 

Thus in the case of the ellipse ®=o cos J, y=b sin t, we get 

s=(a cosh f 0 - 6 sinh &) cosh {+ (6 cosh sinh f 0 ) «“h £> 
which reduces to the standard elliptic coordinates by taking o=ocoshf, 

Theforegoing remarks embody a principle whose general application ij not 
confined to the particular mode of coordinate expression here used to illusjfate 

6-41. Theorem of Blasius. Let a fixed cylinder be placed in a liquid 
which is moving steadily and irrotationally. Let X, Y and M be the com- 
ponents along the axes and the moment about the origin of the pressure thrusts 
on the cylinder. Then, neglecting external forces, 

Jt / t i « 


x - iY = iif \S)' k 

, , f (dw\* 

M = real part of \^J iz < 


where • is the complex potential, p the density, and the integrals are taken 

round the contour of the 
cylinder. 

Proof. For the action on 

the arc <fs at P we have 
dX = -pdy,dY = ph, 
dM = p(xdx+ydy). Thus 

(1) d{X-iY) = -ipdS, 

(2) dM = real part of pzdi. 
From the pressure equa- 
n, ' 

(3) p = a-\pf, 

Pio. 6-41. where a is a constant. 

HitiM. a constant pressure can have no resultant effect, we can take 

d(X-iY) « i y J Ji, dM « real part of 
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But on C, $ = constant and therefore dw = dm, so that 

d(X-iY) « bpi^j (2M = real part of - \pz , 

and the theorem follows by integration round C, q.k.d. 

It is sometimes convenient to write 

where N is the imaginary part of the integral 

When the motion is not steady the pressure equation contains the term 
p tyfit, and therefore to the expressions for the force and moment we must 
add 

\*4 ii 

Now on the cylinder ^ is an instantaneous constant, say c(<), and therefore 

Thus the above expressions for X-iY, M+iN are increased by the 
respective terms, 

. dL,. af,_ 


-’sj 4 


[w+ic{t)]zdz. 


The theorem of Blasius in the form just enunciated refers to integrals 
round the contour of the cylinder. This contour can be enlarged to any extent, 
provided that we do not pass over any singularity of the integrand. Such 
singularities can only occur in hydrodynamics when the fluid contains sources 
or vortices. We shall deal with these matters later. At present we shall make 
some simple applications of the theorem to cases of streaming. 

In the case where the cylinder is in uniform motion in liquid otherwise at 
rest the forces can still be calculated by the theorem of Blasius, for the dynami- 
cal conditions are unaltered if a uniform velocity equal and opposite to that of 
the cylinder is superposed in the whole system. The cylinder is then reduced 
to rest and the liquid streams past it. 

We can also obtain formulae in terms of the stream function which exists 
even when the motion is rotational. In fact, using 5*33 (1), 

w -a! 

and therefore, taking a=0> in (3) we have 


(5) % Ji* 

Now 2) is constant on C and therefore 

(6) st 0 on 0. 



jyq theorem or blrstos 

ComWnmg(l),(2),(5) > ^(6)weh»ye 

n z-w~*L(D* 

further observe that, although # is a fuuotion of both * and i, oa 0 the variable 
I is a function of *, and therefore by first eliminating i, the residue theorem, and 
change of contour may be applied to (7). 

$42. The action of a uniform stream on an elliptic cylinder. Re- 
ferring to 6-33, we see that the complex potential is of the form 
w as cA cosh (J-io)» 1 = 0 c °sll 

where c4 = #(»+&)> Jo = &+**• 

The force and moment on the cylinder are given by the theorem of Blasius. Nbw 
dw _dw , dz_ isinh(J-Jo) 

dz~l£*dl~ sinil £ 

= A ^cosh { 0 - sinh J 0 

We shall integrate round a circle, enclosing the cylinder, whose radius is so 
large that dw/dz can be expanded in a convergent senes of powws of 1/s. The 
only contributions to the integrals will then arise from the coefficient of 1/ 
the integrand (5*57). Then 

— 1 A ■!*,,, 

& 

dw .( , Osinhy \ 

andtherefore fc~ A { ~ 2s* 7 

/<Jw\* _ jtL-e. e * e ~ t, 8 inh j» + V 

sothat y s* / 

Hence Z-*7 = 0, or X = 0, 7 = 0, and 

M+ilf =-lpx 2 ir»(-c*xf*e- l, sinh{,) = IwpcM^l -«-*•) 
= J* np c‘4 , (l-e- ,h (cos2«-»sm2«)). 

Therefore M = -w^i’e^sin.cosa. 

Hence M = -wp(o*-6 , )l7 , sin«cos«. . 

The negative value indicates that the cylinder is acted upon byaeoujJ. 

which twids to set it broadside on to the strewn. An inspectom of fig. «•» 

shows the reason for the existence of this couple, for the stagnation points or 
points of maximum pressure are asymmetrically situated. 

^ The result is typical of any elongated body in a stream, and affords an 

explanation of the behaviour of a boat drifting in a stream. 

We note that the couple vanishes if a = 6, the case of a circular cylinder 
as is indeed obvious. 
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The couple also vanishes if « = 0, that is, if the major axis of the ellipse 
points upstream. The slightest deviation from this orientation of the major 
axis calls the disturbing couple into play, with increasing moment until a = $rr. 
Thus an elliptic cylinder with its major axis pointing upstream is unstable. 
This phenomenon is well exemplified in the case of a ship which needs the 
continual attention of the helmsman to maintain the course. 

The couple also vanishes when « = Jtr, that is, when the cylinder is broad- 
side on, but this position is stable, for a deviation from it calls into play a 
restoring couple whose moment increases with the deviation. 


6*50. Coaxal coordinates. Let 4, B be the points (c,0), (~c,0) 
respectively. Taking the z-axis as initial line and A and B for poles, the 
coordinates of any point P m(r lt 0 X ), (r, , 0,) respectively. The numbers r x , r s 
are the bipolar coordinates of P. 

If P describes a circle passing through A and 5, then lAPB = 0 X ~ 0 t ia 
constant. Such circles form a coaxal system. The orthogonal system has A 
and B for limitiilg points, and when P describes a circle of this system rjr^ is 
constant. 


Writing 

£ = 0,-0,, ij = log (r^r,), 
we have 

ij - 1 £ = log (r, e tf *) - log (r, e** 1 ). 

j z+c 

and so = — . 

Z~C 



If { = £+% this gives 


( 1 ) 


e-« = 


z+c 

z-c 


Fig. 0*50 (i). 


The position of a point P is fixed if we know in which quadrant it lies, and 
the constant values on £, rj on the circles which pass through it. Thus, just as 

we introduced elliptic coordi- 
nates, so we may appropriately 
call the ( t ij, defined by (1), 
coaxal coordinates. 

Prom (1), we get 

% e^+l . , iy 
= *cot|{, 



r«-l 


so that 
( 2 ) 


s teoot JJ, 


which ms 
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The curve £= constant is a circle whose centre is the point (0, c cot {) and 
whose radius is c cosec £. 

The curve rj ^constant is a circle whose centre is the point (c coth rj, 0) and 
whose radius is c cosech rj . 

Since z = - iccot we get 


? = l(cotiJ-cotK), ? = ^ 


(cotiJ + COtJO. 


Since 2 sin $£ sin $ \ = cos irj - cos £ = cosh rj - cos £, we conclude that 

y sin | 


cosh 17 - cos £ ’ c cosh 7) - cos £ ’ 

On the real axis £ = 0, except for points between A and B for which £ 
Observe that £ <ir when y>0 and that if £ = £ 0 on the arc of a ciri 
through AB for which y> 0, then £ = £ 0 +tt on the arc of the same ciri 
for which y<0. 

At infinitely distant points Pi, PB are parallel, and PA = PB nearly. 
Thus 0, when P-> co , and £-> 0, or £->• 2rr, according as y> 0 or y< 0. 

At A and B, rj is infinite. 


Ml. Flow over a ditch or mound. The complex potential 

cot-, 2 = iccoti£, 
n n 

where n is real, makes \ft = 0, when £ = 0 and when £ = ^m } for in both these 
cases w is purely real. 



Thus w gives the flow past a boundary which consists of the arc of a circle 
through i, B on which £ = mr/ 2, and the part of the ®*axjs which lies outside 
boundary. 


6 * 1 ] m 

To find the velocity, we lave 


HOW OVHB A DITCH OS MOUND 


iw dwi£ 

u ~ Ws ~It = ~Hdz 


i? TT 

\ srn- 
\ n 


at infinity ®* 

u-iv-+-U, 

$o that there is a uniform stream. Again 


16P* /sinK^KX 2 l»g/ coshg-cosj 


sin- sin- 
n n 


, 2t) 2 ( 

cosh --cos — 
n ft 


As we approach 4, ij- • « and 

«s - K 1- *)' nearly. 

. 1 n* 

Thus if n< 2, ?-+0, and if «>2, ?-+»• 

If »<2, we have a mound and the velocity is everywhere finite. If n = 1 
in particular, we have a semicircular mound and the problem is the same as 
that of the flow past a circular cylinder (see 6-22). 

If n = 3, we have a semicircular ditch with infinite speed at 4 mdji. 

At the bottom of this ditch , « 0, { « W Hence the speed is 2U/9. 

We may also observe that when n < 2 the same complex potential gives 
the flow past a cylinder whose cross-section consists of two equal circular 
segments on opposite sides of a common base, for such a flow is clear y sym- 
metrical about the plane of the common base. 



Fig. 6*51 (ii). 

Kg. 6-51 (ii) illustrates two such cross-sections. The circular cylinder is 

intermediate between these cases. • 

If we impress on everything a uniform velocity V(v = -Vz)h om left 

right, we get , 

w _ p_cot--P«cot| 
n w 6 



m XLOW OVER A DITCH OR MOUND N* 

for i he complex potential when a cylinder of such cross-section motes in the 


2f7c /. t . 

10 = — t cos a cot - + sin a cosec 
n \ n 


9 


stream 

(-Z7cos a, - 17 sin a). 

For f ss ±nw/2 makes real and so 0=0, while 

-dwjdz -+ - 17 cos a+ iZ7 sin a when J 0. 

6*51 Flow past a cylindrical log. The flow past a mound, discussed 
in the preceding section, may be made to yield the flow past a log by allowing 
the points A, B to come into coincidence. \ 

The radius a of the circle at whose circumference AB subtends the angle t 
« • 1 ' 


2a = 


A 

sin£’ 



In the case of the mound, £ = mr/2, and therefore 

c 

Mr* 


( 1 ) 


a = ■ 


( 2 ) 

( 3 ) 


sin 


z = iccot 


Mi l 
cot-, 
n n 


Now, when 4 approaches B, c-+0, and therefore n-*Q from (I), and 0 
from (2). Hence when e is very small (1) and (2) give 


Jc 

’tor' 


z SB 


2ic 

r 


Substituting in (3), we get w = iarrU cot — = airV coth — 

2 2 

for the complex potential of the flow past s cylindrical log of radius a. We 
readily verify this result as follows. Since 

w = j>+uj) = ojrPooth^^-^^j , r* * s’+y*, 

when y = 0, m is real, so that ^ = 0. 
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When ^ s | , w is also real, so that again 0 = 0. 

Thus the streamline 0 = 0 consists of the real axis y = 0 , and the circle 
= 2oy. 

Again, for large values of | z |, 

% 

w = ami] x — = Uz. 
am 

Hence there is a uniform stream at infinity parallel to the real axis and 
from right to left. 

To find the speed, we have 



On the cylinder, r % = 2 ay, and therefore 


On the plane, y = 0, 


gyp* 

4 y ! coah* ~ 


J* = 


aW 


1,4 sinh 4 — 

X 


4*53. Cylinder in a tunnel. If 

tfl = - *c£, 2 = tCCOt$£, 

then ^=-k£, 0 = — /07, 

and ^ is constant when 77 = constant, 
while if> decreases by 2wc when we 
go round one of the circles tj = constant. 
It Mows from 3*71 (2) that the potential 
represents the flow due to the circula- 
tion * 2rr#c about a cylinder ij = en- 



* Note that the region is doubly connected (3*70). 
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dosed within a cylinder rj = ij t (cylinder in a tunnel). Eliminating {, we obtain 

ic %z 

z = ~wcot~, w = 2k cot" 1 -, 

2 k c 


whence -r = 


2mc we w 


2 - 1 - 0 * 2--0 Z+C 

Thus, by the theorem of Blasius, the force on the inner cylinder is given by 

2 


X ~' ¥ = 2 \~* ((*-«)• " (*-#+«) + (*+«)*) 


dz 


-#+C)>+c)V 

2 Jc\s-c z+c) 2c lc 

Therefore X = -ra 2 p/c> 7 = 0, \ 

and the resultant fluid thrust therefore tends to increase the distance between 
the axis of the cylinder andlthe axis of 



An interesting case occurs when the 
radius of the circle ij 2 becomes infinite, so 
that this circle coincides with the radical 
axis. We have then the case of a cylinder 
whose axis is parallel to a wall. The 
cylinder is urged towards the wall with 
the force 

7 TK 2 p>c. 

Drawing the tangent 0?, we have, since A is a limiting point, 
d = 0i 2 = 0?* = 0C 1 «-o 2 = A 2 -a 2 , 
where h is the distance of the axis from the wall and a is the radius. Hence 
the force is 


Fio. 6-53 (ii). 


(A 1 -* 2 ) 1 




EXAMPLES VI 

L In the case of liquid streaming past a fixed circular disc, the velocity at 
infinity being u in a fixed direction where u » variable, show that the force neces- 
sary to hold the disc at rest is 2 mdujdt where m is the mass of fluid displaced bj 
the disc, 

2* Prove, or verify, that the velocity function 


s a streaming motion past a fixed circular cylinder. 

’ The pressure at infinity being given, calculate the resultant fluid action per un 
length on half the cylinder lying on one side of a plane through the axis and parall 
to the strata*. (E.N.( 



EXAMPLES VI IT 

8. liquid flows steadily and irrotationafly in two dimensions in a space wit 
:ed boundaries, the cross-section of which consists of the two lines 0 * iff/1 
d the curve t* 5 cos 60 » V. 

Prove that, if F is the speed of the liquid in contact with one of the plan 
fundaries at unit distance from their intersection, the volume of liquid whin 
ses in unit time through a circular ring in the plane 0 - 0 is 

iffPa*(o 4 + 12a* c 8 *^), 

here a is the radius of the ring and c the distance of its centre from the intei 
ction of the planes of the boundaries. 

4* Sketch the streamlines represented by « Az 2 , and show that th 
>eed is everywhere proportional to the distance from the origin. 

5. Discuss the motion represented by w = } £7a 8 /z 2 , and show that the stream 
les are lemniscates. 


8. If w* m 2 1 - 1, prove that the streamline for which ^ « 1 is y* (1 4-z 1 ) » r 
egarding this as a fixed boundary, show that the motion is that of a uniforr 

r ,m flowing past the boundary. 

7. Verify that the streaming motion past a solid bounded by 
. (*+l)*+y*«2, (s-l) 2 +y*«2, 

m the stream is asymptotic to the y-axis, iB given by 


-Vy\ 
+ - -p[- 


i JL 2 2 ; 

+ z 2 + y* + (a + 1 ) 2 + w* + (x - 1 ) 2 + y* 


» 2 (^ 1 , 
a^+y 2 (r+l) 2 +y 


2(x- 


j 

i) • 


8. Trace the streamline along which ^ « 
5 in the two cases : 


0 and <j> diminishes from +oo to 


(i) z 2 - toifi ; 

(ii) z - (w-l)t+(w+l)*; 

indicate roughly the form of the streamlines for which 0 has a positive value. 
8. If to* » V 2 (z 5 +c*), obtain the equation of the streamlines in the form 


y 2 - ^[[7*(^+c*)+^]/^(f7 , ®*+^) > 


show that this gives the flow of a wide stream of velocity U past a thin obstacle 
bgth c projecting perpendicularly from a straight boundary. (R.N.C.) 

Q. By considering the transformation z « J +o*/{ applied to a stream flowing 
hrelocity U past a circular island r * c in the z-plane, obtain the corresponding 
Ion for the stream of the same velocity flowing past an island of the shape 
I by a branch of the curve 


(** + y*) 1 + o 4 + 2a*(r* - y 1 ) - c*(®* + y*) •» 0. 


j% this curve for various values of the ratio a/c and discuss the physical 
udnce of the resultB obtained. 


t in the steady two-dimensional motion of an incompressible fluid given 
f(z), prove that, if p 0 is the pressure at a point where the speed is F, the 
ipt force (X> Y) exerted across any arc AB of a streamline by the fluid on 
of AB upon the fluid on the left is given by 

+ (Po + ip? 8 ) {to - Va)} - V - (p 0 + ip 72 ) (*b - H)} - 
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where the integral on the right-hand side is taken along any arc reducible to AS 
without passing over a singularity in the fluid. 

A cylinder of radius a is placed in a stream of velocity F and pressure p 0 at 
infinity. Show that the resultant thrust (per unit thickness) on a quadrant of the 
cylinder between 8 ■ 0, 8 - ir/2, where 8 - 0 points upstream, is given by 

J-at-po+ipP], y«a[-p 0 +tpP). (R.N.C.) 

15. Apply to the motion of a uniform stream, given by the complex potential 
v m Uz, the successive transformations 

(o + 6) ! , oa-6 1 

Hmh , t «,-*,+- sr 

and show that the two-dimensional motion in the z l plane corresponds to an 
elliptic cylinder fixed in a uniform stream making angle « with the major axisJ 
Prove also that the argument of z t gives the eccentric angle of points on the ellipse! 

Prove that the pressure on the surface of the elliptic cylinder is least where the! 
eccentric angle 8 is given by 1 

a* tan 8 + 6* cot a. « 0. (R.N.C.) 

18. If the two-dimensional motion of a fluid is given by tr - /(*)> where 
w • z » x+iy, obtain the form of the function/ in the case of a stream of 
velocity F in a direction making an angle a with the axis of x, flowing past a fixed 
circular cylinder « a*. 

By the use of the transformation z' - z+c*/z (c<o), or otherwise, find the 
solution for the same stream flowing past a fixed elliptic cylinder 
x 8 sech* 0+y* cosech* jS - 4c*, 

where j3 - log a/c, and calculate the torque tending to turn the cylinder about 
its axis. (U.L.) 

14. With the usual notation, show that for liquid streaming past an elliptic 
cylinder in a direction parallel to the minor axis the stream function is 
0 « -Fce&sinh(f-&)cosi?. 

Hence Bhow that for a stream of velocity Q in a direction making an angle 8 
with OX the stream function is 

^ - Qc e*» mix (f-{ 0 ) sin (rj -0). 

16. The elliptic cylinder ( - f 0 is placed in a stream V parallel to the major 
axis. Prove that the Bpeed q at any point is given by 

.a _ TT8 g+fcsinh l (f-f 0 )-hsin l q 
T smh'f+sin^ * 

and that it has the maximum value U(a+ b)ja at the end of the minor axis. 

16. The velocity resolutes at distant points in an infinite liquid which streams 
past an elliptic cylinder are - F cos ft - F sin J8 parallel to the major and miner 
axes respectively of the cross-section, and there is a circulation of amount * about 
the cylinder. Find the force and couple resultants, per unit thickness, exerted 
. by the fluid on the cylinder. 

17. Show that 

where z * P)oosh(f+»q), 

gives the solution of the problem of flow of a stream of velocity V past a fixed 

elliptic cylinder of semi-axes a, b, whose major axis is parallel to the stream, there 
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being a circulation 1 round the cylinder. Find also the resultant thrust on the 
cylinder. (R.N.CJ.) 

18. Liquid of density p is circulating irrotationally between two confocal 
elliptic cylinders £ - a, £ » j 8 where 

x+iy «« c cosh (£+ 117 ). 

Prove that, if k is the circulation, the kinetic energy per unit tbiftlmumm is 
/>&*(/? -a)/87r. 

19. If x+iy - (£+♦*?)*, the streaming motion with velocity U parallel to the 
axis past the parabola £ =£ 0 is given by 

^ - 2U (£-£ 0 )t?. 

80. Prove that v? « % gives the motion in the space bounded by two confocal 
and coaxial parabolic cylinders. 

81. Homogeneous liquid streams past the infinite parabolic cylinder 

cos (d/ 2 ) = a^, 

the velocity at infinity being V in the positive direction of the axis of x. Prove 
that the velocity potential is 

-Frcos 0 + 2 F<jM coa (0/2) 

and that the resultant thrust on the cylinder per unit length iB npaV*, the pressure 
at infinity being taken to be zero. 

88 . Prove that the formula 


<fi+ufr « iklog[{z+iy-c)l{x+iy+c)], 

in which h is real, gives the irrotational motion of fluid circulating about two fixed 
circles, the circulations being % rh for one and - 2irh for the other. 

Determine the motion obtained by applying the transformation 
x'+iy' m a'Kx+iy-c), 

where a is real, obtaining the boundaries of the region in which it takes place. 

(U.L.) 

88 . In the case of flow past a log of radius a lying on the bed of a deep stream, 
show that the difference in pressure at the highest and lowest points of the log 
is 77 A p D r */82, where U is the velocity of the stream. (M.T.) 

84. Using co&x&l coordinates, verify that 


gives a uniform Btream if n ■ 2 and the flow past a circular cylinder if a ■* 1 . 

85. Homogeneous incompressible frictionless fluid occupies the region bounded 
by the plane x 0 and the cylinder {x - 6) 2 + y* * a 2 , where 6 >a. The fluid 
is streaming with the general velocity V in the negative direction of the axis of y. 
Prove that the motion is expressed by the equation 

f 1 ,_r ^ 

-iVz+2iV a >z\S-» 

f “0 

- b-a*l(b+x n . i). 


whe» t m - b, i. 
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AEROFOILS 

7*10. Circulation about a circular cylinder. Consider the oomple 
potential 

(1) «> = wclogj 

where k is real. 

On the cylinder \z \ = a we have z = oe tf . 

Hence w = -k0, so that tfi = 0 and (f> = -k$. 

Thus the cylinder is the streamline ift = 0 . 

Also, if we go once round the cylinder in the positive sense, $ change 
into Q+2it and therefore <f> decreases b) 

2 me. 

Thus, as appears from 3-71 (2), there 
is a circulation of amount 2™ about the 
cylinder. More generally (1) gives 

f 

(f> = -k9, = k log - > 

so that the circulation is 2 ttk in ever} 
circuit which embraces the cylinder once 
(see 3*71), and the streamlines are con- 
centric circles whose centres are on the 
axis of the cylinder. 

Dejmitm. When the circulation in a circuit is 2 me, we shall call k the 
strength of the circulation. 

The object of this definition is to avoid the constant occurrence of the 
factor 2ff in the analysis. 

In the present case 

jty M k 
-fr- 0 ' ~rd$~r’ 

to that k it the speed at unit distance from the origin. 



in = « log z -« iocs. 
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and since the addition of a constant to the potential has no physical effect, 
we can, if we like, work with the complex potential tic log z, and indeed this is 
often convenient, in spite of the apparent lack of consistency in the physical 
dimensions, and we see that k is still the speed at unit distance from the origin* 
The effect of dropping the constant is merely to make the boundary of the 
cylinder the streamline 0 = k log a instead of 0 = 0. 

It is very important to realise that the motion here described is indeed 
irrotational in the sense that the vorticity is zero. In fact the vorticity is 
(see 4-20) given by 


= = 2 +®? 1.1 ;0 
t dn r dr r 2 r 2 


711. Circulation between concentric cylinders. The complex 
potential w — ik log z will also apply to the circulatory motion of liquid 
between two concentric cylinders, for the stream function 0 = k log t is 
constant on the cylinders r = o, r = b. 

The possibility of cyclic motion in the case considered here and in the 
preceding section is due to the fact that the region occupied by the fluid Is 
doubly connected (see 3*70). 

7-12. Streaming and circulation for a circular cylinder. The 

streaming motion past a circular cylinder of radius a is given by the complex 
potential 

v K)- 

The circulation of strength k about the cylinder is given by 
ik log ~ . 

Combining these motions, we obtain the complex potential 

(1) w = V ^z+^-j + toclog^, 

and the cylinder is still part of the streamline 0 = 0, for, putting z - ae a f 
we find that w is real and therefore 0 = 0. 

To find the general form of the streamlines, we first investigate the stagna- 
tion points given by 

‘—(-SftJi 1 - oW)' 

We must now distinguish the cases 

#c < 2o7, k =t 2o7, k > 2 aV. 
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Case I If k< 2 oF, put = sin j3. Then 2 = o( sin J3 ±cos 0), 

so that the stagnation points lie on the cylinder and on a line below th 
centre parallel to the real axis. 



Fig. 7*12 (i) shows the stagnation points A , B, the interpretation of the 
angle j3, and the disposition of the streamlines. 

The general effect of the circulation is to increase the speed of the fluid at 
points above the cylinder, and to diminish the speed at points below. Thus 
the pressure above is diminished and the pressure below is increased, and 
therefore there will be an upward force on the cylinder in the direction oi 
the y-axis. 

The stream function 0 = Fy ^1 - ~ j + k log £ 



is unaltered when -x is written for x and therefore the streamlines are 
symmetrical about the y-axis, so that there will be no resultant force in the 
direction of the x-axis, i.e. no resistance or drag, 
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When the circulation is zero we have seen that the stagnation points ] 
on the aHuds. Another effect of the circulation is thus to move these pom 
downwards. 

Case II k = 2oF. In this case j8 = w/2 and the stagnation points coi 
cide at the bottom, C, of the cylinder, fig. 7*12 (ii). 

Coselll *>2aF. Put ^~ = cosh]8. Then 

z = ai(- cosh jS ±smh jS ) = - aie* or - aie~*. 



Calling these z lf z 2) we have 

I *i «s I = «*• 

Thus the stagnation points are now inverse points on the imaginary axis, 
and one is therefore inside the cylinder and does not belong to the motion 
considered. 

At the stagnation point the streamline cuts itself, necessarily at right 
angles (see 4-6), and the fluid within the loop thus formed circulates round 
the cylinder, never joining the main stream. 

To find the pressure at points on the cylinder, we have 

dz ~ v a 

Hence q l = ^2F sin0+-^ > 

*nd therefore ? = ii + J7»-l(47 > 8in*«+- i +— -sinSj . 

0 0 \ “ 
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and the components of thrust on the cylinder due to the pressure are * 



Jo Jo 

When 0 is replaced by 6+tt, the only term in the expression for p whi< 

changes is the last. Thus the pressures at diametrically opposite points are 

2kV 2kV 

Pi — — p sin 0, psin0, 

whei £! = - + iF»-27 a 6in>0-^ 

r r — 

The pressures p t have clearly no effect for they cancel one another. There 
foi 

X = 2 kV p\ sin 0 cos 0di Y=z2kVp\ sin *0d( 

JO «v 

whence X = 0, Y = 2wcpF, 

and therefore the cylinder experiences a force 2 mcpV, tending to lift it at righ 
angles to the main stream. This force is usually called the lift. 

The calculation of the lift is, even in this very simple case, greatly facilitatec 
by using the theorem of Blasius. Fo: 

i-ir = M,J(F + i 

taken round the contour of the cylinder. The only pole inside the contour is 
z = 0 and the residue there is the coefficient of 1/z in the integrand, which is 
at once seen to be 2*F k. 

Hence, by Cauchy’s residue theorem, 

X-iY = \ip x 2m x 2%Vk = - i . 2rrpF/c, 

so that X =s 0, Y as 2wcpF, as before. 

The advantage of the theorem of Blasius lies in working with the single 
variable z and the elimination of irrelevant terms by the residue theorem. 

7*13. Uniform shear (low. Let the z-axis be horizontal, say on ground 
level, and the y-axis vertically upwards. The velocity distribution 
(1) u * - wy t v sa 0, m constant 

^ is one in which the speed decreases as the ground is approached ; the cross 
gradient is dujdy = -<*>. This type of velocity distribution is frequently ex- 
hibited by natural wind, and is known as uniform shear flow. The vorticity is 
dvjdz- dujdy « m. Thus uniform shear flow has constant vorticity and thia 
enables us to give a more precise definition. 



UNIFORM SHEAR FLOW 
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Def* Flow with constant vorticity is called mifbm shear flow. 

For flow with constant vorticity «, 4*40 (6) and 5*33 combine to give for the 



and so by successive integration 

(2) ^ =/(*)+/(*)+ 


function is fa = \mz superposed on an irrotationalflow whose complex potential 
is 2 if(z). 

As an example suppose flow past the circular cylinder of 7*12 has the shear 
flow ^ 0 =Jo>zz superposed. The complex potential for the irrotational flow is 
given by 7*12 (1) and therefore (2) above gives 


whence 


=s V (z - z) + Fa 2 ^ 1 j + %k log zz+\iwzz. 


„ ik .. m Va* 
2t~- = } +-+hu)Z — r . 
dz z * z 2 


To find the force on the cylinder we use 6*41 (7). On the cylinder zz=a 2 or 
z=a 2 /z and therefore 


o ,-ty _ y ! jfr+jgg) 

3z z 


Fa 2 

z 2 


and so from 6*41 (7) 

.X-iF = - 2tpx 2tri x residue of (fy/dz)* at z = 0 
s -2ir/»(ic*f 4wo 2 )F, 

so that the lift is increased by the shear flow if w/k is positive and is decreased 
if w/k is negative. Observe that shear flow gives rise to lift even in the ahsence 
of circulation. 


7*20. The aerofoil. The aerofoil used in modem aeroplanes has a 
profile of the “ fish ” type, indicated in fig. 7*20. Such an aerofoil has a blunt 
leading edge and a sharp trailing edge . The projection of the profile on the 
double tangent, as shown in the diagram, is the chord . The ratio of the span 
to the chord is the aspect ratio . 

The camber line of a profile is the locus of the point midway between the 
points in which an ordinate perpendicular to the chord meets the profile. 

The camber is the ratio of the maximum ordinate of the camber line to the 
chord. 

It is proposed to outline the dements of the theory of the flow round such 
an aerofoil on the following assumptions : 
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(1) That the air behaves as an incompressible inviscid fluid. 

(2) That the aerofoil is a cylinder whose cross-section is a curve of the 
above type. 

(3) That the flow is two-dimensional irrotational cyclic motion. 




Dimtion of flight 


The above assumptions are of course only approximations to the actual 
state of affairs, but by making these simplifications it is possible to arrive at 
a general understanding of the principles involved. There is a considerable 
and increasing literature on this subject which cannot even be outlined here. 
Our purpose is merely to give an introductory view of the simplest aspects of 


It has been found that profiles obtained by conformal transformation of a 
circle by the simple Joukowski transformation (see 6-30) make good wing 
shapes, and that the lift can be calculated from the known flow with respect 
to a circular cylinder. There are two ways of approaching this type of 


(а) By transforming a given circle. 

(б) By enquiring what circle would give rise to a given profile previously 
drawn. Naturally, the inverse process of (6) is more difficult. We shall confine 
our investigations to the process (a). To this end we shall consider the trans- 
formation of 6*30 in more detail. 

7*30. Further investigation of the Joukowski transformation. 

The transformation 

, i 1 

z = 

regarded as mapping the (-plane on the 2 -plane, is equivalent to the successive 
transformations 

fc-J. * = {+{»• 



7‘88] FUBTHEB INVESTIGATION Of tm JOUKOWSKI TBANSPORMATION 187 

Given { and (t, the second of these reduces to simple addition on the 
Argand diagram. Let us then consider how to obtain when { is given. 
Writing 

p 

we have J, = -e** 5 . 

r 

The points P({) and P 1 {£ 1 ) are shown in fig. 7*30. 

If we draw P X P perpen- 
dicular to the real axis to meet 
OP at F, we see that 
OP' * OP x = P/f, 
and therefore 

OP.OP' = P. 

Thus P and P' are inverse 
points with respect to 0, and to 
obtain P x we therefore first find 
the inverse point F and then reflect OP' in the real axis, thereby obtaining 
the position of P x . 

Finally, to obtain the point z, we add the complex numbers represented 
by the points P, P x by completing the parallelogram OPJtP. The fourth 
vertex R then represents z and the transformation is complete. 

Now in the problem to be treated here P will be made to describe a circle. 
The point F will then describe the inverse of this circle, which will be shown 
to be another circle, and P 1 will therefore describe a circle obtained by reflecting 
the locus of F in the real axis. We shall now investigate a geometrical con- 
struction for finding the locus of P x . 

7*31. Geometrical construction for the transformation. Let C be 

the centre of the given circle, cutting the real axis at A , B where OB = i. 

Let P be any point on the given circle, F its inverse with respect to the 
circle centre 0, radius I, that is to say the point on OP such that 

(1) 0P.0F = l* = 0B*. 

Let PO cut the circle again at Q and draw FC f parallel to CQ to meet 
CO at O'. 

We first prove that the locus of P' is a circle whose centre is C t . 

Proof. Since A0B t POQ are chords of a circle intersecting at 0, 

(2) OP.OQ = 04 .OB. 



Dividing (1) by (2), 


OF OB 
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Now the triangles OFC\ OQC are similar since FF is parallel to QCL 
Therefore 

OF FF^OF OB 
OC ~ CQ ~ OQ OA' 

Since OF : OC is constant, F is a fixed point. 

Since CQ = a, the radius of the given circle, and FF : CQ is con- 
stant, it follows that FF is of 
constant length. 

Therefore F describes a circle 
whose centre is F. Q.E.D. 

Since OB = 1, the point B is its 
own inverse, and therefore the locus 
of F passes also through B. 

Since 

OF OB 
OC OA 

the triangles OAC, OBF are similar 
and similarly situated. It follows 
that BC\ CA are parallel, and there- 
fore 

lABF = lBAC = lCBA. 

Hence BF and BC are equally inclined to the real axis. If, therefore, we 
reflect the circle which is the locus of F in the real axis, we shall obtain an 



Fra. 7*31 (U). 


equal circle whose centre D Has on BC and which & This is 

the required circle, the locus of P, the reflection of F 
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Since B lies on the line of centres CD, the two circles must touch at B. 

Since OC' and 00 are equally inclined to Oy, and since OB is the reflection 
of OC\ it follows that OB and 00 are equally inclined to Oy. This remark 
enables us to find D and draw the circle without any difficulty. The con- 
struction of the point R, representing i = { + P/J, is then finished as described 
in 7*30. 

Fig. 7*31 (iii) shows an aerofoil section sketched through points obtained 
by drawing radii vectores at 30° intervals. Corresponding points on the 
aerofoil and the circle bear the same number. 



Fig. 7*31 (iii). 


Aerofoils obtained by this construction are known as Joukowski aerofoils. 
They have a blunt nose and a sharp trailing edge corresponding to the point 
B on the circle. 

7-3L The nature of the trailing edge. The transformation 

* dz P 

«=:{+£ gives ^ = 

so that dzJH vanishes at the point { = - 1, { = 1, and therefore the representa- 
tion ceases to be conformal in the immediate neighbourhood of these points. 
The point [si, being inside the circle, transforms to a point inside the aerofoil 
and need not be considered further. The point { = - 1 transforms into z = ‘-21, 
the trailing edge. The transformation can be 'written 

*+2J /j+iy 

nric-u 


( 1 ) 
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17-82 


In the neighbourhood of £ = - 1 and z = - 2Z, put 
J = -Z+re", z = -2/+sc^, 
where r and 5 are infinitesimal. Then, approximately, 

-4J® 4Z* * 

and therefore x +77 = 20. 

In moving round the point B, 8 increases by ir, and therefore x increases 


It follows that the two branches of the aerofoil touch one another at the 
trailing edge, which is therefore a cusp. 

A generalised form of (1), namely 


<*> pS-GiiT- 

is also used in design work and gives rise to a class of curves known as K&rm&n* 
Trefffcz profiles. Using the same notations, we find 

X+i r = n8, 

so that if n = 2--, the increase tt of 0 at 5 gives for \ the increase 2 tt-A 

IT 

and the trailing edge has now two distinct branches intersecting at the angle A. 



which is available when » = 2. 


7-40. Joukowtki’i hypothesis. If j is the speed at the point B of the 
cylinder which transforms into the trailing edge of the aerofoil, and j' the 
corresponding speed at the trailing edge, we have, from 6*03, 



iw <ZJ 

,3£ <fe 




Now we have seen that at the trailing edge dz/d( a 0, and therefore <{ will 
be infinite. Thia coold be avoided if B were a stagnation point so that } = 0. 
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An inspection of the position of the stagnation points, discussed in 7*12, shows 
that, by proper choice of the strength of the circulation *, the stagnation 
points can be placed anywhere on the lower half of the cylinder so that B can 
always be made a stagnation point. 

Joukowski’s hypothesis is that the circulation in the case of a properly 
designed aerofoil always adjusts itself so that £ is a stagnation point and the 
velocity at the trailing edge is finite. This condition * appears to be satisfied 
with reasonable exactness within the working range of well designed aerofoils. 

The physical explanation of the origin of the circulation is probably some- 
what as Mows. (See also Plates 2, 3.) 

When the motion is just starting, i.e. for low velocities of the airstream, 
the flow is ordinary streamline flow, with the stagnation point just ahead of the 
trailing edge on the upper surface 
of the aerofoil. As the speed in- 
creases, even with small viscosity, 
the viscous forces increase and the 
air is no longer able to turn round 

the sharp edge and a vortex is _ 

„ , r ^ Fig. 7*40 (i). 

formed. 

Since the circulation in any circuit large enough to enclose the aerofoil and 
the vortex was zero to start with it must remain zero, and so a circulation now 
exists round the aerofoil equal and opposite to that of the vortex. The vortex 



Fig. 7-40 (ii). 


gets w ash ed away downstream, and when the steady state iB reached the 
circulation round the aerofoil remains. 

7-45. The theorem of Kutta and Joukowski. An aerofoil at rest in a 
uniform wind of speed F, with circulation K round the aerofoil, undergoes a 
lift KpV perpendicular to the wind. The direction of the lift vector is got by 
rotating the wind velocity vector through a right angle in the sense opposite to 
that of the circulation. 

Proof. Since there is a uniform wind, the velocity at a great distance from 

* Behind the aerofoil there exiite a vortex wake which causes the measured circulation to he 
lea than that given by Joukowskfi hypothec. The effect of the wake increases with iaereaiing 
eagle of attack. 
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the aerofoil must tend simply to the wind velocity, and therefore if [ z | is 
sufficiently large, we may write 


( 1 ) 


dw Tr . A B 
-T=-P e +- + !+••■• 

dz zz % 


where a is the incidence or angle of attack, fig. 7*20. Thus 


> = Ve Ut z-A\ofiz+-+ 
z 




for log z increases by 2n when we go once round the aerofoil in the positive 
sense. From (1) and (2) we get 

is, 

\dzj rrz 477*2* 

If we now integrate round a circle whose radius is sufficiently large for the 
expansion (3) to be valid, the theorem of Blasius gives (see 6*41) 


X-iY m 1 ip x 2m (~^j = - iKp Vtfi, 
so that, changing the sign of t, 


(4) X+iY = iKpVe-* = KpVe«i*-*\ 

Comparison with fig. 7*45 shows that this force has all the properties stated in 
the enunciation. q.ejd. 

Notes, (i) The theorem was discovered by Kutta (1902), and independently 
by Joukowsld (1906). 

(ii) The lift is independent of the form of tire profile, 

(*ii) theory gives no drag since we have taken no account of the wake or 

ofvisoosity. See 19*74. 
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(iv) If the aerofoil is regarded as moving in air otherwise at rest, the lift is 
got by rotating the velocity vector of the aerofoil through a right angle in the 
same sense as the circulation. 

(v) The theorem of Blasius applied to (3) gives the moment about the 
origin 

(5) M = real part of ZrripBVe**. 

7*50. The lift on an aerofoil in a uniform stream. The Joukowski 
transformation i = £+!*/£ is a particular case of a more general type of trans- 
formation 

(1) s = £+^+“ + 

which applied to the circle of radius a with its centre C at the point £ = s will 
yield an aerofoil profile. 

The aerodynamic force on the aerofoil is due to the aerodynamic pressure 
thrusts on the elements of its surface. It is known that a system of forces 
acting on a rigid body (and we shall assume our aerofoil to be rigid) can be 
replaced at any choBen base point by a force acting at that base point and a 
couple. Moreover the magnitude and direction of the force are the same for 
all base points, whereas the moment of the couple depends upon the particular 
base point selected. 

For the present investigation we shall take as base point the centre C of 
the circle. This point is called the centre of the profile ; the actual position it 
occupies with respect to the profile is shown when the points of the circle and 
the corresponding points of the profile are marked in the same Argand diagram 
as in fig. 7*31 (iii). In the present case we shall take C as origin. This entails 
writing in (1) z + s for z and £ + s for £, which for sufficiently large values of | £ | 
leads to the following convergent expansion 

P) 


We also note that (2) can be reversed to give 



which can easily be verified to this degree of accuracy by substitution in (2). 
Fig. 7*50 shows the disposition, C being the origin in both planes. 

If « is the incidence or angle of attack, the circle theorem (6*21) gives for the 
complex potential for the flow past the circle Fe^f-H^Fe^/f, and if in 
addition we have a circulation 2wc, we get 

(4) w « F<*£+ "»^ jr~ +**log£. 


N.TJBL 




as Fe*‘*+wlog*+ “ ’ 


(5) 


^m^risonwith 7-45 shows that here 

(6) i=-«. B = Ye-+a*-V*<h> 

and therefore from 7-45 (4) and (5) 

(7) X+iY ~ 

(g) df 0 = real part of (-VF*^), 


fi") 




L JL 
4"pv' °-’pw' 




Observe that 





741 ] AXES 0 ? 4 PROFILE 195 

% ' 

7*51* Axes of a profile. If we draw the circle and the profile in one 
Argand diagram, the line joining the centre 0 to the rear stagnation point of 
the circle is called the first am of the profile (Axis I), and then in the notation 
offig. 7*50, k = 2oF sin 0. Thus the lift L is proportional to sin £ and vanishes 
when jJ = 0, Le. when the wind stream is along Axis I (sense CE X in fig. 7*50). 
The first axis is therefore also known as the axis of zero lift. 

Again, if in 7*50 (2) we put a x = IV", we get from 7*50 (8) 

M 0 = 2 irp PF* sin (2a+/x), 

so that the pitching moment M c vanishes when the incidence is -J/x. The 
corresponding wind direction through 0 is called the second axis of the profile 
(Axis II) or the axis of zero pitching moment. If we call y the angle between 
Axes I and II, we get 

Mq = 2irpPF* sin (2j8 - 2y). 

7*51 Focus of a profile. The focus is the point such that the moment of 
aerodynamic force, about it is independent of the incidence. 



Fig. 7*52. 

To establish the existence of the focus we note that if F is any point, 

= Mg— CF cos (j3 — y — . L, 

where ^ is the angle between CF and Axis II as shown in fig. 7*52 and £ is the 
lift. 

Using the values 

Mq = 2wpF*P sin 2 (jS - y), L = fcrpaPuA 

we have 

± 2irpF l {P sin (2/3 - 2y) - 2a CF . sin 0 cos (ft - y - fl) 

= %rpV*{P sin (2/3-2y)~a. CF . sin (2j3-y-$-a. CF . sin (y+$}. 
This will be independent of 0, the Mule incidence * if we take 
P = a . CF, ^ = y. 

This proves the existence of the focus F and gives its position as distant 
P/a from the centre on a line which is the reflection of Axis I in Axis IL 
The moment about the focus is 

Mf = - 2vpF t P sin 2y. 


* Abiohit* metdence is the angle between the wind direction and the axis of tm lift. 
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Our diagram has been drawn on the assumption that Axis I is above Axis II 
in the sense indicated in fig. 7*52. In this case the pitching moment about tie 
focus is negative. If, however, Axis II were above Axis I, y would change 
sign and the moment would become positive. The relative positions of Axes 


Moreover, if y = 0, we have M# = 0 at all incidences and therefore the lift 
always passes through the focus. In this case the aerofoil is said to have a 
centre of lift. 

For a flat aerofoil the focus is the quarter point midway between the centre 


7*53. Metacentric parabola. 

Let I be the actual line of action of the lift inpaV 1 sin ft The direction of 
L is perpendicular to the wind. Let the line L meet the line KF, which is 



drawn through the focus F parallel to the wind, at P, the point K being on 
Axis I. Taking moments about the focus F 


M f +FP.L = Q, 


FK 

FC 




using the sine formula for the triangle FKC, 

Thus the locus of P is a straight line parallel to Axis I and midway between 
F and Axis I. From a known property of the parabola that the foot of the 
perpendicular to a tangent from the focus lies on the tangent at the vertex, it 
follows that the line of action of the lift touches a parabola whose focus is F 
and whose directrix is Axis I, This is called the metacentric paraWa. 

To find the resultant lift we draw that tangent to this parabola which is 
perpendicular to the wind direction. 

Axis II touches the metacentric parabola, for if FRT is perpendicular to 
Axis n, FR = RT and hence R lies on the tangent at the vertex. 

Since perpendicular tangents intersect on the directrix the corresponding 
lift passes through C when the wind direction is along II. 
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EXAMPLES vn 

1. When an aerofoil is obtained by transforming a circle as in 7*31, prove 


2 rrp F^sm^. 


2. If a circle whose centre is on the imaginary axis is transformed as in 7*31, 
show that the resulting aerofoil degenerates into a circular arc described twice, 
while if the centre is on the real axis, a symmetrical aerofoil is obtained. 

3. Apply the geometrical construction for the simple Joukowski transforma- 
tion to the following : 

(а) A circle whose centre is the origin and whose radius is the radius l of the 
transformation. 

(б) A circle, centre the origin, and radius greater than l. 


4. Discuss the type of transformation that will convert the flow past a cir- 
cular cylinder (with or without circulation) to the flow past a body of aerofoil shape 
in a perfect fluid. Explain in particular how the flow past a circular arc and past a 
strut may be found. 

How is the transformation used to find the flow past an aerofoil of fixed shape 
at varying angles 6f attack? (U.L.) ( 

5. In the usual notation for two-dimensional motion of a perfect liquid, deter- 
mine w as a function of z for a Btream of velocity ( V , V) flowing past a fixed circular 
cylinder j z - Zq | « 6, when there is a circulation I round the cylinder. 

By applying the transformation 

z' m z -f 

where | o -% | « 6, z 0 being small and a real and positive, obtain the solution for 
a stream past an aerofoil with a Joukowski profile, and explain how the circulation 
can be chosen so as to make the velocity finite at the cusp. (U.L.) 

6. Prove that the velocity potential and stream function when a stream of 
speed V impinges, at an angle a to the axis of x, on a stationary circular cylinder 
of radius b, whose centre is the point (c, 0) and round which there is a circulation J, 
are given by 

w 7 j(*-e)r fa +^j+^log(*-<s). 

Applying the transformation z f m z +o*/ 2 , where o * 6-c, show that, if c is 
small, the transformation gives the flow of the same stream past an aerofoil having 
a symmetrical Joukowski profile, and that the condition that the velocity of the 
fluid remains finite at the cusp is 

/+4irF68in« * 0. 

Hence calculate the force on the aerofoil. C&k) 


7. The boundary of an obstacle in the 2 -plane is mapped on the circle |{ | 1 
in the {-plane by the transformation 


Slow that the motion of the liquid past the obstacle is given by a complex 
potential of the form 

- F(«<*{ + W2w) log {{/a). 
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Prove that the resultant force per unit length of the obstacle has a magnitude 
kpV and that the resultant moment per unit length about the centre of the drole is 

2ffp6 8 F*sin2(a+^h 

whew <*! - - 6 s exp (2tyi). (UX.) 

8. A circle | £ | « a is transformed into a thin aerofoil section by the equation 

Show how to find the complex quantities a n in terms of the thickness and camber 
of the aerofoil. 

Obtain the lift formula 

L * 47rpaF 2 sin(a+/J) 

and show that the moment about the centre is 

M * 2ffp6 8 F*sin2(a+/x), 

whew a is the angle of attack and /?, b, /x are constants of the transformation. (U.L.) 

9. An aerofoil is derived from the circle |£-6e <fl | - a by the conformal 

transformation , 


which is such that the zeros of dz/d£ all lie within the circle except one which falls 
on the circumfewnce at £ » -J = be^-ae**, where a, b, l are real and in general 
the coefficients a r aw complex. Show that, if the circulation about the aerofoil is 
choBen in accordance with Joukowski’s hypothesis, then thew is a lift at right 
angles to a steady stwam in which the aerofoil is placed, vanishing for a certain 
angle of incidence, and find the form of a 1 if the moment about the centw of the 
circle vanishes with the lift. (U.L.) 


10. The transformation z' « z+P/z, whew l is real, transforms the circle 
| z+J-oe# I « o, whew o, aw wal, into a Joukowski profile in the z'-plane with 
a cusp at z * - 21. Show that the tangent to the cusp makes an angle 2jS with 
the axis of x\ 

If the profile is fixed in a stream of incompressible inviaeid fluid of density p, 
whose velocity at infinity is given by -u+te » JV*, and the circulation about 
the profile is chosen so that no infinite velocities occur in the fluid, show that the 
fluid streams tangentially past the cusp at a rate VI cos (a+j3)/o and that the 
turning moment M of the pressures on the profile about the point z' » 
is given by M » hrpPP sin 2a. (UX.) 

11. Show that the domain outside the circle | ZJ - a in the~Z-plane is trans- 
formed into the domain outside a circular arc in the z-plane by the conformal 
relation 

z-fle ><t / Z-iae^ \ 2 

z-or 1 * * \Z+ia<r u / * 

whew the circular arc subtends an angle 4a at its centre. Show also that %\Z tends 
to sin a at infinity. 

A cylinder whose section is the above circular arc is placed in a stwam of fluid 
in which the velocity at a great distance from the cyfinaerisF. This velocity is 
perpendicular to the generators and makes a positive angle jS with the radius from 
the cmtw to the middle point of the arc. If, in addition, thew is a dwuktton «r 



aiuitmssvn 



k m 2wiF[Binj3+sm (2a-j5)]. (M.T.) 

18. The circle |{ | - a is transformed into a flat profile by*- {to 1 #. Fiore 
that near z 2s 

(fe ‘^(z- 2a) 

18. In the Joukowski profile, fig. 7-31 (iii), show that if the centre of the circle 
is the point is**, the chord 1"7" is 


41+ 


4s* cosy 
i+2s cos/i’ 


11 Apply the construction of 7-31 to draw the profiles obtained from the circles 
through B whose centres an the points 

y y 

respectively. Ueasun the camber and thickness ratio in each case. 

15. The circle | ( | ■ a in the (-plane is transformed into a thin aerofoil section 
in the z-plane by the equations 


i[i k *.+«., * 

*-i 


when 6 is real and nearly equal to a, and is so chosen that the point in the (-plans 
corresponding to z' « - b lies on the circle ; and £„, C n an small. Show how tin 
constants B „ , C, an nlated to the thickness of the aerofoil and to the ordinate 
of its middle line. 

Prove that, if the circulation is adjusted to make the velocity finite at the 
trading edge, the lift coefficient of the aerofoil is Cj ■ 2w(#+A) when a is its 
incidence, supposed small, and 



y being the ordinate of the middle line at a distance 26 cos 0 from the point half* 
way between the leading and trailing edges. t . 

Show also that the moment coefficient about the leading edge is approximately 
iCj+iirA-JirC,, and that, if the moment coefficient vanishes when the lift is 
zero, then the centrn of pressure is at a quarter of the chord from the leading edge 
for all (small) values of the incidence. (&**) 




CHAPTER VIII 
SOURCES AND SINKS 


8*10. Two-dimensional source. Definition . If the two-dimensional 
motion of a liquid consists of outward radial flow from a point, symmetrical 
in all directions in the reference plane, the point is called a simple source. 



Fra. 810 (i). Fia.840(u). 


A two-dimensional source can be regarded as a straight axis (of unit length 
between two flxed planes) which emits fluid in the manner described. 

Definition. If 2r m is the rate of emission of volume per unit time, m is 
called the strength of the source * 

A source is a purely abstract conception which does not occur in nature. 
The idea is nevertheless useful, as will appear, for we can describe many fluid 
motions as due to sources which are outside the boundaries of the fluid which 
we consider. 

A source is thus a point at which fluid is continuously created and distri- 
buted. Since the velocity near a source is very great, Bernoulli's theorem 
demands a great negative pressure. This fact alone shows that a source in the 
above sense can have no actual existence. An expanding bubble of gas pushes 
away the surrounding fluid and so imitates a source. When the rate of emission 
is constant, not intermittent, the source is said to be steady. 

Definition A sink is a negative source. 

Thus a sink is a point of inward radial flow at which fluid is absorbed or 


If u r is the radial velocity at distance r from the source the flux out of the 


circle of radius r is 


%nfUf = 2 Tffn* 


* Some writer* denote by m the rate of emission of volume. What we coil the strength would 
he m/ftr. The object of oor natation is to avoid the recurrence of the factor ft in the 
wbaeqaent analysis, cf. strength of Mitioo, 7*10. 
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Thus 


m 

u r »-» 
r 


and to is the entire velocity for an isolated source. 

8*11 The complex potential for a simple source. If the source of 
strength m is at the origin, the velocity at (r, 0) is m/r radially. Therefore 

du> . m, A m m 
-•g 1 as u-tv ss - (cos 0-» sin 0) = j, 


w = -mlog 2 . 

The stream function is ^ - m0. 

If the source is at the point z 0 , we have, by a change of origin, 
w = -mlog (z-Zo). 

It is interesting to compare this result with the complex potential for a 
vortex of strength k given in 13*21. A vortex is (mathematically) a source of 


It will be observed that as r increases, the speed diminishes, so that at a 
great distance from the source the fluid is almost quiescent. 

It is characteristic of a source (or sink) that the speed tends to infinity as 
we approach the source, and therefore in the immediate neighbourhood of the 
source the velocity is always radial, no matter how the fluid may be moving 
at distant points. 

8*20. Combination of sources and streams. The motions due to a 
uniform stream, and any number of sources, can be obtained by addition of 
the corresponding complex potentials, when no boundaries occur in the liquid. 
To prove this, consider the complex potential 

mo s-Pz-mjlogz-mjlogJz-Zi). 

We show that this potential gives a uniform stream V at infinity, and 
sources of strengths mj , m, at z = 0, z = z* 

o. dw TT m, m, 

Since «-tvs ~ r as P+—+ — , 

it % z-Zq 

when | z J co i we have u = V, v « 0, so that there is a uniform stream. 
Again, near u t 9 , put z = z*+re*, where r is small. Then 


= U+- 




r 

the first two terms are negligible compared with the third, and therefore 


m, 

r 
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so that there is an outward radial flow from fy, due to a source of strength 
at that point. 

In the same way we prove that there is a source of strength n 4 at the 
origin. The proof can clearly be extended to any number of sources and sinks. 

We have insisted on proving this additive property, for it is not obvious 
for sources and is in general not applicable in other cases. 

For example, the flow past a circular cylinder, centre at the origin, is given 
by the complex potential 



and the motion due to a source at z 0 is given by -m log (z-z 0 ). 

If we add these, we get 

U^z+jj-mkgfa-z,), 

which is indeed the complex potential of some motion, but not that of the 
stream past a cylinder in the presence of the source. The failure of the additive 
property is obvious, for the stream function does not become constant on the 
circle r = a, so that the cylinder is not a streamline. 

8*21. Source in a uniform stream. Let us combine a source of strength 
m at the origin with a stream U parallel to the z-am Then we may add the 


w = -J 7 z-mlog z, 
dw _ p m 
dz z 

So z =s - ~ is the only stagnation point and lies on the real axis at the 



point where the stream velocity and the velocity due to the source neutralise 
one another. The stream function is 

(1) 0 as - Uy - m tan- 1 ^ = 

x 

and the streamlines are easily dram by Bankme’s method, which give* fig. 
8*21 (i). 


8**1] S00BCS IN A, UNIFORM STEJUH '20S 

We see that the streamlines are symmetrical about the x-axis, across which 
there is no flow. The dividing streamline passes through the stagnation point 
4, and this curve separates the flow into two parts. 

We could therefore suppose this curve to be replaced by a solid wall. The 
stream function (1) would then give the disturbance in a uniform stream due 
to the presence of this wall, and the source would be outside the fluid, and thus 
we could have a representation of an actual motion. 

Consider the part of the flow for which y > 0. If we measure 8 counter- 
clockwise from the value zero for points on the positive part of the x-axis, on 
the negative part of the x-axis we have y = 0 and 8 = w. Therefore (1) gives, 
for this part, = -fmr and the dividing streamline is 

-rm - - Uy-m6, 

which includes the wall and the negative part of the x-axis. When 8-+0, 
y -* rnn/V = h, say, and therefore the asymptote is y = k By symmetry there 
is a second asymptote y = - h. From (1) the equation of the wall is then 

- = - ~ tan ~ , and 04 = -. 
x y h r r 



We can regard (1) as giving the stream function for the flow in the neigh- 
bourhood of one end of a long bluff body head on to a stream, for example a 
long island in a wide river. 

Again, if we confine our attention to the part above the x-axis, we have 
the flow pattern at the bottom of an ocean where the level changes from 0 
to i by fiurly gradual stages. 

We can also regard the picture as representing the flow of wind meeting 
* cliff, In this connection it is interesting to note that the stagnation point 4 
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[ 8*21 

We can moreover regard an y streamline as a rigid wall, and the flow of 
wind over more gradually sloping ground would be so represented, but then 
there would be no stagnation point. 

1*21 Source and sink of equal strengths. Let there be a source and 
sink, each of strength m, at the points B, 4, 

ae k , -a& 

respectively. Then 

w as - m log (z - a e**) + m log (z+ a e fa ), 
so that, if P is the point z, 

$ ==-rox (angle APB). 

The streamlines are given by \ji = constant, or lAPB = constant, and 
are therefore coaxal circles passing through A and B. 

The flow is directed from the source to the sink, so that the parts of a 
given circle on either side of AB are described in opposite senses. The line 



through 42? is a limiting case of the circles. The directions of flow in this line 
are indicated in fig. 8*22. 

8*21 Doublet, or double source. In the case of Resource and equal 
sink just considered, suppose that 4 and £ are very dose together, so that 
aissmall. Then 

w = -mlogj^l- ~~ j J+ m log [s ^1 + j 
%me u Sima***' 

8e» +> ”* 


8*28] DOUBLET, OB DOUBLE SOUBCS W 

using the logarithmic series for the expansion of log (l+Jfc). Let im » fu 
Then 


il& ua'eP* 
w- — + c V 3 -+p... 
z 3s* 

Now let a-*0, remaining constant so thatm->oo. Then when A and B 
lincide, we get 


ue ** 
w = ~ — 
z 


This combination of an infinite source and sink at an infinitesimal distance 
apart is called a doublet of strength /a, The streamlines are still circles, fig. 
6-0 (ii), having a common tangent which makes an angle a with the z-am 
This common tangent is called the aaris of the doublet, the positive direction 


a doublet may be helped by considering it as approximately represented by a 
short length of two-dimensional tube into one end of which fluid flows to 
emerge immediately from the other end, the direction of the tube being the 
axis of the doublet. 

The complex potential can be obtained in another way which is instructive. 
Consider a sink at z 0 and a Bource at 2 0 +Sz,. 

Then w = - mlog (z ~ z^SzJ+m log (z-z 0 ) 

~ — wi $Z| log (2 - Z|) nearly. 

w, 

Let $ 2 | = r Then, if wr = p, and remains constant while r->0, we get 



Z-Zq 


for the complex potential of a doublet of strength /a at the point z 0 , the axis of 
the doublet being in the direction a. 


8*24. Green 9 ! equivalent stratum of doublets. Consider irrotationai 
motion of a liquid, in the region L of fig. 5*40 bounded by the contour C, to be 
given by a complex potential w(z) holomorphic throughout L, This condition 
excludes singularities and circulations. Then by Cauchy’s formula (5*59) 


( 1 ) 


if 

2iriJ(o {-2 


= «(*) 


or 0 


according as % is in L or outside L 

If this an element of arc of C drawn in the positive direction of description, 
we can write » is e" and therefore for a point 2 of L, (1) gives 


( 2 ) 



{-* 


1 ix<*ds 
1(C) 
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where 

( 3 ) ^ = w(Qe^)/(H 

and this equation defines a real positive ft and an angle x- Now fie** is/(z - J) 
is the complex potential at z of a doublet at £ of strength ft ds, whose axis is in 
the direction x- Therefore (2) shows that the complex potential w(z) could be 
imagined to arise from a continuous distribution of doublets ranged round the 
contour C whose density per unit length of arc is given by (3). This distribu- 
tion is known as Green's equivalent stratum of doublets. For another type of 
stratum, also due to Green, see 13*64. 

Note that if z is outside I, the velocity due to the distribution is zero, for as 
(1) shows, w(z) is then constant, namely zero. 

If the region L is doubly connected (as in fig. 9*11), we can modify it to be 
simply connected by inserting an imagined barrier AB, The foregoing con- 
siderations then apply if we also place a distribution on each face of AB. 

8*30. Source and equal sink in a stream. Let there be a source of 
strength m&tA (a, 0), and a sink of strength m at B ( - a, 0), and a uniform stream 



V parallel to the real axis. The interesting case arises when the stream is in 
the direction from source to sink, that is, in the direction of x negative. 

Here tfz-tn log (z-o)+m log (*+o). 

The stagnation points are given by 


and therefore 

Let 


[/- 


m 

z-a 


+ 


m 

2+0 


= 0 , 



2am 

V 


6*“0*. 
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Then z= ±b, 

90 that the stagnation points are L, M, where OL = OM == 6. 

The stream function is 


di = J7y-mtan* 4 -^-+mtan“ 1 — = l/y-wtan^-r — 
r y s-a x+a * a^+y 1 -** 1 

The streamline $ = 0 contains the real axis y = 0, and therefore the 
dividing streamline is 


2 qy 

3*+y a -a l 



m 


a^+^-a* = 2aycot 



2ay 

6*— o*' 


This equation represents a curve which is symmetrical about both axes, 
for if the point (x, y) lies on it so do the points ( ± x, ± y). 

The value of y cannot become infinite on this curve, for as we go away from 
AB the stream becomes parallel to the jc-axis. Therefore the curve is a closed 
oval of the type indicated in fig. 8*30. 

Let OH = c, then y = c when x = 0, and therefore 

2 ac 

c a -a a = 2accotrj — :» 

and the value of c can be found graphically. 

If we take this curve as a fixed boundary, we get the flow past a cylinder 
whose cross-section is the above curve. 

When a is small, 

2 ac 6 a -a a . . 

2ac approximately, 


and therefore 


c* = 6*. 


Thug u a -*■ 0, c -* 6, and the oval becomes a circle. In this case the source 
and «inlf form a doublet, and we have again the flow round a circular cylindei 
of radius 6. The strength of the doublet is 2om = /t, and therefore 


* 


= Vy- 


Wy 


which agrees with the result already obtained in 6-22. 

The potential for the flow past a circular cylinder is 


W SB Ft+ 


Fa* 
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The first term represents the stream, the second term the disturbance due 
to the cylinder. Thus a cylinder of radius a placed in a stream of velocity V 
behaves as would a doublet of strength Ua l on the axis of the cylinder. 


8*31. Two equal sources. Equal sources of strength m at the points 
4(o,0),B(-o,0),give 

(1) w = - m log (z - a) - m log (z+a), fl+u/i = -mlog(x*-t/ , -a , +2 ixy). 
The stream function is therefore 


( 2 ) 




tf+2xycot^-y % - a*. 



Fig. 8*31 (i). 


Thus the streamlines are rectangular hyperbolas with centres at the origin. 
This is easily seen, for (2) can be written in the form 

no that the asymptotes obtained by equating each factor of the left side to 
zero are at right angles. 
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By giving ^/(2m) suocesrively tiie values 

fl irwwir2ir3n , 6)r 
* 6* 4’ 3’ 2’ T’T’ 7’ 

we obtain fig. 8*31 (i) in which the dotted lines are the asymptotes. 

The axes of reference are streamlines, intersecting at right angles at the 
origin which is a stagnation point. 

Since the flow is ultimately along the asymptotes, at a great distance the 
two sources behave like a single source of strength 2m placed midway between 
them. 

If we replace the streamlines Ox, Oy by rigid walls, (1) then gives the flow 
into an infinite region bounded by two rectangular walls through a narrow 
slit in one of the walls as indicated in fig. 8*31 (ii). 



X / 


Fig. 8-31 (ii). 

If the y-axis alone is taken as a rigid boundary, we obtain from (1) the 
flow due to a source parallel to a plane bounding the fluid on one side, fig. 



Fw. 8-81 (iii). 


8*31 (iii), where we suppose as usual that the fluid is also bounded by parallel 
planes at unit distance apart. 

This last result is of great theoretical importance, for it forms the founds 
turn of the method of images which we proceed to discuss. 


U.f.8* 
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8*40. The method of images. We have seen in the preceding section 
that the flow due to a source m at 4 (a, 0) in the presence of a plane repre- 
sented by the y-axis is given by 

w = - m log (z - a) - m log (*+ a), 

and this is the same complex potential as would be obtained if we placed a 
source m at the point B(-a,0) and imagined the fluid to have access to the 
whole region on both sides of the plane x = 0. The y-axis being a streamline 
for this system, the plane could be considered as removed. The source m at 
B is called the image in the given plane barrier of the source m at 4. This is 
the simplest case of the method of images, which may be briefly described as 
follows. 

Suppose that a system S of sources and sinks exists in fluid possessing one 
or more boundaries C. If by placing a system S' of sources and sinks in the 

region outside G and then allowing the 
fluid to have access to* the whole region, 
we get C as a streamline, then the system 
M __ S' k “wl to be the image in C of the 
* system S. 

In the case of the source parallel to a 
Ito. 840 . plane, the system S consists of the single 

given source at 4, the boundary G con- 
sists of the given plane, and the image system S' consists of the source at B. 

We note that B is the optical image of 4 in the given plane regarded as a 
reflecting surface. 


8*41. Effect on a wall of a source parallel to the wall. Let the 

source be at 4(a,0) and the wall at x = 0. The image of the source in the 
wall is an equal source at B( - o, 0), and therefore 

w = - m log (z - o) - m log (z + o) = - m log («* - a 1 ), 

dw __ ~2mz 
dz z* - a 1 ’ 


Now on the wall x = 0, and therefore 
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where q is the velocity, which is directed along the wall since this is a stream- 
line. 

The pressure on the wall is therefore 


p _n 2my 

P~ P n ~ P~ (?+*')'' 
where 27 is the pressure at infinity. 

If the liquid were at rest, the pressure 
would be II everywhere. Thus the effect 
of the motion is to diminish the pressure 
on the wall. Hence the wall is urged 
towards the source with a force (per unit breadth of wall) given by 

" '-Cf 



Fio. 8-41. 


npm* 

a 


We also eee, from (1), that on the wall, putting y = a tan 6, 

2matan 8 m , 
q - — = - sin 20, 

o'sec ! 0 a 


80 that the velocity on the wall is greatest when 6 = ±w/4. 


8*42. General method for images in a plane. We can proceed on 
much the aame lines as for the circle theorem of 6-21. Thus if 

f(z)=-Em r log ( 2 - 2 ,) 

is the complex potential of sources and sinks all of which lie in the half-plane 
y>0, the insertion of the plane barrier y = 0 leads to the complex potential 

v = f(z) +f(z) = - Em, log (z- z,) - Em, log (2 - l r ), 

since on y = 0, we have 1 = 2 so that v> is purely real and y = 0 is the 
streamline iji = 0. Moreover if z, lies in the region y>0, then l T lies in the 
region y<0 so that this process introduces no new singularities into the region 
y>o. 

Similarly, if all the sources and sinks lie in the half-plane x>0the coin* 
plex potential when the plane barrier x = 0 is inserted is 

» =/(*)+/(-*) --Em r log (z-z,)-Em, log (-2-1,), 

for here, on x = 0, we have -2 = f andso^ = 0. This method is applicable 
equally well to the rectilinear vortices of Chapter XIII. 
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tm 

8*43. Image of a doublet in a plane. Taking a two-dimensional 
doublet of strength fx and inclination a to the s-axis, we can regard this as 
the limit of a sink at A and a source 
at JB, where AB makes an angle a with 
the &-axis. 

The images of the source and sink 
are at B\ A ', the optical images of P, 

A in the y-axis regarded as representing 
the given plane. Proceeding to the 
limit when A-+B, we have A'-+B\ 
and the image therefore is a doublet 
of equal strength, making an angle 
7 r-a with the 3 -axis, in fact, an equal antiparallel doublet. 

Using the method of 8-42 we have for the isolated doublet at the point 
Zq , the potential f(z) = fjLe ia l(z-z 0 ) t and therefore, in the presence of the 
plane 3 = 0, 

ne** uAr { * 
w — 

z-z 0 z+z 0 

8*50. Sources in conformal transformation. If we map the 2 -plane 
on the {-plane by a conformal transformation 

£ -/(*)» 

a source in the 2 -plane will transform into a source at the corresponding point 
of the {-plane. 

Proof \ Let there be a source of strength m at the point P, z 0 in the 2 -plane, 
and let 17, { 0 in the {-plane correspond to P. Draw a small circle c, centre z 0 , 
and let y be the corresponding curve in the {-plane. This curve y must enclose 
17. 

Since the stream function $ has the same value at corresponding points in 
botipUnee, 

~27rm = = I ty (. 

J(c) J(y) 

We can take c as small as we please and y will also diminish, but the 
integral of ty round y will remain constant and therefore there will be a source 
at 77. If y encircles 17 once only (the usual case), the sources will be of the 
same strength in the two planes. 

If y encircles II n times when c encircles P once, the source at 17 will be 
of strength m/n. 

As an example, suppose £ = z* and that there is a source of strength m 
at z = 0. 

Since arg { = 3 arg z 
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when arg z increases by 2 ir, arg J will increase by for and therefore y will 
encircle J = 0 three times. Therefore there is a source of strength m/3 at 
{ = 0. On the other hand, if J* = z, y will encircle J = 0 once when c encircles 
z = 0 three times and there will be a source of strength 3m at J = 0. 


8*51. Source in an angle between two walls. Let there be a source 
of strength m at the point z 0 between two walls inclined at an angle w/%, and 
let one wall be represented by the awards. 



Consider the # transformation 

J = z". 

Then arg J = nargz, 




and therefore, as arg z increases from 0 to w/n, arg J increases from 0 to w 
and the interior of the angle is mapped on the upper half of the {-plane. 

A source at z 0 corresponds to an equal source at 

£« = *."• 


The image of this source is an equal source m at J 0l and therefore the 
complex potential is 

10 = - m log ( J - J 0 ) - m log ( J - J 0 ). 

Therefore in the z-plane 

10 = -mlog(z B -Zo n )-mlog (z^-z^)* 


8*60. Source outside a circular cylinder. Let there be a source of 
strength m at z =/, where/ is real, outside the cylinder radius a whose centre 
is at the origin. When the source is alone in the fluid the complex potential is 
-mlog(z-/). Therefore by the circle theorem (6*21), when the cylinder is 
inserted, 

V = -m log (*-/)-mlog (“/) • 


Ml. The image system for a source outside a circular cylinder. 

The complex potential, from the preceding section, if we add the constant 
mlog(-l//),is 

w - m log (?-/)- m log ^ - y j + m log i. 
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This is the complex potential of, fig. 8*61 

(4 . 

(1) a source matA,z=f; 

(2) a source m at B, z = a 2 //; 

(3) a sink - m at the origin. 

Since OA . OB = a 2 , 4 and B are inverse 
points with respect to the circular section of 
the cylinder, and therefore B is inside the 
cylinder. 

Thus the image system for a source outside 
a circular cylinder consists of an equal source at the inverse point and an 
equal sink at the centre of the cylinder. The streamlines are shown in 
fig. 8*61(6). 



As a corollary it follows that a source inside a cylinder and an equal sink 

centre has for image system an equal source at the inverse point of the 
given source. 



Fig. 8*61 (a). 
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The speed at any point P is given by 

„ _ du _ _ *-* _ PC. PD 

q ~ da =m \(t-f)i(t-a'lfj\~ m PA.PO.PB' 

where C, D f are the points in which AB cuts the circle. 

When P is on the circle the triangles OBP , OP A ore similar and 

PB\PA-a :/. 

8 61 The force exerted on a circular cylinder by a source. Taking 

fig. 8*61 (a) with the source at A on the z-axis, the theorem of Blasius gives 

taken round the contour of the cylinder. Now 

w = m log z - m log (z -/) - m log (z -/), 
where OA = f, OB =/' = a% 

• dw m m m 
dz z z-f z~f r 

Squaring, and expressing the result in partial fractions, we get 
fdw\* _ m* m 1 m* 2m* 2m* 

\dz) “ 2 * (2-/)* + (2-/ / ) 2+ Y /(*“/) 

2m* 2m* 2m* 2m* 

■ r (*-/)(/-/') + (*-/')(/'-/) + ? 7 “F To?’ 

Now the poles inside the contour are z = 0, z =/', and the sum of the 
residues is therefore 


2m* 2m* 2m* 2m* 2m*/' _ 2m*u* 

T + M + T~T~ 7F7) " /(»*-/*) ‘ 


Therefore 


X-iY = Jtpxikix 


2ro«a» 

/<«*-/*)' 


Hence 


V A V 

’ /(/»-«*)' 


Therefore die cylinder is attracted towards the source. An examination 
of the streamlines will show that the pressure is greater on the side of the 
cylinder remote from the source. The same is true for a sink. 


8-61 Lagally’s theorem. Consider a uniform stream and a source; the 
complex potential for a stream ( - 17 ,- 7) at infinity is 
(I7-t7)s-mlog(s-o), 
the source of strength m being at s = o. 

If we introduce a cylinder into the stream, the complex potential is ” dis- 
turbed ” by the addition of a function which must vanish at infinity, for the 
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presence of the cylinder cannot affect the distant parts of the fluid. To make 
the case general, suppose there is a circulation of strength k about the cylinder. 



A B 

(1) w = (U-iV)z-mlog(z-a)+iK\ogz+j+- i +' 


the last terms giving the effect of the circulation and the disturbance intro- 
duced by the cylinder. 

The complex velocity is then given by 


(2) 


; /TT >TTV m (k A 2 B 



To find the force on the cylinder, we have, 
from the theorem of Blasius, 


X-iY 


v>r /*?y 

2 J«n \ds/ 


dz. 


Now let S be a circle of great radius 
which includes both the cylinder and the 
source. By the method of 5*64, we can 
enlarge the contour to S and so write 


LGr*-L(3H(S'* 


where y is a small contour drawn round the source. Thus 

O' fl.fflH.ffl’* 

Now on the circle S , since | z | is large, we can expand 1/(2- a) in powers 
of 1/2, and therefore from (2), 


and hence 




A 


where A', B, ... are certain constants. Thus, by the residue theorem, 




}»/> 


'■US’*- 


2irp((7-tT)(f»-wr)e 


To calculate the second integral in (3), we see from (2) that 

dw . 


m 
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He function /(z) is therefore the complex velocity obtained by 

the source from the original oomplex potential, and/(s) is holomorphio within 
the contour y. Now 


(s-o)* S-0 

By Taylor’s theorem 


/(*) =/[(*-o)+o] =f{a)+(z-a)f'(a)+. . . . 

Hence the residue of (dw/dz)* at z = a is 2m/(o). 

Once more using the residue theorem, we get, from (3) and (4), 

X-iY = 2np(V-iV){m-i K )+ %rpmf{a). 

(6) =~ 2 ’ r />w(P-iF)+2wpm(17-»F+/{o)). 

Now /(a) is the complex velocity “ induced ” at a by the remaining part 
of the complex potential when we omit the source m. Thus, filing this 
induced velocity % - iv m , we have finally 

(7) X-iY = -%npiK{U -iV)+2irpm(U -iV+u m -iv m ), 

and this is Lagally’s theorem, which can clearly be extended to any number 
of sources by adding for each a term of the same type as the last term in the 
formula. 


Calculating the residues by means of the preceding formulae, we get 
M+iN = -■npi[(m-iK) i -m t -2{V- iV) {A+ma)~ 2am/(o)] 

(8) = 2npiA (V-iV)+ npiK ( K + 2»m) + 2rrpima (V-iV+u m - iv m ) 

and M is the real part of this expression. 

Lagafly’s theorem assumes a striking form in the case where stream and 
circulation an absent, so that the cylinder disturbs the field of the source 
alone. In this case (7) gives 


(8) X+iY = 2 npm(u m +ivj, 

while the moment expression M+iN = 2wpt'ma(u B - w J shows that If is the 
moment of the force (X, Y) acting at the point a. 

It Mows that the force on the cylinder is (1, F) acting in a line 
the source, and in the same direction as the velocity induced at the source. 


Theorem. A source of strength m in the presence of a cylinder exerts on 
the cylinder a complex force 2ir/»m («*+»«„), where v m +iv„ is the velocity 
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induced at the source by all causes except the source, and this force is localised 
in a lihe through the source. 

When there are several sources, there is the appropriate force (9) localised 
at each.* 

We can at once apply this theorem to find the force exerted on a circular 
cylinder by a source. 

Thus, with the notations of 8*62, 

iff s= m log z - m log (z -f) - m log (s 


Hence 

li 

** 1 2 
4 s 


mm ma l 


7 + /_/' -/(/>.„») 

and therefore 

X ~' Y - /(/*-«•)’ 

as already obtained. 

. 


8 64. Source outside an elliptic cylinder. In the same way that the 
Joukowski transformation was used in section 6*31 to deduce the flow past an 
elliptic cylinder when the corresponding flow past a circular cylinder had been 
obtained, the complex potential due to a source outside a circular cylinder can 
be made to yield the complex potential for a source outside an elliptic cylinder. 
Considering the circular cylinder of radius (o+ 6)/2 with a source at Z 0 , we get 
for the Z-plane 

w =+m log Z-ro log (Z-Z 0 )-ro log (Z-Z 0 ') 
where Z 0 ' is the inverse of Z 0 , and therefore if 


Z 6 = re* 



Making the transformation of section 6-31 

Z^tz+^-c 1 )], 

we get the complex potential for a source m at the point z 0 in the presence of 
an elliptic cylinder whose semi-axes are a and 6, 

8*70. Mapping on a unit circle. Consider the circle of nnit radius, 
centre the origin, in the Z-plane. The coordinates of any point on this circle 
can be expressed in the form X = cos 0, Y » sin 0, and as 6 increases from 0 
to 2ir, the point (X, Y) describes the circle in the counterclockwise sense. As 
we shall be concerned with the region outside this circle it is convenient to 


*A corresponding three-dimensional theorem is proved in 16*42. 
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write 9 « -£, so that, as £ increases from 0 to 3tr, the point (X, Y) describes 
the circle in the clockwise sense and therefore leaves the region outside the 




circle on the left. Any point on the circle can therefore be expressed in the form 

(1) Z = X+iY = cos £ -lain £ = c^. 

If the coordinates of a point on a given curve can be expressed in the form 

(2) s = o 0 c^+6 0 +l!> 1 e^+6 l e l «+ ...» 

where the curve is described clockwise as £ increases from 0 to 2tt, the region 
exterior to the given curve is mapped on the region exterior to the unit circle 
by 

(3) z=/(Z) = a t Z+b y f 

This follows at once by eliminating £ between (1) and (2), since the senses 


For example in the case of the ellipse (a, b) we have 
(4) z a acosf-t&sin£ = |(a+6)e-#+}(a-6)e#, 
so that the required mapping is 


(») 



Z+ 


o-6 
2 Z ’ 


a Joukowski transformation. 

A class of curves having this property has been described by D. Wrinch * 
and are included in the equation 


(6) , = 0<6<o. 


These curves are mapped on the unit circle | Z | = 1 by 


( 7 ) 


»-¥*♦ 


o-6 6 

2 Z + 2Z*’ 
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These curves range from the hypocycloid with three cusps when a = b to 
symmetrical aerofoil shapes when b<\a, 

8*71. Source outside a cylinder. Let the region exterior to the curve 
0 in the 2 -plane be mapped on the region exterior to the circle | Z | = 1 in the 
Z-plane by 

a) *=m 

If there is a source m at z 0 outside C in the 2 -plane, there is a source m at 
the corresponding point Z 0 outside the circle, and therefore by the circle theorem 

(2) w = -rolog(Z-Z 0 )-mlog(i-Z 0 ), 

which with (1) determines w in the 2 -plane. 

In the case of a doublet we have, as in 8*23, 

w= ~ mSZ °W t log < Z - Z «) - m sZ o log - 2.) . 

Now if fi & = m Sz 0 , we get from (1) 

m 8Z„ = ft €*“//' (Z„), mSZ„ = n e-^lf (Z 0 ), 

and so 

__ fi e u fi e~ { *Z 

u ’-(z-“z 0 )/'(z a ) T ( 1-Z2 0 )M)' 


8-72. Force on the cylinder. We use Lagally’s theorem, 8*63, which 
gives 


J-tT = 2irpm(u m -iv„), 


where the induced velocity is calculated by omitting the source from the 
complex potential. ThuB « m - iv m = F' (z,) where J (z) = - » - m log (z - z#). 
Thus using 8-71 (2), 

F(z) = m log (Z-Z 0 )+m log (z - - m log Z - m log {/(Z) -/(Z 0 )}, 


together with z =/(Z). 
Thus 


mf (Z) mZ, 


Now by Taylor’s theorem 



m =/(Z # )+(Z-Z,)/'(Z,)+i(Z-Z,)*/"( z .)+ 


whence after reduction 


L« 


/'W . 1 
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and by tie theorem proved in 8*63 this force is localised in a line through z 0 , 
so that no separate calculation of moment is required. 

A simple illustration of this result is its application to the elliptic cylinder 
given by the Joukowski mapping of 8-70 (5). This is left as an exercise. 

8*80. Source and sink outside a circular cylinder. Consider a sink 
at S x and an equal source of strength m at S a outside a circular cylinder, 
centre 0. If S/, S/ are the inverse points, the image system consists of 

-mats/, matO, matS/, -matO, 
and therefore reduces to 

-matS/ and +m at S/, 
for the source and sink at 0 neutralise one another. 

Since 08 l .0S 1 ' = a* = OS t .OS % ' t 

the points S Xf 8 l} S/, S/ are concyclic. , * 



Fig. 8*80. 


Since the streamlines for a source and equal sink are circles, the circle 
through the above four points is a streamline. The cross-section of the 
cylinder is also a streamline. Hence the circles intersect in stagnation points 
A and B. 

Since OA* = OS x . OS/, OAisa tangent to the circle S x , S/, S t , and there- 
fore the two circles cut orthogonally at A and B (cf. 4*6). 

The directions of flow on the dividing streamline are indicated in fig. 8-80. 

8*81. The image of a doublet in a circular cylinder. If in fig. 8*80 
we let S x approach S t while the product mx8 x S % = p remains finite, we get 
the image of the doublet p. 

Since the triangles OS/S/, OS a S x are similar, 

S/S/ OS/ 

S x S t s 0S a ’ 
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and therefore the strength of the image doublet is 

, 0&{ OD 

where G is the position of the doublet /i and D is the position of /*'. Since C 
and D are inverse points, if OC =/, then OD = a% and therefore 

/ - Z^ 1 // 1 * 

Again referring to fig. 8*80, we see that when Si comes to coincide with S t 
the circle through touches the axes of the doublets at 0 and D, 



Therefore the image of a doublet of strength n at distance/from the centre 
of a cylinder of radius a is a doublet at the inverse point of strength /la 1 //*, 
and the axes of the doublet and its image are equally inclined to the line join- 
ing them, but are not parallel. (Such lines are conveniently called arUiparaM.) 

The above circle which touches the doublets at C and D is still a streamline 
and cuts the cylinder in stagnation points A and B. 

8*81 The force on a cylinder due to a doublet Let the doublet be 
at distance / from the centre of a cylinder of radius a and on the real axis, 
fig. 8*81. 

Let /i and a be the strength and inclination of the doublet. Then if ff f » a\ 
we have (8*23) 
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token round the circle. Now, the only pole inside the contour is z and 
therefore the residue is the coefficient of («-/)-* when the third term of the 
above expression is put into partial fractions or expanded in mroftmti ng powers 
of z We shall do the latter. 

Writing y = z-f\ we have 

1 - - 1 1 (, y \~* 

(*-/')*(*-/)* f(y+f -ft ~ fif-f'f l 1 7-/7 
_ 1 /- 2 y 3v* \ 

"»*(/-/')' V + 77 ;+ (f I 7? + "7' 


Therefore 


2 2 /» 
(/-/?" (/*-«?• 


A-tT = iip x 2irt x * 


2 /* 

(/*-<**)*’ 


y _ 4»W»W/ 
(/»-«? * 


y = o. 


This gives the force per unit thickness of cylinder and shows that the 
cylinder is urged towards the doublet. It is interesting to note that Hie force 
is independent of the orientation of the doublet. 

Since all the pressure thrusts on the boundary pass through the centre of 
the cylinder, their moment about the centre is zero. 


8-83. Extension of Lagally’s theorem to doublets. A doublet will 
give rise in the complex potential to a term jie^Kz-a). Thus with the 
notations of 8-63, we shall have 

Lsr*-w-w)i 

the terms corresponding to m now disappear. 

Again, (5) will become 



where f(t) is still the part of the complex velocity obtained by omitting the 
doublet. By Taylor’s theorem, 

/(*) =/[<*-«)+«] =f(a)+(z-a)f(a )+. . . , 
and the residue at * = a is now 2/xe fa /' (o). 

Thus (6) becomes 

X-iY = -2 npk(U-iY)+inp^f(a), 
whioh a the required extension. 



m extension op lagally’s theorem to doublets 

To apply it to the case of 8-82, we have, omitting the term due to the 
doublet at z =/£rom w, 

m- eg e — 

pa 2 { le~ u knp\i l a l f 
and therefore X-iY = 2flp/xe te yj- ~ (fi-a*)* 

as before. 


8*9. Source in compressible flow. Let there be a (two-dimensional) 
source whose output of mass is 2 irw per unit time, and let q be the speed at 
distance t from the source. Then the equation of continuity gives i 
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whence with the notations of 1*63, using 1*63 (7), 


where M is the Mach number. 


By differentiation with respect to M we easily show that r has a minimum 
value when M = 1, and therefore (1) gives 


( 2 ) 


<r+ 1) 

JLjl. .ELjjpp/jr. 

rjniu \y+l y+1 / / 


The motion thus exists only outside the circle whose radius is and 
cannot be continued inside it. Thus there is a physical lower limit to the 
size of the source. It cannot be imagined contracted to a point. Outside the 
circle we have either pure subsonic flow in which q steadily decreases until 
if » 0 at infinity ; or pure supersonic flow in which q steadily increases, till 
M = eo at infinity. 


8*9] SO0ECB or cohfrissxbls flow 

Such flows can take place between two rigid planes inclined at an angle as 
in fig. 8*51, the source being at the angle. 


EXAMPLES VIII 

1. Apply Rankine’s method to drawing the streamlines for the flow due to 
two equal sources. 

& Draw the streamlines for the flow due to a source and equal sink 

(i) alone in the fluid ; 

(ii) in a stream perpendicular to the line joining source and sink. 

8. A source and a sink of the same strength are placed at a given distance 
apart in an infinite fluid which is otherwise at rest. Show that the streamlines 
are circles, and that the fluid speed along any streamline is inversely as the 
distance from the line joining the source and sink. 

4. Two sources of equal strength are situated respectively at the points ( ±a, 0) 
in an unbounded fluid. Show that at any point on the circle a^+y* » a 1 the fluid 
velocity is parallel to the axis of y, and inversely as the ordinate of the point. 
Determine also the point in the axis of y at which the velocity is greatest. 

Hence show that, if a uniform stream parallel to the axis of y be combined with 
the two sources, there are necessarily two points at which the velocity vanishes. 

(R.N.C.) 

5. If there is a source m at A and a sink -m at B and a uniform stream V 
in the direction BA, find the stagnation points, and prove that they lie on AB or 
its perpendicular bisector according as the stream is relatively strong or feeble. 
Draw the streamlines in each case. 


6. There is a source at A and an equal sink at B. AB is the direction of a uni- 
form stream. Determine the form of the streamlines. If A is (a, 0), B is ( - a, 0) 
and the ratio of the flow issuing from A in unit time to the speed of the stream is 
2v6, show that the stream function is 


,. Fy _ F6tan - 1 _jpL_, 


and that the length, 22, and the breadth, 2d, of the closed wall that forms part of 
the dividing streamline is given by 

l «. </o*+2o6, 


and the locus of the point at which the speed is equal to that of the stream is 

7. A two-dimensional source of strength m is situated at the point (o, 0), the 
a*™ of y b eing a fixed boundary. Find the points in the boundary at which the 
fluid velocity IB a maximum . 

Show that the resultant thrust on that part of the axis of y which lies between 

h b \ 

* P> b 

where ft is the pressure at infinity. (B.N.C.) 

8. Calculate the force on a wall due to a doublet of strength ft at distance a 
from the wall and inclined to it at an angle*. In what direction is the wall urged 
bythisforoe! 

* h.y*b* 
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9. Prove that in conformal transformation a doublet will transform into a 
doublet, but that the strengths will differ. 

10. Two sources, each of strength m, are placed at the points (-«,0) and 
(o, 0), and a sink of strength 2m is placed at the origin. Show that the stream- 
lines are the curves 

(tf+y*) 2 «* aV-yHAxy), 
where A is a variable parameter. 

Show also that the fluid speed at any point is 
2mo 8 

Wi* 

where r lf r 2 , r, are respectively the distances of the point from the sources and 
the sink. (B.N.C.) 

11. If there is a source at (a, 0) and (-a, 0) and sinks at (0, o), (0, -jp), all 
of equal strength, show that the circle through these four points is a streamlme. 

12. OX, OY are fixed rigid boundaries and there is a source at (a, 6). |Find 

the form of the streamlines and show that the dividing line is \ 

xy(2 2 -y a -fl*+6 8 ) « 0. ' 

13. In liquid bounded by the axes of x and y in the first quadrant there is a 
source of strength m at distance a from the origin on the bisector of the angle 
x Oy. Prove that the complex potential is - m log (a 4 + z 4 ). 

14. Between the fixed boundaries 9 « irji, 9 « -ir/4, the two-dimensional 
motion is due to a source of strength m at r * o, 9 » 0, and an equal sink at 
r mb, 9 ^ 0. Show that the stream function is 

_ , n4fl 
~ mwa ^-ry+MJcostf+oW 


15. Show that the velocity components given by 

um y ( i a l | W-f) ) 

V **+y ,+ (**+y*)*/ 


w+y* (ac* 4* y 1 ) 1 . 


2 \ 
(a^ -f* y*)*/ * 


represent a possible fluid motion in two dimensions. 

Show that the motion is irrotational, and interpret the meaning of the terms 
in the complex potential. (B.N.C.) 

16. i, B, C is an equilateral triangle. There is a source of strength 2 at A 
and sinks of strength 1 at B and C, and a stream in the direction from A perpen- 
dicular to BC. Determine the form of the streamlines when the relative strengths 
am such that the dividing streamline consists in part of a dosed wall 

17. fflww that u - k log (** - P) gives the motion due to a two-dimensional 
source in the presence of a fixed wall, and, by using the tran formation given by 


# A 
to (sM)* 

obtain the solution for such a source in a semi-infinite rectangle. 

18. Use the transformation j! « e”/* to find the st reamlines of the 
m two dimensions due to a source midway between two infinite parallel boon- 
dunes, assuming the liquid drawn off equally by sinks at the end of the mien, 
lithe pressure tends to sero at the ends of the streams, prove that the planes are 
pwesea apart with a force which varies inversely as their distance from cadi other* 
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ll« A source is placed midway between two planes whose distance from one 
another is 2a. Find the equation of the streamlines when the motion is in two 
dimensions, and show that those particles, which at an infinite distance are distant 
Ja bom one of the boundaries, issued from the source in a direction making an 
angle w/4 with it. 

20. The irrotational motion in two dimensions of a fluid bounded by the lines 
y m ±b is due to a doublet of strength ft at the origin, the axis of the doublet being 
in the positive direction of the axis of x. Prove that the motion is given by 

“T^coth [ir(x+iy)fib]. 

Show also that the points where the fluid is moving parallel to the axis of y lie 
on the curve 

cosh (7 Tx/b) » sec (irylb). 

21. The space on one side of an infinite plane wall y - 0 is filled with inviscid 
incompressible fluid moving at infinity with velocity U in the direction of the axis 
of x. The motion of the fluid is wholly two-dimensional, in the (x, y) plane. A 
doublet of strength ft is at a distance a from the wall and points in the negative 
direction of the axis of 2. Show that, if n is less than 4a a G, the pressure of the 
fluid at the wall is a maximum at points distant aJ3 from G, the foot of the perpen- 
dicular from the doublet on to the wall, and is a minimum at G. 

If ft » 4a* G, find the stagnation points, and show that the streamlines include 
the circle 2*+(y-a)* » 4a 1 , where the origin is taken at G. (M.T.) 

22. In two-dimensional motion there is a uniform source along the real axis 
of total output 2 win stretching from x - 0 to x - a. Show that the complex 
potential is 

» "j 0 log -m j|log*-^log(*-«)J 

Combine this with a uniform stream V parallel to the 2-axis, and show that 
he dividing streamline is 

Gy-*— {*(*s-#i)+®*i+yiog”iwJ “0, 

Acre r x , r t are the distances and 0 X , 0 S the corresponding angles from a point on 
he line to the ends of the source. Trace the form of this line. 

28. Along the 2-axis there exists for each stretch from 2 - 2nat0 2 » (2»+l)a 
t two-dimensional source of strength k per unit length, and from 2 « (2n-l)a 
10 2 - 2na a two-dimensional sink of equal strength when n takes all positive 
rod negative integral values. If is is the complex potential, find -du>/dz. 

If in a channel bounded by walls at 2 » a and 2 « -a a line source stretches 
tom x m 0 to 2 « a, and an equal line sink from 2 * 0 to 2 « -a, find the 
velocity at any point along the walls. (UJL) 

2i Prove by direet calculation that the radial velocity on a circular cylinder 
ine to a source and its image system vanishes. 

28. Verify that a source and its image system in a circular cylinder do in fact 

‘ > the section of the cylinder a streamline. 

26* In the ease of a source outside a circular cylinder, prove that the equation 
f the streamline $ - constant is 

- 0* 

|here c * tan #»), jf - a 1 . 
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27. In Ex. 26 above, prove that 

(i) the asymptote to the streamline is cx+y-c(/+/) - 0 ; 

(ii) all the asymptotes pass through (/ +/, 0) ; 

(iii) each streamline equation gives rise to a closed curve lying entirely 

inside the cylinder. 

28. In the case of a source at a point A outside a circular disc, prove that the 
velocity of slip of the fluid in contact with the disc is greatest at the points where 
the circle is cut by the lines joining A to the ends of the diameter perpendicular 
to OA, and that its magnitude at these points is 

2m . OA 
OAT?’ 

where 0 is the centre and a the radius of the disc. 

29. If the axis of y and the circle a^+t/ 2 = o 2 are fixed boundaries, and there 
is a two-dimensional source at the point (c, 0) where c>a, show that the radius, 
drawn from the origin to the point on the circle where the velocity is a maximum, 
makes with the axis of x an angle 

t a 2 +c 2 

C ° S (R.N.C.) 

80. A two-dimensional source I of strength m is outside a fixed circle, centre C. 
Prove that the value of q at any point P is 

w* 

where r , r x , r s , r 8 , r 4 denote the distances of P from the points C, /, J, A, B re- 
spectively, J being the inverse point of I with respect to the circle and A, B the 
points in which Cl cuts the circle. (U.L.) 

81. If a circle be cut in half by the y- axis, forming a rigid boundary, and a 
source, of strength m, be on the &-axis at a distance a , equal to half the radius, 
from the centre, prove that the streamlines are given by 

(16o* +r*) cos 29 - 17o’r* = (16a*-r*) sin 20 cot 0, 

$ being a suitably adjusted value of the stream function. 

Show that the streamline $ - mirft leaves the source in a direction perpen- 
dicular to Ox and enters the sink at an angle tt/ 4 with Ox, and sketch the stream 
lines. 

82. In the two-dimensional motion of an infinite liquid there is a rigid boundary 
consisting of that part of the circle - a 2 which lies in the first and fourth 
quadrants and the parts of the axis of y which lie outside the circle. A simple 
source of strength m is placed at the point (/, 0) where />a. Prove that the 
speed of the fluid at the point (a cos 0, a sin 0) of the semicircular boundary is 

kmf* sin 20 
a 4 +/ 4 -2a a /*cos20' 

Find at what points of the boundary the pressure is least. (R.N.O.). 

88. Water enters a circular enclosure of radius a at the centre 0 and escapes 
by a small hole at the point A of the boundary into the region outside which is al so 
occupied by water and is unbounded. The motion being considered two-dimen- 
sional, prove (i) that the asymptotes of the streamlines pass through a fixed point ; 
(ii) that the tangent at 0 to a streamline and the corresponding asymptote are 
equally inclined to OA ; (iii) that the streamline has a double point at A, the 
tangents at which are perpendicular. Sketch one of the streamlines. (U.L.) 
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Within a circular boundary of radius a there is a source of strength m at 
‘distance / from the centre and an equal sink at the centre, Find the complex 
potential, and show that the resultant thrust on the boundary is 

Vn 1 / 8 

In what direction is the boundary urged by this thrust? 

Deduce as a limiting case the velocity potential due to a doublet at the oentre. 

(R.N.C.) 

85. A source is situated at the point (c, c) in the region bounded by the axis 
of z and the circle x a +y* « o 8 , the source being outside the circle. Show that the 
fluid velocity vanishes at the points (±a, 0) and that it will vanish at one other 
point on the circle provided that 2 c<(2h- n /2)o. 

86. The boundary of a semi-infinite liquid consists of an infinite plane sur- 
mounted by a cylindrical boss of semicircular cross-section of radius a, and the 
liquid contains a line source everywhere at a distance c from the plane and the 
axis of the boss, where c « a tan A. Show that the velocity at points on the boss 
is a maximum along the generators lying in the axial planes, making an angle 0 
with the axial plane containing the line source, given by tan 0 » ±cos 2A. (U.L.) 

87. Show that to = m log {(s-sjfs -z 2 )/z}, w here z g :z is real, gives the 
motion for a simple two-dimensional sink of strength m at z « z x , in the presence 
of a fixed circle, centre the origin, and of radius a , where a 2 * z 1 z i \. 

Using the transformation 

z '«z+c*/z, (c<a< | z x |), 

obtain the solution for the motion due to such a sink outside a fixed ellipse, and 
find the resultant force on the ellipse. (U.L.) 

88. Sources of equal strength m are placed at the points z ® nia when 

ft “ . . . , —2, — 1, 0, 1, 2, 3, . . . . 

Prove that the complex potential is w « -mlog sinh (rrz/a). Hence show that 
the complex potential for doublets, parallel to the z-axis, of strength ft at the same 
points, is given by 

w = fi coth (nz/a). 

88. If the row of doublets of Ex. 38 is placed in a uniform stream - U parallel 
to the x-axis, prove that the streamline 0 ® 0 is 

ay » sin (2ffy/o) 

7r&* cosh (2 irxja) - cos (2 Try jo) 9 

and show that this consists in part of the z-axis and in part of an oval curve which 
is nearly circular (diameter 26) if b is small compared with a. Show that this 
solves the problem of a stream flowing through a set of parallel equidistant rails 
of approximately circular section. 

40. Prove or verify that the complex potential defined by 

a “P(-¥) +eZp (^) 

makes the streamlines tj/m ±mir straight and radiating from the origin. Prove 
that the flow is inwards towards the origin in one of the angles thus formed and 
outwards from the origin in the other (re-entrant) angle. 
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41. If w «• f(z) and v » - dz/dw, show that v and u are inverse points in the 
Argand diagram. Show that if v can be determined as a function of u>, then 

z m - J V dto. 

Prove that the assumption of a Bimple source in the v-plane in the form 


aU . ( l\ aU . 1 , , 

•“ - v log(v- 5/ ) + -logj ? le a dBto 

_ aU ( 7TW\ 


and that this represents the flow of water out of a canal of breadth 2a, the asymp- 
totic velocity in the canal being U. 

42. Use the result of Ex. 41 to prove that the complex potential due to a stream 
U flowing against the mouth of an infinite canal of breadth 2a is given by 


ttZ TTW . ttW 

~a ” oP + °®a£?' 


43. Two infinite planes converge at the angle 2a = 2mr, but do not meet, to 
form a spout into which liquid flows. Show that the diagram in the v-plane 
(v « - dz/dw) corresponds to the type of flow given in Ex. 40, and deduce that for 
flow into the spout 

m ( nw\ m f[\-n)w\ „ 

-«T/ exp ( - m) + (THfv erp (4rV +c - 

Taking C = m/(nU), show that the result of Ex. 42 can be deduced. 

44. If liquid moves inside a thin shell between two plane laminae, show that 
a corresponding motion in a thin spherical shell can be obtained by inverting the 
streamlines in the first motion with regard to any origin, and find the factor by 
which the velocities must be multiplied to transform one motion into the other. 

A source and an equal sink are placed at two points of a thin spherical shell. 
Show that the equipotential and streamlines on the sphere are small circles. 



CHAPTER IX 

MOVING CYLINDERS 

9*10. Kinetic energy of acyclic irrotational motion. Consider two- 
dimensional acyclic irrotational motion of liquid bounded internally by a 



cylinder C x and externally by a cylinder C t and of unit thickness (i.e. com- 
prised between two planes parallel to the plane of the motion and at unit 
distance apart). For Buch a motion to subsist, it follows from 3-77 (I) that 
either or both cylinders must be in motion. 

Then if 5 is the region between C t and C , , we have for the kinetic energy 



Tlgin g the complex form of Stokes’ theorem, 5-43, we get 

T = -lip\ wd$+fy\ wdw, 

J(c,) Jig 

each contour being described in the counterclockwise sense. 


911. Kinetic energy of cyclic motion. Consider cyoKo irrotational 
motion *»Mng place in liquid contained between fixed cylinders C x and Cj, 


Let V) denote the complex potential. By hypothesis, there is a circulation 
of strength k, so that decreases to w t -2mc when we encircle the cylinder 


O x in the anticlockwise sense. 

Trntgin* barrier AB between the cylinders, thus rendering the region 
occupied by the fluid amply connected The barrier AB is a geometrical 
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conception which does not interfere with the motion. This will be the case 
if AB consists always of the same fluid particles. This barrier gives us a simply 
connected region in which u> 0 is one-valued. 



Fiq. mi. 

Let C denote the circuit Ci+BA+C^AB, where C 2 is described anti- 
clockwise and Cj clockwise. The kinetic energy is given by 

(1) T 0 = \ip w 0 dw 0 = lip\ w 0 dw 0 +lp\ w 0 d^ 0 , 

ho ho ho 

since w 0 = w 0 - and therefore dw Q = dw Q - 2 i <fy. The first integral vanishes 
by Cauchy’s theorem, since w 0 is one-valued in the region bounded by C. 
Since is constant on the streamlines C 1 and C 2 the last integral reduces to 
one along AB+BA. On AB w 0 has the value w 0 , but on BA it has the value 
w q -2ttk. Therefore 

(2) T 0 =i/> + (t^ 0 ~27T/c)^ 0 = TTfC/O j * 

where (^ 0 )jj, ($ 0 ) A are the values of at Band A. Thus 

(3) T q = TTKpm, 
where m is the flux from right to left across AB. 

It follows also from (3) that 

(4) T 0 = 2mc d$ = j ■mtpq'ie, 

where q n is the velocity normal to the barrier AB. This is the work done by 
an impulsive pressure 2wcp applied to the barrier AB, the liquid being initially 
at rest. 

Thus the given cyclic motion could be generated from rest by this impulsive 
pressure applied to the barrier, the barrier being supposed to disappear immedi- 
ately after the application of the impulses. Conversely, the cyclic motion being 
established, the liquid could only be brought to rest by the application of this 
impulsive pressure (but in the opposite sense) to a barrier such as AB. It 
.follows that the cyclic motion cannot be either created or destroyed by im- 
pulsive pressures applied to the boundaries C x and C 3 alone. 
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We can therefore generalise theorem II of 3*77 as Mows (at least for two- 


If liquid occupying doubly connected space is bounded by rigid walk, the 
motion, if acydic , will instantly cease , if the boundaries are brought to rest , but , 
if cyclic, the cyclic part of the motion will persist . 

Theorem VI admits of a similar generalisation, and generally it follows 
that, given the strength of the circulation, irrotational motions in doubly 
connected space are determinate. 

The foregoing remarks, here justified in the case of doubly connected two- 
dimensional regions, are of general application to space of any connectivity in 
three dimensions. 


We can now generalise to the case of any two-dimensional irrotational 
motion of liquid between two rigid cylinders O x and C a . The complex potential 
of any such motion can be expressed in the form w+w Q , where w applies to 
acyclic motion while w 0 applies to cyclic motion with the boundaries at rest. 
In this case the whole kinetic energy (per unit thickness) is 


(5) T = Ji/> (w+ w 0 )(dw+dw Q ) =\ip I w dw+\ip w 0 dw 0 +T ', 

J(C) J(C) J(C) 

where 

T = \ip I (w dw 0 + w 0 dw) = lip 
J(C) 


| jw(<H - % <%) + {w Q + 2^5i 0 ) dw j. 


Now by Cauchy’s theorem \(®wdw Q = l(®w Q dw - 0, and as before 0 O is 


constant on C x and C 2 . Therefore 


(wd*l>o-fadw)=Q 

J AB+BA 

since w and 0 O are one-valued and therefore the integrals along AB and BA 
cancel. Thus 


(6) T =i ip\ wdw+irKpW 0 )b- 

J{C) 

in other words, T is the direct sum of the kinetic energies of each motion con- 
sidered independently. Since w is one-valued the barrier AB does not intervene 


As an example of the kinetic energy of cyclic motion, take the case of cyclic 
motion, with circulation of strength k between two circular cylinders of radii 
a and 6 (HI). Here 

T as mp (k log 6 - k log a) = rtK l p log (6/a). 

9*20. Circular cylinder moving forward. Taking the origin at the 
centre of the cylinder, radius a , when liquid streams past with velocity V at 
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im 


infinity in the negative direction of the $-axis, the complex potential, from 


P« + 


Pa 2 


If we impress on the whole system a velocity P in the positive direction 
of the aj-axis, the cylinder moves forward with velocity P and the liquid is at 
rest at infinity, so that « t 


( 1 ) 


w = — . 
z 


Comparing this with 8*23, we see that the complex potential is the same 
as that of a two-dimensional doublet at 
^ the centre of the cylinder in the positive 

direction of the z-axis and of strength Pa*. 
From (1), we get 



u-w = 


P a 2 


u+iv = 


Ua'e™ 


The radial and transverse components 
of the velocity at the point (r, 6) are 

P a 1 cos 8 Pa 2 sin 9 


Fra. 9-20. 


It must be emphasised that these are the components of the absolute 
velocity of the liquid at the fixed point in space whose coordinates are (r, 9) 
with respect to the moving axes at the instant considered. The only property 
required of the complex potential is that its derivative should yield the 
velocity. We also note that 2 _ P 2 o 4 


so that the speed is the same at all points equidistant from the centre of the 
cylinder. In particular when r = a, q = P, and therefore the speed on the 
boundary of the cylinder is P. 

9*21* Paths of the particles. Consider fixed axes Ox, Oy at the instant 



Fra. 9*21 a). 
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when the centre of the cylinder is at 0. The particle at the point P(a>, y) is 
moving with velocity Ua'/r 1 at an angle 6 with the radius vector (9-20), and 
therefore the tangent to the path of P makes an angle a with Ox where * » 2ft 
Hence, if R is the radius of curvature of the path of P, 


I ff? _ jjffl) dy 
R ds dy is 


2 ~ • sin 2d, 
dy 


Now when the liquid is streaming past the fixed c ylind er, the particle P 
moves along a streamline whose equation (6*22) is * 


whence 2 |sin2« = t fo-J,). 

Therefore l = 

This is the equation of the elastica or curve assumed by a perfectly flexible 
rod subjected to longitudinal thrusts. As the cylinder moves from - oo to 
+ 00 1 P moves from P 0 to P l , the points of the elastica at which the tangent 
is parallel to the a-axis. 

We now calculate the drifts f^P^ in fig. 9-21 (i). 

To tikis end we consider the motion of the liquid relative to the cylinder re- 
garded as fixed, so that the liquid moves from right to left with general velocity 
V. Using the radial and transverse velocity components of 9*20 we have for the 
relative motion 



One integral of these equations is the stream function (1), where the constant rj 
gives the initial and final distance of the particle from the line of motion of the 
centre of the cylinder. For the drift we then have 


( 3 ) 



f* a*cos20<Z0 
j o fo*+4a*sin*0) 1 '* 


on the use of (1) and (2). The motion can be obtained in terms of elliptic 


( 4 ) 


m = i* = 


4a* 

i?*+4a*' 


and writing cosfl=s~snt>, so that v ranges from ~X to X, where X is the 


•The relation between y end 9 is that appropriate to an observer moving with the cylinder, 
be. a streamline when the cylinder it fixed. 

t The tern and the treatment which follow* me due to Darwin who menu to be the Ant to give 
a physically satisfactory intuitive picture of this phenomenon and of virtual mass. C. Darwin, 

PmtimS. m 8oc h *9, (less), mm. 
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complete elliptic integral of the first kind. Then the whole course of the motion 
is given in terms of the parameter v by 

y („) =?(*'+ <M, fM-Jff i-W»-*W> 

V <(«) = ? so v(i'+dn »)+£(»), 

where (( (v), y(v)) are the cartesian coordinates of the particle, at time t(v), 
relative to the initial undisturbed position. These equations enable us to plot 
the paths* and to calculate the drift 

(5) f=|{(l-J »)K-E}. 

Some of these paths are shown in fig. 9-21 (ii) adapted from Darwin’s paper. 
The origin of time has been taken at the moment of central passage of the cylin- 



Fio. 0-21 (ii). 


der. The numbers on the curves record the times at those points in a statable 
unit; thus a point marked 2 gives the position of the liquid particle when the 
cylinder has moved forward 2 radii from the centre position. For tine set of 




* L M. Mflne-ThoiMon, Jacobian elliptic function Mat, New York, (1M8). 
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wben the cylinder ii at -so and the broken line on the right the final positions 
when the cylinder has passed to + 00 . Thus there is indeed a drift of the liquid 
from left to right. The mass of liquid between the initial and final positions 
(taking unit thiokness of liquid) may be called the drift-mast pD where 

(®) pD = p\ £di). 

J -00 

It can be shown by performing the integration that pD = m'p = M' the 
mass of liquid displaced by the cylinder. 


921 Kinetic energy* When a circular cylinder of radius a moves 
forward with velocity U, the kinetic energy of the fluid is given by 


Also 


Ua' 


Tf = -itpjwdw;. 


Ua' 

2 ’ * z 

Now on the cylinder, z = ae* 9 , l- a er* % dz-~ia e-* d$, so that 


Ua' 

■~¥ c 


r TJt a i 

^pe'ae-vdd = fapa'U'. 

Let M f — irpa'. Then M’ is the mass of liquid (per unit thickness) dis- 
placed by the cylinder. 

If then M is the mass of the cylinder (per unit thickness), the total kinetic 
energy of the fluid and cylinder is 

Let F be the external force in the direction of motion of the cylinder 
necessary to maintain the motion. Then the rate at which F does work must 
be equal to the rate of increase of the total kinetic energy, and therefore 

Had the liquid been absent, the second term would have vanished. Thus 
the cylinder experiences a resistance to its motion of amount 

dU 

dt 


per unit thickness, due to the presence of the liquid. 


9*221* Virtual mats* An inspection of the final equations of 9*22 proves 
that the presenoe of the liquid effectively increases the mass of a moving circular 
cylinder fromif to M+3P, where M! is the mass of liquid displaced. The mass 
M+M* is called the virtual mass of the cylinder, and the virtual mass is obtained 
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by increasing the mass M by the added mass or hydrodynamic mast which in the 
case of the circular cylinder is M\ Observe that this hydrodynamic mass M! is 
equal to the drift-mass pD calculated in 9*21. It would appear that all moving 
bodies, in so far as the motion takes place in a medium, should be affected by 
added mass, so that in dynamical experiments the masses enter as virtual masses 
of the type M + kM\ where the coefficient k depends on the shape of the body 
and the nature of the motion. Darwin in the paper just cited has proved that 
fot bodies moving in a straight line in unbounded liquid the hydrodynamic mass 
is given by the drift-mass, i.e. that 

kM' = pD t 

and in the case of a circular cylinder k = 1. 

9*221 Virtual mass in two-dimensional motion. We consider a 
cylinder of any form moving two-dimensionally with velocity U in a straight 
line in unbounded liquid. In coordinates fixed with reference to the cylinder 
the flow will be represented by a complex potential w- Uz+(f+ ig) or in terms 
of velocity potential and stream function 

(1) <j>=Uz+f, ty=Uy+g. 

Since /+ ig represents the disturbance made to the stream by the presence of the 
cylinder /+?# must tend to zero at infinity and must therefore be expressible in 
a series of negative powers of z } so that / and g will be expressible in series whose 
terms will tend to zero at infinity by involving negative powers of r. Thus we 
shall have. 


a *-r,t+y+4 + a^j9 + ... 

(S) 

The boundary condition can be expressed either as 

(4) $ = constant on the boundary, or 

(5) Ifa+m/y as - VI on the boundary, 

where (2, m) are the direction cosines of the normal to the boundary drawn 
towards the fluid, and suffixes denote partial differentiation. 

The motion of a particle is given by 


r-v-u I--/, 


The stream function gives one integral of these equations sa jr 
( 7 ) <l> = Uy+g = Uti, 
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so that rj defines the initial and final asymptotic line of flow. Agipti 

dt * d(x,y)‘ 

the Jacobian, on account of the Cauchy-Kiemann equations 6*0 (1). Thus the 
drift ( is given by 

Here the integrand is to be transformed from its expression in x and y into terms 
of <j> and and is then to be integrated with respect to <j> with \jj kept constant. 
The drift-volume D is then given by 

Here the field of integration extends over the whole plane of the motion 
except the cross-section of the cylinder. But it is important to notice that the 
integral is not absolutely convergent and can attain quite different values 
according to which integration is done first. In the present case there is no 
doubt of the order for the ^-integration was to be done before the ^-integration. 
Since in the distant parts of the fluid <£-> Ux, $-+Uy as is clear from (2) and (3) f 
in the last integral of (9) the ^-integration is to be done first. An alternative 
way of stating this is that if the integrations are taken respectively between the 
infinite values $= ±A, t/= ±/x then A is to be much greater than ft. Let us then 
consider the possible values of the integral 

(10) jj( -/«) fady = ^(U-<l>,)dx dy. 

Apply Stokes theorem. Then in terms of the stream function \ji 

(11) J = -^(Uy-Mmds-^ (Uy-Mmb, 

where (0) signifies integration over the body and (oo ) over the surface at infinity. 
Now by (4) \j> is constant on the body and the associated integral vanishes while 


J ( 0 ) 

ymd»- F, 


where V is the volume of the body. Thus the first term on the right of (11) 
always gives - 71 7. As regards the second term let us define the field of 
integration as a " box ” ±A, y= ±fi where both A and ft are to be infinite. 

If we insert the ex pansio n (3) into the last term of (11) we find that only one 
term contributes and that 


Js-FP+tAtair 1 ^). 
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13ms the extreme values that J can assume are 

(14) J= - VU, when /x is large compared with A. 

(15) J =2nA - VU, when /x is small compared with A. 

We proceed to show that (15) is proportional to the hydrodynamic mass. 
We have already seen that when A is much greater than /x (9) gives the drift- 
volume so that in this case J =DV. There are however other interpretations. 
In the system in which the body is moving the velocity of the fluid in the z- 
direction is u=U and the total flux of fluid is Jw dy across any transverse 
plane. The total transfer of fluid is the time integral of this ; and the time 
integral multiplied by V is the ^-integral which is J so that the time integral is 
J/27. Here the ^-integration was done first so that we must have /x much 
greater than A and the answer is (see (14)) - F, the reflux of fluid displaced by 
the body. 

Again if p is the density 

(16) 



The kinetic energy of the fluid is 

(17) \RTJ l = dx dy 

which is an absolutely convergent integral defining H the hydrodynamic mass. 
But if H can yield energy, it should also be able to yield momentum so (161 and 
(17) should be related. We have, since u- U-<j> x , from (16) and (17) 


HU>-JpV = p |j {Ufa- UHM dx dy 

f(o> f(®> 

= -/>j {^>-Vx)(l4f> t +ml>,)dt-pj (t-Uxjm.+mfiJds 

by Stokes theorem. 


Now by (5) on the body, while at infinity, from (2), 

fa-+0. Thus only the leading term in (2) contributes and it yields 4 A tan _1 (p/A). 
Thus if n is small compared with A 


flU-Jp=0, J = 2w4 - VU 
from (15) and so the virtual mass is 

3 = (%rA~VU)pjV. 

This proves that for unbounded fluid the drift-volume measures the hydro- 
dynamic mass. Thus the added mass really represents a mass of the liquid 
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9-23. Circular cylinder falling under gravity. Suppose the cylinder 
of radius a , density <r, to fall, the axis remaining horizontal, in fluid of density p. 
Consider a unit length of the cylinder limited by 


smooth vertical walls. 

The weight of the cylinder is irtfog. 



The upthrust of the liquid is wz 2 /#, by the prin- 
ciple of Archimedes. Hence the vertical downward 
force on the cylinder due to gravity is m % (o - p)g. 

If y is the vertical depth measured from the 
surface, we have, from 9*22, 



ttcPo 


<Py 

A* 


Thus 


= 7ra*(a-p)0-7ra 2 p^. 

a-p 

A* ff+/r 



Fia. 9-23. 


and the cylinder descends with this constant acceleration, provided that y is 
large enough for the surface conditions to be negligible. When o<p, as in 
the case of a balloon, the cylinder rises with an acceleration (p— cr) p/(p-hor). 


9-24. Circular cylinder with circulation. Let the centre C of the 
cross-section of a circular cylinder of radius a be moving with velocity 17 -mF 
and let C be at the point z at time t. Then 

(1) z = U+iV, 

where the dot denotes differentiation with respect to t, and if 2m is the cir- 
culation, the cylinder (7*45) experiences a lift 2mpiz, Also the acceleration of 
the centre is z and therefore there is (9-22) a resistance - M'z. 

Therefore the force exerted by the fluid on the cylinder is 

X+iY s= - M!z + 2t TKpiz. 

If there are no external forces, the equation of motion of the cylinder, 
mass M 9 is 

Mi = Z+tT. 

Therefore 

(1) (M + M)% - 2rrKfriz - 0. 

The integral of this linear differential equation of the second order with 
constant coefficients can be found or verified to be 


t ss z 0 +4e <(wi H m 


2mxp 

M+M f ' 
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l*-*ll=4 

so that the centre of the cylinder describes a circle whose centre is z 0 . Again, 
P+iT = z = uoA e ii0tH) . 


Thus 


so that the circle is described with constant speed in time 2 !ir/o>, and its radius 
is 


4 = 


(jf+ Mw+vj 

2iiKp 


9 25. Cylinder moving under gravity. If the cylinder considered m 
9*24 moves under gravity with its axis horizontal, we take the y-axis vertically 
upwards. The effect of gravity on the cylinder is to cause a vertically ctywn- 
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ward force Mg } the weight, and a vertically upward force M'g, the buoyancy 
(principle of Archimedes). Therefore equation (1) of 9-24 is replaced by 

(M+Myi-%mcpiz = -i (M-M')g, 
or z-iwz = -ig 0 , 

. 2 ttko M-M' 

wh«e w = = 

A particular integral is clearly z = <j 0 tfa and therefore 

nA 

Therefore x = & 0 +~-+Acos(wf+€), y = y 0 +4sin(a)f+e). 

Thus the path of the centre of the cylinder is the trochoid described by a 
point on the circumference of a circle of radius A which rotates with angular 
velocity w, while its centre moves on a straight horizontal line with constant 
velocity gjo. 

The precise value of A will depend on the initial speed and direction of 
motion of the centre of the cylinder. If these are so arranged that 4 = 0, 
then the path of the centre of the cylinder will be a straight We. Also, when 
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tiie path is a trochoid, the mean direction of progress is horizontal ; in other 
words, the cylinder does not tend to descend under the action of gravity* 
This phenomenon has been advanced as a partial explanation of the observed 
behaviour of a tennis ball. 


9*30. Pressure equation referred to moving axes. Let the origin 
have velocities JJ and F along the instantaneous position of the axes, and let 
be the angular velocity. The pressure 
equation is given in 3*61. To adapt it to 
this case we have to calculate the square 
of the speed at the point z. Now, with the 
notations of 3-61 and 5*10, we get, for the 
velocity of z , 

U+w A r = ii7+jF+wk A (xi+yj) 


= [(P-H+(F+*») k A ]i 

= (JF+ia>z)i, 

where IF - U+iV. Thus the square of the speed of z is 



p -+W+Si-%-{(W+iM)(W-*>z) = CM. 

p Ot 

where q r is the speed of the fluid relative to the moving axes. 

When the relative motion is steady, as for example in the case of an observer 
in a ship moving with constant course and speed, we get 

^+$g r *+G--£(JF+ttoz -iwz) = C, 

P 

where C is now an absolute constant. 


9*40. The stream function on the boundary. Consider axes fixed in 

a cylinder which is moving with a velocity of translation and rotation. 

Let 17, F be the components of the velocity of the origin 0, and let « be 
the fl-ng nlftr velocity. Then the components of velocity of the point P(x t y) 
of the boundary are U -yw, V+xw. Resolving along the outward normal to 
the boundary at P, we get 

{U-yw) sin 0- (F+»o>) cos 0, 
where 9 is the inclination of the tangent to the axis of & 
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Now sin 0 = dyfds, cos 8 = dxjds, and the normal velocity of the fluid is 
- difj/ds. Equating the normal velocities, we get 



Integrating along the boundary, 

if/ = Vx- Uy+ Jw(aj 2 +y 2 )+5, 

where B is an arbitrary constant, and therefore we have the value of the 
stream function on the boundary. We now see that, ignoring an added con- 
stant, if/ is equal to the imaginary part of the function 

(1) f(z, z) --{U - iV)z+liu) 2 z . 

If we put U cos a, V sin a for U, V, so that the resultant velocity is V at 
angle a to Ox, we get 

(2) f(z, z) =- Uze^+iiwzz. 

The conjugate complex function is 

(3) f(z, z)=-Vze Ul - iicuzz, 

Since if/ is the imaginary part of (2), - if/ is the imaginary part of (3). There- 
fore, by subtraction, 

(4) 2h/r --Uze-^+Uz e ia + iwzz. 

9*50. Farce on a moving cylinder, Referring to 6*41, we have for the 
action on the element ds of the boundary 

dX-idY ~-ipdz, dM+idN = pzdz. 

Now let dz = d* e ia and therefore dz = dz Therefore 

(1) X-iY = -i f pe~ iUt dz, M+iN =* f pze^dz, 

J(C) J(C) 
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where the integrals are taken round the contour G of the cross-section of the 
cylinder. Now, if W = U+iV is the velocity of the origin with respect to 
axes fixed in the cylinder, and a> is the angular velocity, the pressure equation 
is (9*30), 

(2) Z = Q-\q r '+\(W+imz)(W-iw), 

where q r is the relative speed. Now, on the boundary the fluid is moving 
•tangentially relatively to the cylinder, and therefore the relative complex 
velocity is 

!,r* = -J-IF+A* 

for the left Bide expresses that the relative velocity is tangential and the right 
side measures the relative velocity. 

Substitute the value of q r given by this equation in (2) and then substitute 
for p in (1). We thus get, making use of the relation dz = e~ 2i * dz at points 
on the cylinder, 

(3) = (j^+W-uJ)*dz 

-Jtpf (W +iuz)(W -io>z)dz-ip f — dz. 

J(C) J (0>« 

(4) M+iN=-\p^z(^+W-io>zJdz 

+•$/>[ z[W+ito>z)(W-uoz)de+p\zQdz. 

* J(0 J w 

These equations constitute a generalisation of the theorem of Blasius, to 
which they reduce when the motion is steady and the cylinder is at rest. In 
their present form they are unwieldy. The simplification of these results is 
most rapidly effected by the use of the complex form of Stokes’s theorem (5*43), 
which gives 

(5) [ (W-uoz)Hz=:2i[ -2u»(W-iwz)dS = k*>A(W-iwz e ) } 

J(C) J (5) 

where A is the area enclosed by the contour and z e = x e +iy c is the position 
of the centroid of this area. 

(6) f (W+iwz)(W-iwz)dz = -2i[ iw{W -iwfydS = 

J(0 J(5) 

(7) f (-Wz+Wz+iwzfydz = ~2t[ {-IT+iw2)<J5 = 2iA(W-ud 9 )z 

J(0 J (S) 
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9 51 Extension of the theorem of Blasius. Equation (3) of 9*60 gives 
the force on a moving cylinder. This can be written 

X-iY = Jtp | (w^-iojz dz+ \ip J (AT — %m)Hz 

- lip | ( W+ icjz)(W - iwz)dz - ip ~ | <j> dz, 

where the integrals are all taken round the contour of the cylinder. Using 
(5) and (6) of the preceding section, we get 

(1) X-iY = dz+ipW^dw+wp^zdw 

+ 2ipa)A{W- icoz e ) - ipu)A(W - iwz c ) - ip ~| <f> dz. 

Now | dw is the increase in to as we pass round the cylinder and is therefore 
equal to -2 ttk, where k is the strength of the circulation (which may be zero). 

Also, J zdw = |z(d«5+2td^), since w - w+2u/j, and, integrating by 
parts, 

| zd+ = [ty] c - 1 0 dz. 

Since the product z0 returns to its initial value on going once round the 
cylinder [vji^ = 0, and hence 

| zdw = |zdto~2t|(/rdz. 

Now, from 9*40 (4), we have on the cylinder 


Therefore, from 9*60 (7), 


( 2 ) 

(3) Hence 

(4) Again, 


= A(W~iwz e ). 

= ^zdw-2iA(W-uoi e ). 

& = | (ti+uli)iz = | H dz+Ai(W-iwi,) t 


from (2). Substituting (3) and (4) in (1), we get 
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This may be regarded u the extended form of the theorem of Blasius for 
tiie force on a moving cylinder, its advantage being that the integrals are all 
taken round the contour of the cylinder or any larger contour reconcilable 
with this without passing over singularities such as sources, sinks, or vortices. 
A similar calculation will show that the moment about the origin of the forces 
due to the pressure is the real part of 

(6) i 

+p ^zudi-Api [ Ziz t i l+W^. 

where k is the radius of gyration of the section with respect to 0. 

The reduction of (4) of 9*60 to the above form by use of 5*43 is left as an 
exercise to the reader. 

It will be seen that it is advantageous to take the origin at the centroid of 
the section, for then z c = 0. # 

The interest of the above results lies in their complete generality, since they 
apply equally whether the motion is steady or not. 

In the case of relatively steady motion, the terms involving differentiations 
with respect to the time disappear. 

9-53. Cylinder moving in unbounded fluid. When a cylinder moves 
in unbounded liquid which is at rest at infinity, the disturbance due to the 
motion of the cylinder must be negligible at great distances from the cylinder. 
Thus, for large values of z, we must have dw/dz = 0. 

The most genera^ form of w consistent with this condition and with con- 
tinuity of the motion of the fluid and of the potential is, for large values 
of 1*1, 

(1) ttl SS %K log Z + ~ +5+.. 

z z* 

k being the strength of the circulation. 

We then obtain 

dm w oj 2a, 

W dz~z'z t 'z>' 

fdu A 1 _ k* 2 a 1 iK 

\dz) 7"" 

and it follows that the first integral in the Blasius formula 9*52 (5) vanishes. 

Changing the sign of t throughout, and taking the origin at the centroid 
of the section, we get 

(3) Z+iT = u>p^zdw+ip^wdz+2nKpiW+ipA . 



248 


cylutoeb moving in unbounded fluid 


[9-53 

zdw = | ..^Jdz=-2iria l , 

by the residue theorem. 

Again, j w dz = %k [z log z] + 2^ , 

where [z log z] represents the variation of z log z when we go once round the 
contour. If the circulation remains constant, the differential coefficient of 
this term with respect to t vanishes. We then get, from (3), 

(4) X+iY as - Vmpoiiax + %nKpiW + ipA [o*W - i j - 2 np —■ . 

This formula is very convenient for it contains no integrations. In the^ 
complex potential (1), let a x = a+ib, Then remembering that W = U -mT, 
where (U, V) are the velocity components of the motion of the origin, we get 

dU da 

X = 2tt/)6w - 2rrKpV - ApwY +Ap - 2rrp ^ , 

Y = -2mpaM+2iTKpU+ApwU+Ap^-fap ( ~> 

We may also note that Ap = M\ the mass of fluid displaced by the cylinder 
(per unit thickness), and that if to = 0, the last two terms of (4) measure the 
hydrodynamic mass for linear motion. 

The above formulae may be applied to give the results of 9*24, 9*25. This 
is left as an exercise. 

The theorem of Kutta and Joukowski (745) follows as a special case of (4), 
for taking a) = 0, and W = constant, we get X+iY = 2i TKpiW, which is a 
force at right angles to the direction of W, of intensity 2irKp>j(U l + F*), and 
independent of the shape or area of the cross-section of the cylinder. Equa- 
tion (4) may therefore be regarded as an extension of the theorem of Kutta 
and JoukowBki. 

The corresponding extension on the lines of Lagally’s theorem, when sources 
and sinks are present, offers no difficulty. 

9*61 Cylinder moving in a general manner. The complex potential 
in the case of a circular cylinder moving transversely was derived in 9*20 from 
the corresponding case of liquid streaming past a fixed cylinder by superposing 
on the whole system a velocity opposite to that of the stream. The case of 
transverse motion of an elliptic cylinder could be similarly derived from the 
streaming past applied to the result of 6*33. We shall now, however, explain 
a method of more general application, whereby a direct attack can be made on 
the problem of a cylinder moving with translation and rotation in a fluid at 
rest at infinity. 




CYLINDER MOVING IN A GENERAL MANNER 


249 


9*62] 

The method consists essentially of mapping the region exterior to the cross- 
section of the cylinder in the 2 -plane on the region exterior to the unit circle 
| { | = 1 in the {-plane combined with a particular application of 9*40 (4). 


9*63. The complex potential for a moving cylinder. Let C be the 

contour of the cross-section of a cylinder moving two-dimensionally in infinite 
liquid at rest at infinity, with no 
circulation about it. The motion 
of the cylinder is described by the 
velocity of translation V of a point 
0 of the cross-section at an angle a 
with the z-axis, and an angular 
velocity o). We suppose the domain 
outside the cylinder C in the 2 -plane 
(referred to axes at 0 fixed in the 
cylinder) to be mapped conformally 
on the outside of the unit circle | £ | = 1 in a complex {-plane, by a relation 

(1) *=/(£), 

the points at infinity in the 2 - and {-planes corresponding. 

Then for the liquid to be at rest at infinity, the complex potential w cannot 
contain positive powers of z (or {) when expanded in a power series in z (or £). 

Also, on the boundary C of the cylinder, the stream function is such that 
(see 9-40 (4)) 

( 2 ) 2 ult^-Uze-^ + Uze^+iuiZZ. 

We shall denote a general point on the unit circle by a. Then 

(3) <x=e", = l/<r. 

Therefore on the unit circle (2) gives 

(4) 2^ = B(a) = - Uf(a) P/(l/cr) eHiw/(o)/(l/<r). 

The function B(o) may be conveniently called the boundary function . If 
this is expanded in powers of o, we can write 

(5) 

where B x (a) contains all the negative powers of o and no non-negative powers. 
Thus Bi(l) is holomorphic outside the unit circle and vanishes at infinity. 

We can now write the boundary condition (4) in the form 

(6) w(o) -$(l/a) s 2?i(<7)+5 s (er). 

Multiply by del{2m(o~ £)} and integrate round y the circumference of the 



Fig. 9-63. 
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unit circle. Then 

1 f v>(o)do f w(ll<r) da _ If Bi(cr)dcr ^ 1 f B t (a) da 
2ni] {v) o-£ 27rtJ (v) ~27rtJ (y) <x-£ 2irtJ (y) a -£ 

Now w(£) and Bj(£) are holomorphic outside y, while w(l/£) and B*(£) are 
holomorphic inside y. Therefore if £ is outside y, the application of Cauchy’s 
formula (5*59) shows that the second and fourth integrals vanish while the first 
and third give 

( 8 ) w = 

and since B x (£) contains only negative powers of £ the condition of vanis 
velocity at infinity is also satisfied. | 

To see that the velocity is physically admissible everywhere in the liquid,! 
we have 

-u+iv^wW^BXmt)* 

and since the transformation (1) is conformal at all points in the exterior 
domain, there are no zeros of /'(£) in the liquid, hence the velocity is finite 
everywhere in the liquid. 

To sum up, by means of (1) we form the boundary function (2), separate 
out the negative powers of £ which tend to zero as | £ | tends to infinity, and 
these give immediately the complex potential (8) as a function of £. 

Elimination of £ between (1) and (8) would, of course, yield the complex 
potential as a function of z. In many cases it is impossible or undesirable to 
effect the elimination. 

Finally, we can deduce w for the streaming motion past the cylinder by 
putting w = 0 in (2) and superposing the stream V reversed. This gives 

^ = 5 1 (£) + F/(£)e^ 

9*64. Circular cylinder (general method). The simplest illustration 
of the general method is afforded by the circular cylinder of radius a moving 
with velocity V at an angle a with the real axis. Taking the origin at the 
centre of the circular cross-section, the mapping function of 9*63 (1) is 

z as o£. 

The boundary function is 

B(l) = -Uaie*+U<t~W+iM' t 
so that B t (Q=UaeH- 1 ; 

hence 

w = = Ua'&t-K 

As we should expect, this does not involve the angular velocity. 
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MS. Elliptic cylinder. If the unit circle in the complex {-plane is 
given by £ = the transformation 

( 1 ) * = c(£+«-*), 0<A<1, 
maps the region oatside the boundary 0 given by 

(2) z = a cos rj+ib sin 77, 
where 

( 3 ) a = c(l+A), 6 = c(l-A), 

conformally on the region outside the unit circle and the points at infinity 
correspond. Clearly 0 is an ellipse of axes 2a, 26 , and the eccentric angle of 
the point ziarj. Note that/'(£) = 0 only for 



which lies within the unit circle, so that the transformation of the exterior 
domain is everywhere conformal. 

The boundary function is 

2 ?(£) = - Pce-*({+ A^)+ Pce*«(J-HA£)+ia>c*{I+A*+A(£ a +£-% 
so that 

£,(£) = - PAc Pce“£- l +uo Ac*£“*. 

Hence from 9*63 (8) the complex potential is 

( 4 ) w 
where, from ( 3 ), 

(5) A = P{6 cos <x+ ia sin a), B = ^ co^-h 1 ). 

When a = 6, we again have the results for the circular cylinder. 

The kinetic energy of the liquid (per unit thickness) is given by ( 9 * 10 ) 

T = -Jtp I wdw , 

J(0 

taken round the elliptic boundary C, hence 

r = -l»pf (4J- l +B(-«)(I+2S{)<iC = -\ipM(Al+2BS), 

J(C) 

or T = JpjrP*^ cos*a+a s sin s a) - 6 s ) 1 . 

When P = s 0 so that the cylinder rotates without translation, 

which is the same for all confocal ellipses. In particular, this gives the kinetic 
energy when the ellipse reduces to the straight line of length 2 c joking the 
foci. We then have the case of the fiat plate rotating, but the velocity at the 
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edges is then infini te, so that the solution cannot apply without modification 
to a real fluid. 

The case of the rotating plate offers some other features of interest.* For 
the plate we have 6=0, and so A= 1, o=2c and the length of the plate is 4c from 
(3). Thus from (4) the stream function + £~ 2 ). To find the stream- 

lines relative to plate we superpose the angular velocity - w on the whole system 
by adding to 0 the stream function - Jw(a s +y 2 ) = -\u>zz. The resulting 
stream function of the relative motion is then 

, S) * r -H?+rK)( {+ D} j 

and the streamlines relative to the plate are the lines !P= constant. On the 
plate itself £ £ = 1 since the plate maps into the circumference of the unit circle, 
and then ¥= - wc®. Therefore the relative dividing streamline is !P+ <oc*= 0» 
or after reduction 

The first factor gives the circle i.e. the plate and the remaining part of the 
dividing line is 

(7) flf-tf+P+P = 0. 

This meets the plate where ££ = 1 or £ 4 = -1 and so z = ±2 c/ J2, the points L 
and V in % 9-65 in which AA' is the plate which is rotating anticlockwise. 



V 


Fra. 0-66. 

The cum (7) meets the {/-axis where £is imaginary i.e. £ = - £, whence 
£* = - 3 and ±2tc/ v /3 the points C, C' in fig. 9-66. Thus with the plate the 
dividing streamline forms two closed loops as indicated in the figure by L'CL, 

L'C'L. The liquid within these is trapped andmustperforoemoveround with the 

rotating plate, always with a velocity distribution consistent with inotational 


* C. Dtrwin, loe. at. p. 295. 
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9*85] 

motion. Within these loops there are relative stagnation points S and S' (given by 
0y/3£ as 0) which lie on the y-axis at distance c(3 l/4 - 3~ 1/4 ) = 0*556c from the 
centre of the plate. The particles at these points move as if rigidly attached to 
the plate. In fig. 9*65 the dotted lines show other relative paths. The relative 
motion in these is clockwise, that is to say, against the sense of rotation of the 
plate. In fact the relative angular velocity of the radius from the centre of the 
plate to a fluid particle is less than to and so there is a general anticlockwise 
drift of the fluid, leading to rotational added mass (cf. Ex. IX, 8). 

Problems relating to elliptic cylinders can also be solved by the direct 
method of 6*35. Thus when the cylinder moves forward with velocity V e<*, 
we have on the boundary if/ = imaginary part of 

- Uz e~ ia ~-Uc cosh £ 
in elliptic coordinates. Therefore we must have 

w = - Vc e” fa cosh £ + F (£), 

where F(Q is to be chosen so as to be real on the boundary and to make w -* 0 
when | £ | ~>oo . If the ellipse is defined by f so that £ = 2f 0 - £ on the 
boundary, we see that the suitable form for F(t) is 

\Uc e-** rf+}Pe e w «**•-*, 

whence w = V (a + 6) sinh (f 0 + ta)e~*. 

Similarly for the rotating elliptic cylinder, on the boundary 
ifj = cosh £ cosh £ = Jwc 2 cosh (£-£)+ constant, 
and a similar argument leads to 

w = \i(oc l cosh (2£ - 2f 0 ) - \ioc l sinh (2£ - 2f 0 ) = \uo(a+b)* r*. 

More generally, if if on the boundary is the imaginary part of the complex 
potential jFi(£)+Fi(£), where !,(£) f 2 ({) -» 0, at infinity, then 

w = -fi(2f 0 -£)+J a (£), 
provided that P l (2f 0 -£)-^0 at infinity. 

9*66* Cylinder with circulation. To allow for the circulation about a 
cylinder of any form, we observe that the complex potential 

(1) to = ix log £ 

makes ^ = k log | £ | = 0 along the unit circle £ = e*, i.e. the boundary C 
is a streamline, also ^ = - ktj, so that <f> decreases by 2 m when we go once 
round the cylinder in the positive (counter-clockwise) direction. Thus (1) 
gives circulation 2wc round a cylinder of any form which can be mapped on 
the unit circle. In particular for the elliptic cylinder of 9*65, we have 

(2) iff = %k log £+ 0(6 cos a-f <a sin a)£“ l +i ~ (a 1 - &*)£-*. 
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ROTATING CYLINDER 


9*70. Rotating cylinder. When a cylinder containing liquid rotates 
about an axis through the origin parallel to the generators the following 
considerations may be used. 

If the equation of the boundary of the cross-section can be written in the 
form 

a) * =/(*)+/(*). 

where /'(z) has no singularities within the cross-section, then the problem is 
solved by the complex potential 

(2) w = tw/(z) f 

for then $ = frozz on the boundary. f 

If all the singularities off (z) are inside the contour, then (2) is the solution^ 
when the cylinder rotates in fluid external to it. 

More generally if z = F(£) defines some system of coordinates, e.g. elliptic, 
such that on the boundary 

* =/({)+/(£), 

then w = iwfd) is the complex potential when the fluid is inside or outside 
the cylinder according as the singularities of dw/dz , that is of/' (£)/.?' (J), are 
outside or inside the cylinder. 

9*71. Rotating elliptic cylinder containing liquid. Taking the cross- 
section to be the ellipse, 

o‘ + IT 1 ’ 01 

comparison with 9*70 (1) gives 

M'lai+b' + a*+b» 


The constant is irrelevant, so that 




To find the paths of the particles relative to the cylinder, we can superpose 
the angular velocity -a> by adding to $ the stream funotion 
which gives 

so that when V is constant the relative paths are the ellipses 


-,+|i = constant, 

which are similar to the cross-section of die cylinder 
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For the relative velocity we have 

fk m 2 a'wy dy ^ _ 25 % m 
dt~ '~a*+b'* = 6 ** 

Consider the particle which at time <= 0 lies at the point (fa, 0) on the major 
axis. Then at timet 

®=:focosOt, y = -to sin fit, A = w. 

Thus at time t the particle is at the point of its ellipse whose eccentric angle is 
-fit. This refers to the moving axes. Referred to fixed axes the particle will 
have an angular velocity of drift w-fl=(a-5) 2 a)/(a 8 +5*), superposed on its 
oscillatory motion. 

Suppose, for example, that the positive half of the major axis is initially 
marked by dye. This line will remain a radius of the ellipse, and periodically it 
will coincide with the major axis again. In the course of (a* + 6*)/(a - b)* com- , 
plete turns of the cylinder it will have rotated completely once right round'; 
nevertheless the motion remains irrotational. 


971 Rotating equilateral prism containing liquid. The lines 
x-a = 0, x-yj 3+2a = 0, &+y</3+2a = 0 


bound the equilateral triangle ABC, whose centroid is the origin. The length 
of the side of the triangle is then 2^3. Combining these into one equation, 
we get for the equation of the boundary 
F(x t y) = a # -3ay l +3a(a!*+y l )-4fl 8 = 0, or $(3*+r*)+3a2s-4a s = 0, 
whence by comparison with 9*70 (1) 


,, v . 2 s 2o* 
/(*) = - i-+y> 


and therefore 


w = 


iwz 8 
1 a 


Superposing the stream function $ = - Jw^+y 2 ), we get the equations 


of the relative streamlines F{x, y) = con- 
stant, or 

(x -* a) (® - yJZ + 2o) (x + y s/3 + 2a) = c 8 , 

where c is a constant. These are cubic 
curves having the sides of the triangle as 
asymptotes and loops within the triangle 
4SC formed by these asymptotes. In par- 
ticular when o ss 0, we see that the line 
dBO is a relative streamline. 



Fig. 972. 
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973. Slotted circular cylinder. The cross-section is the lone comprised 
between the circles 

a*-l-y a -& a = o, a> a +y a - 2aai = 0, 

as shown in fig. 9*73, and the fluid is inside. The centre of the first circle is 
on the circumference of the second. 



Fig. 9-73. 


Multiplying the above equations we get 

zz = a(z+z)+i a -o& a + 

■ ( ah *\ 

whence w-iw\az — H • 

Note that the singularity z = 0 is external to the cross-section. 


9 74. Mapping method for the complex potential. When the con- 
tour of the cross-section of the cylinder containing liquid and rotating about 
a point 0 of the cross-section with angular velocity a* is a curve C, such that 
the domain inside C can be mapped conformally upon the interior of the unit 
circle in a complex {-plane by a relation 

(1) *=/({) 

we may proceed by the method of 9*63 (7) which gives 

(2) to = BM 

and since this contains only positive powers the solution gives finite velocities 
at the origin, and indeed everywhere, for 

-u+iv = dwldz = 

which cannot become infinite, since there are no zeros of /'({) in the liquid. 
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975 . Curvilinear polygonal boundary* The transformation 

(1) * = c£(l+A£«), 

where o and n are real positive constants, maps the space inside the unit 
circle in the (-plane conformally upon the space inside a regular curvilinear 
polygon* of n “ sides ” so that the cylinder is a grooved or fluted column of a 
special type. The transformation is conformal at all points inside the unit 
circle, if/' (J) does not vanish or become infinite inside the unit circle, which 
is so if 

(2) 0<A(w+l)<l. 

Now if ( = e iv and i-r , it is readily shown that 

( 3 ) r 1 1 = zz = c ! (l+A l +2Acosnij) 
and 

' cos 17+ A cos (n+l)q 

Hence the boundary curve C is such that r is stationary for sin nrj = 0 or when 
rj ss 6 = wr/n, 8 — 0, 1, 2 . . . 2n- 1. 

and so 

l-A<r/c<l+A. 

The curve C has n axes of symmetry if » is odd, 2n if n is even. In the case 
» = 1, a simple change of origin given by z' = 2+ Ac = rV r allows us to 
recognise 0 as the kidney-shaped elliptic limagon 

(5) r f = 0+6 cos 6 \ b < a, (a = c, bja = 2A). 

For a cylinder of cross-section given by ( 3 ) and ( 4 ), rotating with liquid inside 
it, the boundary function is given by 

B(£) ss iwc*{l+A*+A(( n +('* n )} ; 

hence 974 ( 2 ) gives 

(6) w = to^AJ* 

For the kinetio energy T of the liquid we have 

T -Up f wdw ~{ip f iwc t A{*(mcoc , A(’ H, '‘ 1 (l{), 

J<o m 

or T = - \ pcuVA 1 * f d£/£ * {pirvW A*n. 

4 J(o 


•The curve ii aa ejatrochoid. 


M.T.H. 
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976, Rotation about an eccentric point. If the axis of rotation 
passes through the point z 0 instead of through the origin, taking the origin 
as base point, the motion is equivalent to rotation with angular velocity co 
about the origin together with a complex velocity t^co of the origin. The 
new boundary condition (940) is then satisfied by the complex potential 

w-iwz Q z, 

where w is the complex potential when rotation takes place about the origin. 


EXAMPLES IX i 

1. A circular cylinder of radius a moves transversely through an infinite! 
incompressible fluid of density p with velocity U, and there is also a circulation J V. 
about the cylinder. Show that, if (u, v) is the velocity at any point z («*= x+iy), 


0*17 . I 


If the cylinder rotates with spin w, and I is chosen so as to make the mean 
square velocity of slip at the boundary of the cylinder a minimum, prove that 
I « 2tto 1 2 w, and find the force exerted by the fluid on the cylinder. (R.N.C.) 

2* In the case of a fluid streaming past a fixed circular disc, the velocity at 
infinity is 7. Find the velocity function. Show that the maximum velocity at 
any point of the fluid is 27. Show that, in the case of a cylinder moving forward 
in a fluid otherwise at rest, the speed of the fluid varies inversely as the square 
of the distance from the centre. 


2. If the complete boundary of a region occupied by liquid is at rest, there 
can be no purely irrotational motion. Prove this theorem, introducing and explain* 
mg the necessary restriction on the nature of the region. 

The space between two fixed coaxial circular cylinders of radii a and b and 
between two planes perpendicular to the axis and distant c apart is occupied by 
liquid of density />. Find the velocity potential of a motion whose kinetic energy 
shall equal a given quantity T. 

1 If 0 are the velocity and stream functions for an elliptic cylinder moving 

forward in the direction of the major axis, show that 



where i - 7ce*smhf. Hence plot the curves - constant, 0 •> constant. 


5. A very long thin rigid plank of breadth 2c is floating on the surface of deep 
water and receives a normal downwards blow of impulse l at its centre. Show 
that the upwards velocity of the water at a distance x from the axis of the plank 
is given by 


where p is the density of the water. 
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6. An elliptic cylinder! mass M> semi-axes a, 4, surrounded by a fluid, is acted 
on by an impulse. Show that the initial motion is given by 

u(M +irp &*) « I, v(M -hirp a 8 ) * J, 
a»[ MV+lirpP-VftmQ, 

where I, J, Q are the components of impulse. 

7. An elliptic cylinder, the semi-axes of whose cross-section are a and 4, 

rotates about its axis with angular velocity coin a liquid which is at rest at infinity* 
Find the velocity potential and the stream function, and calculate the kinetic energy 
of the liquid per unit layer. Find also at what points of the boundary the fluid 
velocity is greatest and least. State, with reasons, whether it can be inferred with- 
out further examination that these are points of leaBt and greatest pressure 
respectively. (B.N.C.) 

8. Prove that the square of the radius of gyration about its axis of an infinitely 
long cylinder of density <r, whose cross-section is an ellipse of semi-axes a, 6, is 
eflectively increased by the quantity 

p P-W 

8a ab 


when the cylinder is rotating in an infinite liquid of density p. 

9. An infinite flat plate of breadth 2 1 is rotating. Prove that the couple (per 
unit thickness) necessary to maintain the rotation is 




where <o is the angular velocity and p is the density of the fluid. (B.N.C.) 

10. A hollow cylinder, bounded by the ellipse contains fluid 

and is rotating with angular velocity w about its axis. Show that the stream 
function of the fluid motiofeis given by 


* 


2 o*+6» 


<**-**)• 


Prove that, relatively to the cylinder, the fluid particles describe ellipses in a 
common period 

«{ o>+h») 

~mT' (JLN.C.) 


11. A liquid of density p completely fills a vessel in the form of a long elliptic 
cylinder ; the semi-axes of cross-section are a and 6, and its mass may be neglected. 
The cylinder is caused to rotate about its axis with spin oi. Find the kinetic enemy 
of the fluid per unit length of the cylinder, and express the result in terms of the 
effective moment of inertia. 


12. In the case of a rotating elliptic cylinder, prove that the kinetic energy of 
the contained fluid is less than if the fluid were moving round Bn a solid in the 
ratio 
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18. An elliptic cylinder of semi-axes a and 6 is filled with incompressible fluid 
and rotates about its axis with angular velocity w. Prove that the velocity 
components («, v) parallel to the axes Ox, Oy of the ellipse are given by 

a*-6* a*-6> 

Show that the coordinates X, Y (relative to axes through 0 fixed in space) of 
a given particle at time t can be written 

x “ A [ {a+b) cos Ps5^ +(a - 6 > co8 RnSr]} • 

A {(«+&) -in P5gr]+C-*) -in - 

where A is a constant depending on the particle and t 0 when the particle crossed 
the axis OX. (R.N.C.l 

14. A thin shell in the form of an elliptic cylinder, the axes of whose cross- 

section are 2 a, 26 is rotating about its axis in a liquid which is otherwise at rest.’ 
It is filled with liquid of the same density. Prove that the ratio of the kinetic 
energy of the liquid inside to that of the liquid outside is 2o6 : (a* + 6*). (R.N.C.) 

15. If the ellipse 

o(je*-y a ) + 26®y-lw(ir 2 +y ! )4-c « 0 

is full of liquid and is rotated round the origin with angular velocity w, prove that 
the stream function is 

ijt = a(rf-y*)+2bxy. 

16. Assuming if* of the form C(x?~ $xf), determine G so that this will give the 
motion inside a rotating prism whose boundary is given by 

x+2a=±J$y, 

and show that the time taken by a particle originally at one of the points of quadri- 
section of a side to move to the mid-point of the same side is (log, tyjwJS. 
Calculate the effective radius of gyration of the prism about the axis of rotation. 

(R.N.C.) 

17. A cylindrical vessel, whose cross-section is the segment of the hyperbola 
2(a£-3 y*)+&+o# « 0 cut off by the axis x « 0, is filled with liquid and rotates 
steadily with unit angular velocity about an axis through the origin parallel to 
the generators of the cylinder. Prove that the stream function is given by 

» 2(« s -3zy 8 ) + J(a^-y l )+«iy, 

18. The equation 

a^-&cY+y 4 +2a*(3*+y*)-a* * 0 

is the same as 

[^(V2+l)-y*(V2-l)-a*][® l (V2-l)-y , (V2+l)+a , ]-0. 

A cylinder whose section is the closed figure formed by these two hyperbolas 
rotates round the origin with angular velocity o>. Prove that the motion of the 
contained fluid is given by 

-(af 4 -6aY+^)(a/(4« l ). 

18. A hollow cylinder of cross-section 8 filled with non-viscous liquid rotates 
with angular velocity a> about an axis parallel to its generators. Show that if X 
is a function satisfying V 1 * » -1 within the cross-section and vanishing on the 
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b«md«iy, then ; the kmetic enetgv T and angular momentum Q about the axis of 
rotation pet unit length of the cylinder are given by 

where 1 is the second moment of the cross-section about the axis of rotation, 
/ “ 4 x P is the density of the liquid. 

Prove that for an elliptic cylinder rotating about a focus 

1-3 « 7m6(a*-6»)(5u 8 +35*)/4(aH^). (UX.) 

20« A cylindrical vessel filled with incompressible fluid of density p is rotating 
about a line parallel to it® generators with angular velocity w. If the section of 
the vessel is bounded by a circle of radius a whose centre 0 is on the axis of rotation 
and by the radii 0 « ±a, verify that the stream function is given by 

J, - W.22L^_ 32tu0 V l (-l)"(r/ a) (^)^cos(2n + lM/2 a 
cos 2a n-o (2n+l)7r{(2n+l)V-16a»} * 

Calculate the kinetic energy per unit thickness of liquid. 

21. A rectangular prism, the sides of whose cross-section are 2<z, 26, rotates 
with angular velocity Q about its axis Oz and contains irrotati onally moving 
incompressible fluid of density p, Show that, apart from an irrelevant constant, 

+ JP«*2S^l2 eo4 (j^i^co8 (2n+ M . 

lo 26 26 J 

Write down the expression for the velocity potential j> and deduce an expression 
for the kinetic energy of the fluid per unit length of the prism. (U.L.) 

22. The transverse motion of a solid cylinder in a liquid is defined by the linear 
velocity Q » V +iT of the centroid of a section and an angular velocity <o, with 
respect to axes fixed in the section. Prove that on the boundary of the cylinder 
the value of the stream fraction differs by a constant from 

i(i< 

where the bar denotes the conjugate complex. 

Liquid is contained between two cylinders whose motions are defined, as above, 
by Q } w, and Q', to'. Prove that the linear momentum of the liquid is M'Q* - MQ 
where M\ M are the masses of liquid (per unit thickness) which the outer and 
inner cylinder could contain respectively. (U.L.) 

28. A circular cylinder containing inviscid incompressible fluid is made to 
rotate with a gradually increasing angular velocity about an eccentric axis parallel 
to the axis of the cylinder. Find the motion of the fluid. 

Find also the motion of the fluid if the cylinder is solid and surrounded by an 
infinite mass of fluid. Consider the cases where (a) there is initially no circulation 
about the cylinder ; (6) there is initially a circulation 1 about the cylinder. 

ML Find the lines of flow in the two-dimensional fluid motion given by 
--?(*+*)« ««**. 

Prove or verify that the paths of the particles of the fluid (in polar coordinates) 
may be obtained by eliminating t from the equations 

, r cos (**4-0)-^ « rsin(ft<+0)-y o - 
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25. If the liquid is contained between the elliptic cylinders « 1 

and a^/fl^y 1 /^ m where a, 6, k are constants, and the whole rotates about 
Oz with angular velocity £, prove that the velocity potential $ referred to the 
axes Ox,OyiB given by 

* m - Q ^ x y 


and that the surfaces of equal pressure are the hyperbolic cylinders 

25* V* 

> , a - constant. 

3o*+6* a 8 +36* 

Determine also the kinetic energy and angular momentum about Oz of tfye 
liquid. (U.U) 


26. In a two-dimensional irrotational motion of an inviscid incompressible fluid 
of constant density p, the space between two cylinders whose cross-sections are 
the curves C x and C 2 is completely filled with fluid and C x is wholly inside C t ! 
Prove that 

f tyds-( z-ds-f x^ds, 

J (Ci) J(Cj J(c,) 3n J(c.) 

where ^ is the velocity potential assumed one-valued, l is the cosine of the angle 
between the outward normal and the axis of x, and the differentiation is along the 
outward normal. 

An infinite solid cylinder, whose section is the curve C, moves with velocity V 
in the fluid along the axis of x . If for large values of | z | the complex potential is 
given by 




where A and p are real, and z x+iy, prove that the kinetic energy of the fluid 
per unit length is equal to 

where A is the area enclosed by the curve C. 

Deduce that if the infinite right cylinder, whose section is the curve r Y r t - 6 1 , 
where r x and r t are distances from the two points P and Q at a distance 2a apart, 
and b is greater than a, moves with velocity V along PQ in a fluid at rest at 
infinity, then the kinetic energy of the fluid per unit length is 


E[k) - j 1 (l-jfc l sin , *)i(te. 


27. Two concentric cylinders, radii a, 6, are moving in the line of centres with 
velocities U, F. Show that 

i W-W fll/nm ^cos 9 

* m 7f. y fCOg * + <*- 7 >5ilrf— ' 


* O means “ of the order of" end signifies that positive numbers K, R exist such that the 
absolute value of the term in question is less than Kff*, provided that |t| * r>2t. 
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Prove also that, when the direction of 7 is perpendicular to the direction of U t 



where in both cases a is the radius of the inner cylinder. 

28. The space between two coaxial cylindrical shells of radii o, b is filled with 
liquid of density />. The outer shell, radius o, is suddenly made to move with 
velocity U. 

Show that the impulsive force per unit length to be applied to the inner cylinder 
to keep it at rest is 

%rpaWVI(a*-»). 

Show also that the impulsive force to start the inner cylinder with velocity U, 
when the outer cylinder is fixed, is 

gcpfo+rtH '-P)m 

where a is the density of the cylinder. 

29. Determine approximately the velocity function for two circular cylinders 
of radii o, a' moving with velocities 7, T in a direction perpendicular to their line 
of centres. Also deduce the velocity function when the cylinders are fixed in a 
uniform stream perpendicular to their line of centres. 

If 7 is the velocity of a uniform stream past two fixed circular piers in a direc- 
tion perpendicular to their line of centres, a the radius of each pier, and c the 
distance between their centres, show that, if c/a is not small, the mean velocity 
across the line joining the nearest points is nearly 

7 — . 

e-V 



CHAPTER X 

THEOREM OF SCHWARZ AND CHRISTOFFEL 


10*1. Simple closed polygons. The elementary idea of a polygon 
exemplified by, say, a rectangle or a regular hexagon is familiar. For hydrd- 
dynamical applications it will be necessary to extend this concept to red| 
linear configurations which do not at first sight appear to resemble the poly? 


(or of the regular hexagon). 

(a) It is possible to go from any assigned point of the boundary to any 
other assigned point of the boundary by following a path which never leaveB 
the boundary. The boundary is connected. 

(b) The boundary divides the points of the plane into two regions the 
points of which may be called interior points and exterior points respectively. 
The interior points are such that any two of them can be joined by a path 
which never intersects the boundary. The same holds of the exterior points. 
On the other hand, it is impossible to go from an interior point to an exterior 


and (b) will be called a simple closed polygon. The adjective “ simple ” refers 
to the property that every point of the plane is either an interior point, a point 
of the boundary, or an exterior point, the points of each class forming a con- 


In many problems of hydrodynamical interest the boundaries of the polygon 


We shall regard as the interior points of the polygon (see 5-71) those points 
which are in the region which is on the left of an observer who describes the 
boundary in a prescribed sense, Several such polygons are shown in figs, (i)-(vi). 
Points regarded as infinitely distant are indicated by the suffix » , and the 
exterior is denoted by hatching. In each case P denotes an interior point. 

In fig. 10*1 (i) we have the case of a rectangle with two vertices at infinity. 
Alternatively this could be regarded as a triangle with one vortex (correspond* 
ing to and D. regarded as the same point) at infinity. 

In (ii) all the vertices of the rectangle ABCD can be regarded as infinitely 


distant. 
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In (iii) and (iv) we have a triangle with two vertices at infinity, the interior 
being regarded as inside or outside the angle according to the sense 

of description. The diagram (v) can be regarded as a rectangle in which two 
vertices coincide at £, 0 and the other two coincide at infinity, or simply as 
a semi-infinite straight line described twice in the senses indicated. This 
diagram will have several applications and we note the peculiarity that there 
are no exterior points. All the points of the plane belong either to the boun- 
dary or to the interior in accordance with our definition of the term interior. 

fiinmiuitiii'iuminiitti! a 9 

(i) It 

et nnjmrrmf r rrrTmnvn 

/r i;t u u luuuiLULui^miiuiuumiiiLiL A m 

(ii) ' P 
C^ ni)i}))})imi)rrrritrinrrnirrrrivrmn D* 




Fig. 101 (i-vi). 

To describe more clearly in a diagram the situation envisaged in (v) we may 
draw the diagram as in (vi), the lines AJB and £«£ being thought of as 
coincident. 

We shall presently show that the boundary of any simple closed polygon 
in the s-plane can be transformed into the real axis of the {-plane by a con- 
formal transformation, the interior points of the polygon then corresponding 
to points on one side of the real axis in the {-plane ; the flow pattern in the 
polygon will then transform into a corresponding flow pattern in the half 
{-plane. Assuming this result for the moment, it is then clear that the comers 
of the polygon will transform into points on the real axis in the {-plane. We 
can regard the process intuitively as an opening out of the polygon until its 
boundary becomes an unterminated straight line accompanied by the local 
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When the polygons of figs, (i)-(iii) are subjected to this process we obtain 
figs, (vii)-(ix). It may be noted that in case (ii) we can regard B« and C* as 
coinciding at a finite point B t C, or we can regard them as distinct, in which 
case we should get a result similar to the result of opening out (i). 


(vii) 


A ^77W77^7 7 7T^77T7T^777T777777777777777777T7 


f ...» ^05 B,C Dm 

' v, “) vmnmP f mmfnmnnmimmnmnm 


Fio. 101 (vii-ix). 

This intuitive method cannot of course lead to a detailed discussion of 
any but the simplest cases, but it does afford a useful picture of what is going 
on. 



Thus if we have uniform flow in a channel with parallel sides, the stream- 
lines are straight and parallel to the sides, while the lines of equal velocity 
potential are perpendicular to the sides. The uniform flow can be regarded 
as due to a source at infinity on the left and an equal sink at infinity on the 
right. If we open up the channel regarding B*,, C* as coincident, we get the 
flow from a source at B, C and a sink at infinity. See the correspondence 
between figs, (x) and (xi). The results are trivial but illustrate very well the 
process of deformation involved. 

10*1 Theorem of Schwarz and Christoffel. Let a, 6, c, ... be a 

points on the real axis in the {-plane such that a<b<c < . . . . 

Let a, j3, y, , , . be interior angles of a simple dosed polygon of n vertices, 
so that 

The theorem of Schwarz and Christoffel is then as follows. 
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The transformation from the (-plane to the z-plane, defined by 


dz 

5 


= K(l-af\i~bf\t-cY 


transforms the real axis in the (-plane into the boundary of a closed polygon 
in the z-plane in such a way that the vertices of the polygon correspond to 
the points a, 6, c, . . . , and the interior angles of the polygon are «, ft y, . . . . 
Moreover, when the polygon is simple, the interior is mapped by the trans- 
formation on the upper half of the (-plane. K is a constant which may be 
complex. 

Proof. The proof consists essentially in establishing the Mowing points. 

(1) As ( increases from say a to 6, z describes a straight line. 

(2) As ( passes through b this straight line turns through the angle tt- j8. 

(3) That points interior to the polygon made by these lines corresponds 
points in the upper half of the (-plane. 


r\ 


/aL 

b x b b, 


/A 


plane 



: m B 


z - plane 
Fro. 10*2 (i). 

Since ( - a vanishes at ( = a, it follows that dzjdl is either zero or infinite 
(according as a>ir or a<ir). We therefore avoid the points a, 6, c, . . , on 
the real (-axis by drawing semicircles with these points as centres, each of 
small radius r and situated in the upper half of the (-plane. The semicircle! 
centre a, cuts the real axis in % , a, , as shown in fig. 10-2 (i). We shall suppose 
( to describe the real axis in the sense of ( increasing (so that d( is positive), 
and to avoid the points a, 6, c, . . . by passing round the semicircles. 

Leti,, B lt B t> Ci be the points in the z-plane which corresponds 

Let Km where 0 is a real positive constant and A is real Then* 
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taking the argument of both aides of the equation of the transformation, we 
get 

Mg(dz)-ug(di) = A+^-lj arg({-o) 

+ [n -1 ) Mg ^- 6 ) + (^ -1 ) "g ({-«)+•• • • 

Ab £ moves from a, to b x , arg (d£) remains equal to zero ; arg (£ - a) = 0, 
since £-a is real and positive ; arg ((-b) = arg (£-c) = . . . = *r, since 
£ - 6, £ - c, ... are all real and negative. 

Thus arg(dz) = A+(0-ir) + (y-w) + t 

This means that arg (dz) is constant as £ moves from a t to ft , and therefor^ 
z describes a straight line AJB X . The same reasoning shows that, when £ 
increases from ft to c x , 

arg(d«) = A+(y-7r) + ..., 

and z describes the straight line B Z C X . Moreover, on B Z C X , arg (dz) exceeds the 
value of arg (dz) on AJB X by rr-ft Thus the direction of motion of z has 
turned through the angle it- pin the positive sense. Thus points (1) and (2) 
are established. Now on the semicircle ftft , 

£-6 = re a , d£ = tre*d0. 

Taking r to be infinitesimal, we have, with sufficient approximation, 
dz = Ce“(6 - o)*” 1 4"' e ^ lb - c 


( 1 ) 


so that 


ire«dJd 


1 (b-c)' 




where F is independent of r and 6. Integrating, we get 

(2) z = z l +?i*e F, 

where z 1 is a constant. Moreover, since P is positive, we see that z-> %x when 
r-+ 0, so that z l is the point B where the lines Afi x , Bfi x meet. 

Thus the transformation makes z describe a polygon whose vertices corre- 
spond to the points a, 6, c, . . . and whose internal angles are ot, ft y, ... . 

Again, from (2), 

00 

argfc-Zj) « A+— +argf. 

TT 

Thus as £ describes the semicircle, since $ decreases from ir to 0, arg(z-2i) 
decreases by ft and therefore z describes a circular arc, centre B, situated 
inside the polygon when it is a simple polygon. Thus the points in the upper 
half of the £-pIane correspond to points within the polygon. This completes 
the essential part of the proof. 



10*2] THEOEKM Of SCHWARZ AND CHMSTOim 269 

It remains to see how the polygon closes when { progresses from - oo to 
+ « along the real axis. To examine this point, consider fig. 10*2 (ii), where 

• B 




for simplicity we have taken the real axis in the {-plane indented at three 
points a, 6, c and a large semicircle having its centre at the origin. Consider 
the figure so formed in the {-plane. As { goes along the portion o, b, c we get 
two sides AB, BC of the triangle ABC indented at A, B, C. * 

On the big semicircle { = 22e tf , and if the radius R is large, we can with 
sufficient approximation replace {-a, {-6, {-c by Re w , and the equation 
of the transformation then gives (corresponding to (1)) the relation 


dz 

i R e* 6 dB 


rfg+y 

= Ce tt (22e w ) 


and since a+jS+y = it, we get 


which gives 


d$ R ' 


where Zj> is a constant which gives the value to which z tends when 22-* oo . 
arg(z- 2 j)) = w+A-0, 


and therefore, when { describes the large semicircle, 6 goes from 0 to tt and 
arg (z - z D ) goes from w + A to A. Thus z describes the semicircle of small radius 
C/22 about the point Z), as shown in fig. 10*2 (ii). When 22-* » the semicircle 
in the e-plane-* 0, and we again see that the region within the indented triangle 
transforms into the upper half of the {-plane. q.e.d. 

If we integrate the equation of transformation, we get 
* = Ce«/({)+£, 

where J> is an arbitrary constant, which can be removed by a proper choice of 
origin in the e-plane. 

An alteration in the angle A merely changes the orientation of the polygon, 
while an alteration in C changes the scale. 

It follows that all polygons corresponding to given values of o, b t c, , . M 
*, ft y, . , . , are similar. In hydrodynamical applications we shall be con- 
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earned only with simple polygons generally extending to infinity. Three of 
the numbers a, 6, c may be chosen arbitrarily to correspond to three of the 
vertices of a given polygon, the remainder must then be arranged so as to 
make the polygon of the right shape. The proper choice of 0 and A will then 
fix the scale and orientation. 

When the transformation produces a simple polygon the representation is 
conformal, for conditions (a) and (6) of 5*62 are then satisfied for the indented 
real axis, and the indentations may be made infinitesimal. 

Finally, it remains to discuss the situation which arises when a vertex of 
the polygon corresponds to a point at infinity on the real axis of the (-plane, If, 
for example a-*- oo , we can by choice of K write the transformation in the fornj 

—V -1 - ■ 1, and the transformation becomes 
-aj 

| = Ce“({-6)' _1 (i-c)» 

that is to say, the factor corresponding to a = - oo is omitted from the equation 
of transformation, and the angle a does not appear. 

10*31. Mapping a semi-infinite strip. Consider a semi-infinite strip 
AvBCD * , of breadth a, regarded as a rectangle with two vertices at infinity. 


When o-> 


-■ ( 


-i +i 

'A. 

X- plane 

Fio. 10-J1. 

Let ns map A m , B, C on the points ( = -oo,( = -l, { = 1 of the real axis in 
the {-plane. If we open ont the boundary and lay it alon^the real axis of the 
{-plane, it is then evident that the fourth vertex wiH lie at ( = » . 

Thus, in accordance with the Schwarz and Christoffel theorem, the only 
interior angles which will appear in the transformation are those at B and C, 
each of which is w/2. Taking axes as shown, we get 


.Mi 


z- plant 


which gives 


i = £cosh -1 {+I. 
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Since cosh* 1 * = log (*W* , -1), if we take cosh* 1 1 ■» 0, we shall have 
cosh* 1 (-l) = k 

Thus L a 0, ax = K(vn\ so that 

2 = -cosh* 1 J, or l = cosh ~ . 

7T u 


10*31 Mapping an infinite strip. Taking an infinite strip A^B^C^D* 
of breadth o, let us regard B® , C» as coincident and map the points , B m , C« 
on { a= 0, the origin O on { = 1, and F(z = ai) on { = - 1. 


\E x 

C m V 77 77777777/777T7777777? D n 


O 

z-plane 


Fiq. 10-32. 


'//7 77 7>Y77/?//7/. 
A m F B,C O D h 

t- plane 


Then D m will evidently correspond to { = « , 

The angle at 2?«(7* is zero, and we therefore get 

!=m »-xi#g{+L 

Take axes as shown in fig. 10*32, and the determination of the logarithm to be 
that which vanishes wh$n{ = 1. ThenO = A log 1+1, ai = K log (-1)+L 
Thus we must have 1 = 0, iKir = to. Therefore 

(1) z = - log {, or { = e t,/a . 

7T 

Corresponding lines in the two planes are illustrated in fig. 10*1 (x), (xi). 
The lines * = constant transform into circles |£| = constant ; the lines 
y ss constant transform into lines arg { = constant radiating from the origin in 
the {-plane. 

If we map A m , D* on { = 0, the transformation is found to be 
{ ss-r*^. 

In some cases it is convenient to take the origin in the z-plane at the point 
E midway between the walls. The corresponding transformation is given by 
writing z+m/2 for z in (1), so that 

:?log{-|, or { = 


( 2 ) 


272 FLOW INTO A CHANNEL THROUGH A NARROW SLIT IN A WALL [104 

10*4. Flow into a channel through a narrow slit in a wall. Let the 

slit be at the origin, and let the real axis be taken in one side of the ehannel 
of breadth a. 



z -plant %- plant 

Fig. 10*4 (i). 


K irn is the volume which flows in at 0 per unit time (per unit thicknesi), 
the flow at 0 will be that due to a source of output 2mn } and therefore of 
strength m. At infinite distance from 0 there will be parallel flow, and there* 
fore at A* and there will be sinks of strength \m. 

Let us regard B K , C* as coincident, and then open out the walls into the 
real axis in the {-plane so that B x , C m become the origin { = 0. 

The Schwarz-Christoffel transformation then gives (10-32), 

f = 

and i = 0 corresponds to { = 1. 

Thus in the {-plane we have a sink of strength \m at { = 0 and a source of 
strength m at { = 1. These give rise to the complex potential 

w = -mlog (£- l)+i*» log (£) = - m log (jt -£"*)• 

But = ftm-rmm = 2 sinh 

Hence, omitting a constant, we get 



It is physically evident that the dividing streamline goes from O straight 
to the opposite wall, so there should be a stagnation point at this point 
P(z = at). We have, in fact, 

dv> mn ^ irz 

j- = -r-coth 

dz 2a 2a 

which vanishes when z = ai. Hence the pressure at points of A m B m is 
maximum at P, and is therefore smaller at the remaining points of the wall. 
Thus the effect of the motion is to urge this wall outwards and, if unsupported, 
to cause an outward bulge at P. The velocity at a great distance from the origin 
is m/(2o). 

Again, if we consider the streamline OP to be a rigid wall, we obtain the 
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motion within a semi-infinite rectangular channel due to a source at one 
comer, fig. 10*4 (ii). 

*jy///y A M 


fe. 

Q ///////////////, 

Fio. 104 (ii). 

From another point of view we have the two-dimensional efflux from a 
large rectangular vessel through a small hole in the comer. 

10-5. Source midway between two parallel planes. This can be 
obtained from 10-4 by using the principle of reflection. • 



*7777 ///////////// s s / / s // s / 

Fio. 10*5. 

Taking axes as shown in fig. 10*5, let there be a source of strength m at 
the origin between two planes whose distance apart is 2a. Then 

7TZ 

(1) w = -mlogsinh~, 

for this function satisfies the conditions between the upper wall and the real 
axis, and it is real on the real axis. The conditions of 5*53 are thus satisfied, 
and w can be analytically continued below the real axis by attributing to it 
conjugate complex values at conjugate complex points, which is precisely 
what (1) implies. 

We may also note that (1) is the complex potential of an infinite row of 
sources placed on the y-axia at the distance 2a apart, for 

smh~ = 0 when z = 0, ±2ai, ±4at, ±6ai, .... 

2a 

10*6. A step in the bed of a deep stream. Let there be a 
sudden change of level at BO in the bed of a stream whose velocity at 
infinity is V . 

The bed A m BCD m is a simple polygon and can therefore be transformed 
s *&h. 
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[1M 


into the real azia in the (-plane, B and 0 corresponding to ( = - 1, £ = 1 
respectively. By the Schwarz-Christoffel transformation, 


so that 


fa 

% 


= £(J+ !)*({- ir* = i 


£+1 _ Kl K 
«M)*" ({*-!)* (C’-l)*’ 


z = £{V£*-l+cosh -1 £}+L. 


u 


* WT 7 T 7 T 777 mifl 


V 


77T7TTTTT7TTfl 7i 


A. 


-i_ n 

^T77Tm7ljpT/lgi 




x- plant 


£ - plant 


Fio. 10-6 (i) 


Since */(C a — 1) and cosh -1 £ are many-valued functions, let us consider 
the determinations appropriate to the different parts of the plane. 



Fio. 10-6 (U). 


In fig. 10-6 (ii) we see a general point in the (-plane distant r, , r, from + 1 
and - 1, and therefore 

£-l = r,e*>, £+ 1 = r, e*» , 

J l* -l = sfr^T t . , 

where •/r 1 r, denotes the real positive square root of the product. Let us 
denote a point on the real axis by £ = f Then when f>l we shall take 
9, = 0, 0, = 0. It follows that = it, 9, = 0, when — l<f <1, so that 


1 — r, . tf*i* m t«/r, r t . 


Again, when f< - 1, = w, 9, = ir, and therefore 

•/£*- 1 = </fi r, e** = - </vv 
Now cosh -1 £ = log (£ + V£*-l). 

Therefore on - 1), we get 

On BC t ={*V(l-f*)+log[f+»V{l-f , )F+£- 
on CD. * = W(£*- l)+bg [f+V(f»- 1)M+I. 
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If in the 2 -plane we take C to be the point % = 0 and B the point z~ih t 
we get L = 0, ti = inK, so that £ = fc/rr, and therefore 

a = - {>/($*- IJ+cosh- 1 £>• 

We now consider the complex potential. 

A uniform stream in the 2 -plane may be taken to imply a source at Z). and 
an equal sink at A*. Thus in the (-plane we must also have a source and sink 
at the corresponding points so that there is a uniform stream, V say. Hence 
w = F(, and therefore 

V /£- 1 
& dz~ K\U+l' 

But at infinity dwjdz = V, ( = oo . 

Hence V = VjK = Fw/A Thus 

hU r 
w = —(. 

it 

Observe that the speed is infinite at B, and zero at C. A more convenient 
form for the solution is obtained by writing £ = cosh t. Then in terms of the 
parameter t, 

h ... hU . 
z~ ~(t+ sinh t), w = — cosh t. 

ft ft 

The principle of reflection enables us to apply the same complex potential 
to a stream of infinite width flowing against a semi-infinite body of rectangular 
section, fig. (iii), the origin being at C and the real axis pointing upstream. 


4 *' 

Fig. 10*6 (iii). 

The reader may prove that the force on the end BB' per unit thickness is 
finite by integrating \pq* over the end. 


10*7. Abrupt change in the breadth of a channel. Suppose a channel, 
fig. 10*7 (i), with parallel sides undergoes an abrupt change of breadth from h 
toi. 

If the velocity at A* is U f the velocity at B m must by continuity be Ukjk 
We shall open out the polygonal boundary A*B m C m DEF* into the zeal 
axis in the (-plane regarding the points B«, C« as coincident and making them 
correspond to ( = 0. 
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We shall make D correspond to £ = 1 and E correspond to £ = a, the real 
number a being determined later, for we cannot arbitrarily fix a since the 
correspondents of B*, C«, D have already been chosen. 


„ jE i .•**\37r/2 

C- -+=—k * U 

£77777777777777^777777777 


ar - plane 



\ - plane 
Fig. 10*7 (i). 


The Schwarz-Christoffel transformation then gives 

(1) |=x£-‘({-i)*({-«r*. 

for the angle of the polygon at Coo is zero. 

Now in the z-plane the flow is from a source of outjmt Uh at A* to a sink 
of intake Uh at £*. Hence in the f -plane we have a sink at the origin which 
takes in the volume Uh per unit time over an angle of n. Hence the strength 
of the sink is Uh/n, and therefore 

(2) w = — log l 

IT 

go that ~ = —• Hence, from (1 ), 

<H 

dw Uh It- a 

& = 5®y{-i‘ 

Now at 4»({ = oo ), dwjdz = U, if the leal axis is parallel to A„B m . 


U = 


Uh 

irK' 



Again, at B m (t = 0), dw/dz = Uhjle. Therefore 


Uh Uh 
k ~ itK 


•J*, 


a = h*jk*. 


so that 
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To obtain an explicit relation between z and w, we must integrate (1). 


which gives 

so that 
whence 

( 3 ) 


{-!_! di_(2t 2t \ 
{-6* £ ’ 
&_ / 2 2 \ 
dt~ 

hi. 1+i 1, b+(\ T 

= il 1 ° 6 rrrj log r'J +I ’ 


where L is arbitrary. If we take z = 0 to correspond to E{1 = a), we have 
* = 0 and therefore L = 0. 

Also substituting in (2), 

ftt, 6*-< a . 

w = — log - . whence 

(4) f.g l'! . 

W 6 «w/(OA)_ 1 


The elimination of t between (3) and (4) gives the relation between w and z. 
The principle of reflection again enables us to apply the same complex 
potential to the streaming motion past an infinite solid of rectangular section 
placed symmetrically in a stream which flows between parallel banks, fig. 
10*7 (ii). 








l 

% U 

i 


fe ik 


L 

i *ir 


c 7 * 

''oft 


Fig. 10*7 (u). 


The reader should verify that the force on the end is finite by integrating 
\pq* over DU, Compare with the corresponding situation at the end in fig. 
10*6 (iii). 


10*8. Branch in a canal. Fig. 10*8 (i) shows a branched canal with 
straight parallel Bides in the main canal and the branch. The sides of the 
branch make an angle « with the sides of the main canal. 

The breadths of the canal and branch are as indicated A, ^ ^ , and the 
velocity at infini ty upstream in the main canal is U, Our problem is to deter* 
mine the downstream velocities {7 n (7 t in the main canal and the branch. 
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[XO* 

There will be a streamline I coming from infinity and dividing at 0 into 
CB 9 and CD*, G being a stagnation point. The fluid to the left of 2 flows into 
the branch, that to the right of l into the main canal. On the streamline 
AnED* the stream undergoes an abrupt change of direction at E and the 
velocity there is consequently infinite. 



£ - plant 

Fio. 10*8 (i). 


We now map the interior of the canal on the (-plane in such a way that E 
oes to infinity on the real axis while C maps into £ = 0. 

Let the points D x correspond t o £ = - a, -6, c respectively. We 

note that the boundary of the main canal then corresponds to negative values 
of£. 

Now, consider 

Q ss log — = log — +iff t where v = q e~ tf . 
v q 

Along the sides of the main canal, 0 = 0; along the sides of the branch, 
0 = a. At C, g = 0, and hence Q is infinite. Thus we can draw the diagram 
in the Q-plane, fig. 10*8 (ii). 

Mapping this on the (-plane by means of 10*32, we get 

(i) (—«-•* *-(§)•• 

The following values of £ and v correspond : 

£ -a -b o 
v D U t P, e- 



Thns 

( 2 ) 
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To construct the diagram in the w-plane, let us take ^ « 0 on A 9 ED 9 . 
Then we shall have 

on A 9 B 9 , tfr = Uh> 
on CD * , ifi=U t h if 
on Ofi® i ^ 38 V%h\ i 
on AqBb , if/ = Uj Aj , 


8 



Q- plane 
Fig. 10*8 (U). 

and therefore 

(3) Uh^UA+Uth i, 

as is otherwise obvious from the equation of continuity. 
Taking ^ = oo at 4 # , we shall have ^ = - oo at B 9t D m . 
Thus we get the required diagram, fig. 10-8 (iii). 



£ 


id- plane 
Fig. 10*8 (iii). 

To map the 10 -plane on the {-plane, we get 
| = £ l {({+ a )-‘({+6)- 1 ({-c)-‘ 

1,8 1 1,6 1 V 1 

(a~4)(o+c) £+a (a-6)(4+c) {+6 (a+o)(h+c) {-e* 

which gives, on integration and after a slight reduction, 

Kid , {+o Kj b , r 

w ~~(a-6)(a+c) **{-c (a-6)(Hc) **£-c 

Now on D 9 E, if/ * 0, and £+«, {+4, {-a all have the same sign. There- 
fore the logarithms are all real and hence l\ is real. Again at C, 4 * 0, 
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tji = P| K * and £ = 0. Thus L x is purely imaginary. Therefore I* = 0, and 
putting l = 0 we get 

yj , (Mr JiT^ 6ir 

|A| *" (a-b)(a+c) (a-6)(6+c) f 

Finally, on .4* 2?*, ^ = C7A, while £+a is positive and (+6, J-c are nega- 
tive. Therefore 


Hence ( J^ +c) = V t h i -Vh = -V 1 h 1 ,h om (3), 

and therefore 


-E7A = -A^L_. 
(o-6)(o+c) 


( 4 ) 


PA, J+o PA, {+6 
w= . 
W 4-C 7T 4-C 




Now from (1), we have 

( 5 ) 

while from (4), 

die Uk 1 PA 1 PA -PA 1 
l ) <1£ “ * ’ J+o" v 'l+b + w *C-c’ 

and therefore by division we obtain dz/dt, as a function of J, and thence as 
usual we can obtain w in terms of z, thus giving the velocity distribution. 

Since v = 0 when £ = 0, it follows that dw/dl, is also zero when £ = 0, and 
therefore, from (6), 

Uh V x h x Uh-U x h x _ A 

t v + 3 0> 

whence by use of (3) and (2), 

pa = pa(§)“«-^*.(^)"-, 


or 


( 7 ) 


Then 


r 1 \ Ag 

Let y - A, j - /», -jp- - x . 

V+I 3-, £s_l^x £j_x ’ 
x+ * u ~ l> u ~ n * u y 

the first result being obtained from (3). Substitution in (7) gives 

In the present problem A, [x, a are given, and % i* determined by approzhna- 



The principle of reflection shows that our solution also elucidates the 
problem of a straight canal with two side branches, the origin still being taken 



at C. There is, of course, no difficulty in moving the origin, say to the middle 
point of CC\ 

EXAMPLES X 


1. Apply the transformation of Schwarz and Christoflel to obtain the solution 
for a wide stream of velocity V flowing past a thin obstacle of length c projecting 
perpendicularly from a straight bank, in the form 

w 2 - 


if y>c(l+&)i(l+2£)“i, where & * p£/ 2 /2p 0 ,p 0 being the pressure at infinity. (U.L.) 

2. Prove that the complex potential 

w -imir + m log ^cosh 2 ~ - cosh 2 ~ j 

gives the flow from a large vase of breadth a through a small hole in one side at 
height h above the bottom, the streamline $ « 0 comprising the unpierced side, 
the base and the other side from the base to the hole. Show that at a sufficient 


3. Show that the complex potential w - m log sinh {, mj(2a )} gives the flow 
from a large vase of breadth 2a through a small hole in the centre of its base. 
Trace the general form of the streamlines, and prove that at a distance from the 
base greater than its breadth the flow is sensibly parallel to the walls of the vessel. 

4, Prove the theorem of Schwarz and Christoflel for the mapping of a polygon 
upon a half-plane. What happens when one of the external angles of the polygon 
>2tt1 

Liquid flows two-dimensionally through a neck of breadth 26 to which converge 
symmetrically two wedge-shaped channels bounded by the straight lines 

±y m 6+xtaa/fo, ®>0; 

±y - h-stan/fo, as<0. 

If the total flow (per unit thickness) through the neck is 26 F, show that the 
morion is given by the transformations 

6F! t-1 & Of* 
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where 


6-C 




Jo (1+M a )« 

and « - 1 +)3. (UX.) 

5. What problem is solved by the transformation 

i*”* 1 r^S/Pi) ’ 

« log(t-o), 

where a; and y are the cartesian coordinates of a point and ^ and ift are the potential 
and current functions respectively. (M.T.) 

0. Find the transformation to give the two-dimensional flow of a stream of 
velocity 227 at infinity past a right-angled bend in a river bounded by the positive 
halves of the x - and y-axes and the straight lines 

x « a, y>a and y « a, x>a. \\ 

7. Show that the transformations 


where z - sc+iy, give the velocity potential <j> and the stream function 

if/ for the flow of a straight river of breadth a, running with velocity V at right 
angles to the straight shore of an otherwise unlimited sheet of water into which 
it flows. The motion being treated as two-dimensional, show that the real axis in 
the f-plane corresponds to the whole boundary of the liquid. 

8. Show that the problem of a stream of velocity F and infinite width going 
past a rectangular projection in an otherwise unlimited straight shore is given by 

dz 1 

dw m V (ifli-P)*' 


where b and c are constants given by the equations 

^ * * F{cfb y 

F(Vfc*-c*/&) * b V 

'<f>d4> 


where 


F(k) - If* 


fW* cos* <j> d<j 
Jo (1- ic* sin* 




and h , 2k are the length and breadth of the rectangular projection, 
complete solution in a form not involving elliptic functions, when k « 


Obtain the 
0 . 



CHAPTER XI 

JETS AND CURRENTS 


1 110. Free streamlines. A streamline \i in two-dimensional motion 
separatee the fluid into two regions A and B. Neglecting external forces, we 
have on streamlines of the two regions 


Pa Pb 


A, we arrive at this point with a value p, for the pressure and j, for the speed. 
Similarly if we approach P from the region B, we obtain p, and j,. Thus 

J+ta'-fll. 

Pa Pb 

Now the pressure must be continuous (3-31) ; therefore p t = p,. It follows 
that 

Pa ii-Psit = constant. 

In the cases which we have hitherto considered the velocity has been 
continuous, i.e. ft = ft. 

We now envisage a blass of motions in which the velocity is discontinuous, 
for example, a layer of oil flowing over a layer of water, the speeds in the two 


To particularise the discontinuous motion still further, let us suppose that 
the fluid in region i is ot rest, ft = 0. 

We than see that, along p, ft = constant. We are thus led to frame the 
following definition. A streamline which separates fluid in motion from fluid 


Neglecting external forces, free streamlines have the following properties. 

(i) Along a free streamline the stream function iji is constant. This is of 
course a general property of all streamlines, 

(ii) Along a free streamline the speed is a oonstant called the sbn speed. 
Free streamlines are thus isotachic lines, or lines of constant speed. 

(iii) Along a free streamline the pressure is constant. Free streamlines an 
thus footerfo tines or footers, i.e. lines of constant pressure. 

Proof. Since the pressure is continuous, its value on the free streamliners 
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equal to its value in that part of the adjacent fluid which is at rest, and that 
value is constant when external forces are neglected. 

It follows from (iii) that the fluid which is at rest could be absent. 

Example . The liquid issuing as a jet from a hole in a vessel is bounded by 
free streamlines, the constant pressure being maintained by the atmosphere. 
If the atmosphere is absent, the constant pressure is zero. 

I Ml. Jets and currents. Neglecting external forces, suppose that we 
have liquid in motion (in two dimensions) bounded by the free streamlines 



, fi 2 . These streamlines separate the plane into three regions A, B, C, the 
liquid in motion occupying region B. If A and C are empty of liquid, we have 
a jet ; if A and C are occupied by liquid at rest, we have a current. Smoke 
issuing from a chimney or water from a hose are examples of (three-dimen- 
sional) jets. Currents are exemplified by the discharge of liquid into a pond 
from a submerged pipe, and by ocean currents, for example the Gulf Stream. 

A jet or current may be closed or may extend to infinity, see fig. 1H1 (i). 

On the free streamlines, 0 and q are both constant. 

On , let 0 = 0, q = U. 

On , let 0 = a, q = 7 . 

Then the figure in the w-plane consists of the infinite band between 0 = 0 
and 0 = a. 

1V> 


y«a 

V'.O _ - 1 

<p 

w - plane plane 

Fio. lHl (ii). 

If we represent the to-plane on the upper half of the J-plane, in such a way 
that w a 0 corresponds to £ = 1, we have from 10*32 


(1) = *log£, 

f 

riiae the logarithm is chosen to vanish when £ = 1. 
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lHl] 

Now consider the function to, where 


( 2 ) 


r* L r 

- Ufo~U 


so that to = 0-M log—. 

On ftj , ^ = V % on |Li| , j = F, and therefore to =? 0 on ft x , to = 0+ij3onftj , 

F 

where j3 = log^* 

Thus the figure in the to-plane, much as in the w-plane, consists of a band 
of breadth 0 and bounded on one side by the real axis. 



/»/?/£/ 


log!/U=f} 


kgg/U* 0 $ 


CO - plane 
Fia. 11*11 (in). 

Representing this band on the {-plane we obtain (10*32). 

(3) to: ? log £, 

where to = 0 corresponds to { = 1. 

Hence, from (1) and (3), 


and therefore, from (2), 

1 dw ( if$w\ 

If V - 17, we have j8 = 0, and therefore 
w = - Uz. 


This means that a jet in which the speed is the same on both boundaries 
must be straight. 

If 0# 0,(4) gives 

a / tj9«A 


Therefore 
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So that, when ifi is constant, | z - z 0 1 is constant and z then describes a circle 
whose centre is z 0 . The radius of the circle is 



and therefore, if r x and r 3 are the radii of ^ and /i t , 
j-j = exp (/?) = ^ , 

that is to say the current speeds on the free streamlines are inversely pro- 
portional to the radii. ?■ 

Thus it appears that currents bounded by free streamlines can exist and 
that these streamlines are either parallel lines or concentric circles. It should 
be observed that in the latter case, the motion being irrotational, the fluid does 
not rotate like a rigid ring. 

I M Formula of Schwarz. Given a circle, centre z = 0, radius fi, the 
function /(z), which is holomorphic within the circle and whose real part takes 
the value <j>(8) on the circumference, is given, save for an imaginary constant, by 

Proof. Let £ = R e 49 denote a point on the circumference C of the circle. 
Then £ = S r* = #*/£• Since 8 = - i log (£/#) we can write 
( 2 ) 

where 0(£) is a known function of £. 

Then on the circumference 

( 8 ) m+f(m=md)=mQ, 

and therefore 


If z is inside C, Cauchy’s formula (5*59) and the residue theorem give 
Let/(0) =o+th, then/(0) =a-ib, and so putting * = 0 in (5), 


. <•> 41 'a!, 

and therefore from (5), 

(*) /(*)■ 


m 

i 


(0 


d(, 


M 

2frtJi 


(O 4(4-*) 


Putting { = Ee*m have dJ/4 = » id, and the required result Mows. Q.I.D. 
It ie often advantageous to use the alternative formula (6). 
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1 1*30. Impinging jets. Kg. 11-80 shows two uniform streams, A 1 , A t , 
of the same speed V at infinity, meeting and branching off into two other 



streams, B, , B t . Assuming that a steady motion of the type thus depicted is 
possible, the problem is to determine the streams B x , B, when A t and A, are 
completely specified. If we imagine the streams or currents A t , A, to advance 
from infinity, it is physically plausible that when they meet a stagnation point 
0 will arise, and therefore that when the motion has become steady a stagna- 
tion point will continue to exist. Let us take this point as origin and the 
s-axis as parallel to and in the direction of flow of A,. 

The free streamlines A t B, , B, A , , A,B, ,B, A, will be lines of constant 
speed, and therefore the speed at infinity of all four streams must be the same, 
namely U. Let A,, h t , Aj, k, be the breadths at infinity of A t , A, , Bj , B t . 
Since the inflow and outflow must balance to preserve continuity, we obtain 

(i) K+k = h+K 

Here Aj and A, are given, A, , A, are unknown. 

1 1-31. The complex velocity. Writing as usual 
u = ge - * = u— ic, 

where j is the speed and 6 is the direction of the velocity, we have on the free 
streamlines 

(T 


v = Pe-», 
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and therefore as we go round the free streamlines starting at A x and de- 
scribing A x B x t B l A lt A t B % , B 2 A x in turn, 6 will vary from 0 to - 2rr, and 

therefore - 8 will vary from 0 to 2rr. 

Consequently the representative 
point of o drawn on the Argand 
diagram in the u-plane will de- 
scribe a circle whose centre is the 
origin and whose radius is U t fig. 
11*31. 

The points A lt A if B lf B t ar 
then represented by 

(3) a x — TJy a t = U e im , 
b, = Ue** t b 2 —U e iy , 

where - a, -j3, -y are the asymp- 
totic directions of the streams A 2 , 
B x , B r Here a is given but j8 
and y are unknown. 

The values of the flux at A li A ti B li B % are respectively 

J^U, h^U, hU, k 2 U, 

and therefore if we take i/i = 0 on A x B 2 , i.e. on the arc a x b 2 , we shall have 



v-plane 
Fig. 11 - 31 . 


i/i = Aj U on the arc a x b x , 

^ as (k t - h 2 ) U on the arc a 2 , 
i/t = k % U on the arc a % b r 


1 1 *32. Expression of the complex potential in terms of v. To deter- 
mine the complex potential w ~ (f>+ ufr which satisfies these conditions, we 
observe that 0 is the real part of - iw, and therefore we can apply the formula 
of Schwarz (11*2), which gives 


Now 




fZ7e«+u 

J UtP-S 


K , 2 Ve« \ 

" 1 + Pe«-J 


Ue"+x> 

Ue»-» 


d6. 


m -fi-2»log(£T<"-u) 

= - 0 - 2» log P e» - 2» log (l - 

= 0 - 2* log ^1 - - 2t log U , 
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where the logarithm is determined so as to vanish when 0 = 0. Thus we find 

~Tr~ = {? _ 2* log (l - ^) + 2» log (l - ^)} 

+(*i-Ji)|(*-ft-2»log (l-^)+2»log 

+ |(y - «) - 2t l°g(l - ^J+ 2 * lo ? (l " ' 

Therefore, ignoring a constant, 

which is the required expression for the complex potential in terms of o. 

1 1*33. Relations between the breadths and directions of the 
currents. Since momentum is conserved in the x- and ^-directions, we have 

/ij + A 2 cos a - fcj cos - & 2 cos y = 0, 
A,aina-& 1 sinj8-& 2 siny = 0. 

1 1*34. Expression for z in terms of u. Since 
dw 

U= " Jz ' 

.1,1 dw. 
we get 02 = — dw = - - ~ ou. 

° V u ao 

Now, from 11*33, 

#(«,-.) «(6,-u ) »(&,-«)/ 

A i , i h_l h-L) 

rt{<h fli o, OgJ 


1 dw __ V 

U do 7T 

ir 

S — ' 

W 


M.TJE. 
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and, from 11*33, the second term in this expression vanishes. Therefore, 
integrating and observing that 2 = 0 when u = 0, we get 




where a l =V,Ox=JJt w ,b l = Ve i> ,b i =V e tv . 

This result shows that the motion is reversible, for the above expression for 
z is unaltered if we change the signs of 17, Oj , a, , b x , b, and u. 


11*35. The equations of the free streamlines. On a free streamline 
o = Ue~*. 

If we substitute this in the expression for i above, we get 
m = hj log (1 - e~ a ) +h i e- <t log (1 — e-"**) 

- k «-* log (1 - r*-*) - h, e-‘r log (1 - «■*■*’). 

ixfiX XX\ y (X 

Now, = e~ i \ei-e~*) = 2isin| .e"r . 

Therefore i « = A, |log 2t+log sin ^ 

7 , it ft* i • d-fflt .d+ot 

+ h t e-“ *j log 2t + log sin— — t — 

- ij «-« jlog 2» + log sin— — | 

- h tr** jlog 2» + log sin ^ - i ^ j . 

Now, from 11*33, Ai+A 1 e _ta -£,e - #-fc 1 e~ i '’ = 0. Thus 

+ 1^ log sin hi tr** log sin ^ - fc, e~» log sin ^ 

•4,«"*>iog8in^ +y 


If we equate the real and imaginary parts, we get the coordinates (*, y) 
of a point on the free streamlines exprereed in terms of the parameter 6. 

11*40. The indeterminateness of the problem. In solving the 
problem of two impinging jets we had to introduce four unknowns, namely 
hi, k | , jS, y, the asymptotic breadths and directions of the resulting branch 
jets. Between these constants we have found three relations, 11*80 and 11*33, 
so that the problem contains one undetermined constant. Thus a unique 
solution is, in general, not possible. The explanation of this indeterminateness 
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no doubt lies in the fact that we are considering a steady motion already 
established without regard to the initial conditions from which this steady 
motion is supposed to arise. 

Thus, for example, we could suppose the motion to be set up by starting 
the jets at distant points at instants separated by a time interval t. To 
different values of t there will no doubt correspond different steady motions, 
although there is no reason to suppose that they will all be stable. 


I Ml. Direct impact of two equal jets. In this case there is sym- 
metry about both axes, so that we can take 


« = *» P~ 

From 11*32, w = - 


vM'-JM'+J) 


so that 

( 1 ) 

and from 11-34, 

( 2 ) 


]0 *{ l -w)M u w)}’ 


I w\ U«-u s 

“Tcrw’ 



The elimination of o between (1) and (2) gives the relation between h) 
and*. 
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On the free streamlines, o = 17 Thus 



Now, on the streamline in the first quadrant, 

3tt n 

7T 

Hence, if we put 8 = -ir-x> then 0 < x < g 

= log (» cot - i log |» cot ( j + 1) } 

= log i - i log i + log cot ^ - i log cot 

= l - ‘ x I +log 004 2 +1 log ten (i + l) ’ 

Thus, if t = tan | . 


?-i*i -t* 

and therefore eliminating t, 




11*41] DIBECT IMPACT OP TWO EQUAL JETS 293 

I! we regard the streamline a> = 0asa rigid barrier, we have also solved 
the problem of the direct impact of a jet on an infinite plane. 

The thrust on the plane (per unit thick- 
ness of liquid) could of course be obtained 
by integrating the pressures, but the thrust 
can be at once inferred from the fact that 
momentum is advancing through the jet 
at the rate phU* perpendicular to the 
plane and that the momentum of the fluid 
in contact with the plane is zero in the 
direction of the normal to the plane. Thus 
the thrust is phU*. 

It should be noted that there is no 
indeteiminateness in the above solution, 
since the condition of symmetry introduces a fourth relation among the 
unknowns. 

11*41 Direct impact of two jets. When two jets with the same 
asymptote impinge directly as in fig. 11-42, it is clear that a symmetrical 



Fig. 11-41 (ii). 



Fig. 11-42. 


solution must exist. Thus k 1 -h i1 « = it, y = 2ir-jS. 
Hence, from 11*33, 


= = = ^V^cosj3-itcosj8=:0. 

The parametric equations of the free streamlines can be found as 
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11*43. Oblique impact of equal jets. If two jets of the same breadth, 
and whose asymptotes are inclined at the angle 2ft are projected simultane- 
ously, it is physically clear that a solution will exist which is symmetrical with 
respect to the bisector of the angle between the asymptotes. Further, from 
the principle of reversibility (11*34), it is clear that the solution will be the 
same as that of the preceding section if we reverse all the velocities, see fig. 
11*42. In the present case, fcj = k t , /J are given and h Y , A 2 are required. 

We have, then, ^ + A, = 2^ , 

A x -A 2 = (A 1 +A a )cosj8 = 2& 1 cosft 

Thus h x = ^(1+ cos ft, 

hf = jfcj(l-cosft. 

1 1 *50. Rigid boundaries. We shall now discuss some motions in which 
the moving fluid is bounded in part by free streamlines and in part by fixed 
rigid walls. 

A rigid wall acting as a boundary is of course a streamline along 
which t/r = constant, but it is not necessarily either an isobar or an isotachic 
line. 

The discussion of those problems in which the rigid boundaries are straight 
may be effected by Kirchhoff’s method, which depends essentially on the 
function 

where V is a typical speed, generally the skin speed on a free streamline. 


Since 
we have 


* a \ 



log 



+ i6. 


Now along a free streamline the speed q is constant and therefore log (Ufa) 
is constant. 

Along a fixed straight boundary the direction of motion-9 is constant, since 
it coincides with the direction of the boundary. 

If therefore we mark the boundaries and free streamlines in the Q-piane, 
the diagram will consist of straight lines and will constitute a polygon whose 
interior can be mapped by means of tire Schwari-Christoffel transformation 
on the upper half of the (-plane. Thus a relation is obtained between Q and 
Le. between dw/dz and (. 

On the other hand, the boundaries and free streamlines when marked in 
the w-plsne all correspond to straight lines ^ = oonstant, and the resulting 
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polygon can also be mapped on the upper half of the (-plane. This leads to 
a relation between w and (. 

If we eliminate ( between the two relations found in this manner, we obtain 
a relation between dwjdz and w which on integration leads to the relation 
between w and 2 , which characterises the motion. 

Alternatively, we can often with advantage retain ( as a parameter in terms 
of which w and z are expressed. 

The precise execution of the above process will be best understood from 
the illustrations which follow. 

11*51. Borda’s mouthpiece in two dimensions. Borda’s mouthpiece 
consists of a long straight tube projecting inwards into a large vessel. 

Neglecting gravity, the ratio of the section of the escaping water at the 
vena contracts to the section of the tube is \. The two-dimensional form of 
this mouthpiece consists therefore of a long canal with parallel sides projecting 
inwards. We shall suppose the canal to be so long that the walls of the vessel 
do not affect the flow, in fact we consider an infinite canal. 

The z-plane diagram in fig. 11*51 represents a section of the mouthpiece 
whose walls are A^B, A*B'. The wall A*B is part of a streamline. The fluid 
flows along turns at B, and flows out of the tube along BC#. The shaded 
area between A^B and BC X indicates fluid at rest ot absent. The lines corre- 
sponding to the wetted walls in the 2 -plane are indicated by special shading in 
all the diagrams. 

At the section there is uniform parallel flow, with velocity V Bay. 
Let the breadth of the mouthpiece at BB f be 2a. Then, if 0 is the coefficient 
of contraction, the breadth of the issuing jet at will be 2oa and tie flux 
out of the mouthpiece will be 2aaU. 

The central streamline is straight. If we take $ = 0 on we 
nha.11 have 0 5s - oaV on the streamline A*BC* and $ = aaV on the stream- 
line^;. 

Again, let us take ^ = 0 at B and B\ which can always be arranged since 
an arbitrary constant can be added to the velocity potential. Then at A * , 
A m , Ex , and at all points in the vessel at a great distance from BF } we shall 
have <j> + 00 , while ^ = — 00 at , C®. Thus the w-plane is as shown m 
fig. 11*51. 
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The not step is to draw the polygon described by 





when t describes the boundary in the z-plane, and then to map this polygon 
on the (-plane. 

In order to elucidate the change in 6 as t describee the boundary, we draw 


the plane showing 
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On the free streamlines, j = P, and therefore ^ 

l = ef » 

0 

The diagram ig shown in fig 11.51 im,. •• , 

«e actually coincident but are’ drawl' „ 7 *“ “ Mked A ° B > A «# 

appears that * = 2w along ^ and ^ ^ ^ ft 

on 4.5 e = 0, 

on 5.0 Q = i» ( 0 <d< w ) > 

on 045' (w<dc2w, ( 

011 8 « fc. 

^S,“t ^ tl “‘ , ‘™ “ % > W. 

Pwygon on die f-pluie by mean, of 30-81, wfaidh p^g 

.2 <■-.)), 


( 3 ) 


r dz 


MM CV<V 

“ 17 £ !S K+^(P- 1 )P. 


«>®inate { and theTlbiTlrnktirab^ 41011 ° f ? J r ° blem - We 
interest of the problem lies, however in dT " 7 7 mtegration - The 

rs* ^^onein^nri^ tie fom * «* ** 

no iTU S £ ££ *** * that there are 

*t rest bnT^ 1 fiS i^^^^ * M 

!“ only be regarded as a first approximation 5^7 T - ?**" 

“ “ ^equate representation rf the issuC '£££ 

fee etreamlines i. occupied by air or wat^our ^°“ ^ * 

general observatio^ 0 " ^ ^ *** Strean ’ llnM ’ We make the following 

ti» {-plane. S ^ re>m ^ ne ’ ^ fe ti» line is mapped on the real axis of 

tile tangent and kaamal &* direction of 
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(iii) If (x, y) is a point on the free streamline, 

~ = cos0, j- = md, 
is ds 

(iv) On a free streamline, Q = id. 

(v) If U is the (constant) speed along the free streamline, 



= 1 . 


[11*82 


It follows, from (v), that on a free streamline 


_ dz dzUdj 


e*dsUd£ 
d£ dw 


ds . d{ . 

= ± 3t ‘'S' 6 ”'* 


the upper or lower sign being taken according as s increases with £ or not. 

The above remarks apply to all problems treated in the manner described 
for Borda’s mouthpiece. 

To apply them to that problem, take the origin in the z-plane at B and 
consider the free streamline BC X . As we go along that line from B in the 
z-plane, £ decreases from 1 to 0 in the {-plane. Therefore dsjd£ is negative and 

Now from (iv) above and 11*51 (2), we get 

id = 2 cosh” 1 £. 

id d d 

Thus £ = cosh - = cos - , and d£ = -|siiijj(W. 

Therefore, from (1), ^ = — tan f . 

do IT l 


Hence from (iii), since x, y both vanish when 0 = 0, 

a? = — f cos d tan dd, y = — [ sin 0 tan f dd. 
wjo 2 * it J 0 2 

Performing the integrations, we get 

* = ^(sin'f-logeeef) f y = ™{9-m6). 


From these equations the free streamline BC* can be plotted. 
Now at C„ , 8 * ft and therefore y = oa. 

Hence from fig. 11*51, z-plane, 

2a = 2oa+aa+aa. 
whence a = which is Borda’s result. 



11*63] PLOW THROUGH AH APERTURE 299 

1 1*53* Flow through an aperture. We consider fluid issuing from a 
very large vessel through an aperture in one of the walls. The fluid will issue 
as a jet bounded by free streamlines along which the speed is constant, and 



will be the streamline </> = - call and A^B'CT* will be $ = call. 

The diagram in the w-plane will therefore be the same as in fig, 11*51, and 
we shall have, after mapping on the {-plane of the same figure, 


(1) w = — log {-ioaP. 

7T 

The diagram in the P/u plane is, however, different. 

As z moves along BCJC*B\ we obtain fig. 11*53 (ii). 

Here arg (P/v) decreases by n as we go from B' to B, so that 

on B'C Q = »0 (O>0>-H 
on BC», Q = t0 (-$w>0>~ir). 

Mapping the Q-pIane on the {-plane by means of 10*31 (the origin being 
moved to Q = -in), we get 

(2) Q = oosh^J-wr. 


To find the coefficient of contraction, we use the general method of 11*52. 
Taking the origin at B', and considering the free streamline B'C« on which 
{ is real and increases from - 1 to 0, we get, from 11*52 (1), 


i ii 

1 <15 ’ 


for now isjH is positive, while { is negative. 
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Again on B'C„ , © = %6 } and therefore, from (2), 

i6 = cosh” 1 J-tV, {=-oosS, d£ = sin 0 <20. 


Thus 


— = — tan#. 
dd 9 


U!»i>lane A o 
Q- plane 


sv v #; 


i* 

C,C' 0*-7T/2 


0«O 

0*-7T 


Fio. 11-63 (ii). 

Using 11*52 (iii), we have 

x • — [ # cos e tan e de = — (1 - cos 6 ). 

» Jo w 

At C® , 0 = - Jtt, 2 = 2 ca/w, which is the horizontal distance between 
B'andCi. Therefore 

2a = 2oa+^ r0ra a = = 0*611. 

7 T W +2 

1 1*54* Curved boundaries. Looking at the problem of Borda’s mouth- 
piece, a consideration of the method of solution of 11*51 shows that its success 
depends solely on the fact that the diagrams in the w-plane and the ©-plane 
are bounded by straight lines, thereby allowing the application of the theorem 
of Schwarz and Christoffel. 

Professor E. B. Schieldrop has pointed out that by a slight modification 
of the diagram in the ©-plane, still keeping it a polygon, the solution can be 


D\ 

C,C 

Z> 

F». 11*54 (i). 

obtained, corresponding to a rounding of Borda’s mouthpiece at the entrance 
SB' (fig. 11*51). 
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Thus, if the diagram in the Q-plane is replaced by that shown in fig. 11*54 
(i), got by cutting off the comers of the diagram of 11*51 by lines inclined at 
an angle a, on transforming back to the z-plane we get a mouthpiece with a 
rounded entrance, fig. 11*54 (ii). 




JD 


Fro. 1164 (ii). 

The actual calculations have to be performed by graphical or approximate 
methods, but it is remarkable that such a simple modification can produce 
workable designs for nozzles. The idea is, of course, applicable to all problems 
which can be treated by polygonal diagrams in the Q- and w-planes. For 
details the reader is referred to the original paper.* 


1 1*50. Flow under gravity with a free surface. A free surface is a 
surface which always consists of the same fiuid particles and along which the 
pressure is constant. 

In the case of two-dimensional motion such a free surface is cylindrical, 
and we consider the curve which is the section of this cylinder by the plane of 
the motion. 

Let then the free surface be typified by the curve 0. The form of C will 
depend on the time t, and will have a parametric representation. 

(1) *=/M onC, 

where a is a real-valued Lagrangian coordinate (3*44) for the particles of C, 
such that the total ^derivatives of z agree with the partial ^derivatives of/, i.e. 


( 2 ) 


, d*z_ay . 

* <& at* Jit ' 


If g is the acceleration due to gravity, the equation of motion is 
(3) dq/df-g = 

and since Vp is normal to a surface of constant pressure, the condition of con- 
stant pressure at the free surface is that the vector dq/dt - g is normal to the 
free surface.! 

In the twodimensional case, with the y-axis vertically upwards, this con- 


* S. B. Schieldrop, Shifter Oslo, No. 6, 1928. 

* t This o*n bo made the baaia of a three-dimensional treatment. 
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dition states that db/dt* +ig is normal to C when z is on C. Since /„ is in the 
direction of the tangent to C, we see from (2) that 

(4) f tt +ig = «r («,«)/. onC, 

where r(a, t) is real valued when a is real. Thus the most general two-dimen' 
sional free surface can be represented in the form (1), where /(a, t), for real 
values of a, is a solution of (4), which is a partial differential equation of para- 
bolic type. 

We note that t>(a, t ) points in the direction of decreasing pressure. 

The determination of a suitable form for the function r(a, t) constitutes the 
central difficulty of the general problem. (Cf. 11*63.) ! ; 

When the function r{ a, t) is given , the problem reduces to solving equation ' , 
(4) subject to boundary conditions. Observe also that when r(a, t) is given, \ 
(4) is a linear equation for /(a, t) and therefore solutions can be added, i.e. the 
principle of superposition applies. 


1 1 *61 . Potential flow with a free surface. Referring to 11*60 (1), (4), 
let us determine the complex potential w(z, () on the assumption that the 
motion is to be irrotational. 

We have u + iv = dzjdt and therefore 

... dz dw(z,t) - — 

and therefore from 14*60 (2) 

(2) ft(a, t) = -w t (z,t) on C. 

By means of 11*60 (1) we can express w(z , t) as a function of a and t and 


».(«i 0 = »*(*> 0 2. « -/<(*. <)/.(«» 0 ™ & 

Since a is real on C, this relation can be written in the form 

(3) -/*(*> 

Assuming that /(«, t) and f t (a, t) are analytic functions of a, the right-hand 
side of (3) is also an analytic function of a. Thus we can use (3) to define w as 
an analytic function of a for complex values of the parameter «, and hence as 
an analytic function of z. The complex potential w(z, t) so defined will be the 
complex potential of a flow which is consistent with the free surface given by 

Therefore any analytic solution /(a, t) of 11*60 (4), wherein the coefficient 
r(a, t) is a real valued function for real values of a, represents a possible free 
surface motion, for which the corresponding free surface is z =/(«, t), and for 
which the complex potential is determined from (3) by a quadrature. 11 

♦Hie method here described is due to Frits John, Communications on Pm and ApjMed 
Mathmatics, VI (1953), 497-503. 


i mk 



STEADY HOW WITH A FREE SURFACE 


11-62] 

1 1 '61 Steady flow with a free surface. We take axes ac,, y,. Let 
2, = i 0 +iy e and let the complex potential be w 0 = w 0 (2 0 ) = <h+i»h. We take 


(1) = 0, tt'o (zo) = ii 0 (Z|,), at the free surface. 

Therefore at the free eurface 


m ,_dw,d0, _ dfadfa' 

W ?0 dz Q dz 0 dz 0 dz 0 

Therefore by Bernoulli’s theorem, since the pressure is constant at the free 
surface, 


< 3 > 

where Q 0 is the gravitational potential and 7 is a constant of the dimensions of 
velocity. By proper choice of the height of the origin we can always arrange 
that F* is positive. From (3) we get 

da _ 1 

<tyo#o P-2 fie* 


W 


at the free surface. 


Let the components of gravity be (g sin a, -g cos a). Then 
(5) Q* = 

which becomes gy 0 when a = 0, and - gx Q when a = \v. 

Let a be a fixed length and introduce dimensionless quantities z> w, Q t F* 


(6) 2 0 = oz, w 0 = aVw(t), fl 0 = agQ, P = P/fa). 

Then (4) can be written 

(7) m = F^Q$y atthefreesurface ’ 

Hero f* is a Froude number (cf. 12-1) which is infinite when g = 0. Also (6) 
becomes 

(8) fl= 

Differentiate this with respect to <j>. Then 

(9) ^ e** = ^ e~*» - 2t at the free surface. 

df (up a<p 

Observe in this connection that at the free surface t Mid i are functionally 
related and therefore Si as defined by (8) is a function of <j>, 

(10) Si = Si(<f>), at the free surface. 

Now eliminate di/ty between (7) and (9). Then 

(11) , ri<k.ta.«ta. 
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This equation defines % as an analytic function of (f>, and therefore since 
w = ^ at the free surface where (11) is satisfied we have the equation 

dz (dz n .dQ(w)\ Fh ia 

(12) dw\&w e ~ ~^' dw) = W^2Q(w) 

to determine z as a function of w in terms of the arbitrary analytic function 
Q(w) which reduces to the real valued function Q(<f>) when \jt = 0. 

Observe that Q(j) is not known in advance, for it will be determined from 
(8) only when the functional relation between z and z has been determined. 

If we assign functional forms to Q(<j>) or Q(w), we can find the correspond- / 
ing flow. The idea is due to M. C. Sautreaux * l 

If we denote by a dash differentiation with respect to w, (12) can be written | 

Jfip&ia 

(13) *'*-2»flW+ 2fl _^ = 0, 

which likewise represents (11) at the free surface. 

If a = 0, i.e. if the y- axis is vertically upwards, 

<»> <•-*>'* 

If g = 0, F* is infinite and (14) becomes 
(15) z' 2 -2ifl'z'-l =s 0. 

This equation therefore is apt to represent all flows with free streamlines 
when the gravitational field is absent. 

Solving (14) for z' we get 

<“» t-appji) 

Since dzjdw = -l/(v-w) = - u/q 2 - w/j*, we find u and v from the real and 
imaginary parts of the right-hand side of (16). 

Integrating (16) we get 

(17) x+iy = »fl(«)± jj (-0»- 2 - ^Zp) iv >- 

If in (17) we put ^ = 0, we find the equation of the streamline $ = 0, * and y 
being expressed as functions of the parameter <j>. If the radicand is negative 
for a range of <f>, we get x = constant for this range, so that part of the stream- 
line ^ = 0 will consist of a vertical line which could be replaced by arigid wall 
or boundary. The free streamline will therefore correspond to the case where 
the radicand is positive. Combining this with (7), for which the left-hand side 
is necessarily positive, we see that cm the free streamline 

* u 8vr one question d’hydrodywuniqoe ”, Ann, Srittti. it l' tub Nomak Supirimt, 10 

{isssK w~m f 
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(18) 
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to 


( 21 ) 


points on the free streamline. 

Example (i). F* = 1, 20 (w) - 1 =2ts, a = 0. Then (17) gives 

(19) *+% = 2 = i(w+i)± j^-l-^dw. 

The streamline ^ = 0 is given by 

(20) aj+iy = i(^+|)- j^(-l-i) 

where we have chosen the negative sign for the radical. 

> The radicand is negative unless <j> lies in the interval ( - 0). For values of 
(j> outside this interval x = constant. Thus ^ = 0 consists in part of a vertical 
wall. If - J < 0 we put <j> = - £(1 +cos 2^), and then 

x + iy = (1 - cos 20) - jsin 2 0 d$ 

= it(l-cos20)-i0+|sin20+(?. 

The constant C is arbitrary, but it will be found convenient (not essential) 
to give it the value Jtt. We then get 

(22) x =iir-J0+| sin20, y = J(l-cos20). 

This is the equation of a cycloid whose cusps correspond to 0 = 0, (Jir, 0), 

0 s ir, ( - Jir, 0) and whose vertex is at 0 = \% (0, $). 

From (16) - - - ~ =4-tan0 when ^ = 0. Thus u = <f tan 0, 

f t 

When 0 = iir, u/f = » and therefore « = v = j = 0,so that the vertex of the 
cycloid is a stagnation point. As 0 goes from \it to 0, u is positive, while as 
0 goes from Jtt to ff, w is negative. Thus the cycloid is described opposite 
ways when a particle moves from the vertex to the cusps, in fact there is 
symmetry of the flow about x = 0. 

Therefore nring the principle of the dividing streamline we have the flow 
shown in flg. 11*62. 

If we wish to discuss the interior streamlines we write 

(23) w = -i(l+cos(20+2i7|)), 
which reduces to ^ = - J(l+cos 20) when rj = 0. 

From (23) 

(24) ^ i sin 20 sinh 2ij, 

which gives the streamlines tfi = constant. In particular ^ = 0 when = 0, the 
ease just discussed, or when 0 = 0, Jir, ff, and so on. Thus the flow pattern ie 


v 


USJL 
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Example (ii). F* = oo , O' (w) = e w , a = -^tt. 
This is a case in which gravity is 
orifice as discussed in 11*53. 


( 11*02 


an 



Equation (13) becomes 

(25) z rt -2e v z'+l =0. 

Putting ^ = 0 and then solving we get 

(26) jjj -*+,/(*- 1), 

where we have taken the positive sign for the radical. 

If > 0, the right-hand side is real, and since - ty/dz = « - w, we see that 
v » 0 so that there is a rigid wall parallel to the z-axis, with which, by choice 
of origin, it will coincide. 

When ^ < 0 we put 

(27) e* = sin 
and then (26) becomes 

dz l 1 — \ 

^ = oot0(8inMcos0) = coB0+ih^-sra0J • 

. Integration, taking the arbitrary constant to be gives 

(28) 2 =J?r-fsin^+t(cosd+logtan^), 
which gives the free streamline 

x = $7r + sin $, y = cos 0+ log tan $0* 

If in (25) we write $ « it instead of ^ » 0, we get a second free streamline for 
which (27) becomes & = -sin 0. To get the equation we simply change the 
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sign of 6 in (28). Since log [-tan \&] = tff+log tan |0, this gives for the 
second free streamline 

i = - Jr - sin 0 + i (cos 0 + log tan $0) 
which is the mirror image of (27) in the y-axis. 

The flow is shown in fig. 11*53 (i), but here the origin is the middle point of 
BB'. 

The width of the orifice, in our dimensionless coordinates is 2 (Jir+ sin Jw) and 
of the jet at infinity is 2 (Jir+sin 0). Therefore the coefficient of contraction 
is Tr/(7T+2). 

1 1*63. Tangent flows. Referring to 11*60 (1) let z 0 denote a point of the 
free surface, the motion being assumed steady. We define the Lagrangian 
coordinate a of a surface particle by the condition that - a is the time at which 
the particle occupies the position z 0 . In steady motion all particles take tfie 
same time j3 to travel from position z 0 to position z. Therefore the function 
z =/(a, j3-a) must be independent of a for every |3. Hence 

(1) z =/(a, = P = 

From 11*60 (4) it then follows that r (a, t) = (/« + must be a function 
of jS alone, say 

(2) f(M) = S'0&). 

Then 11*60 (4) reduces to the ordinary differential equation 

(3) = 

where S’( jS) and therefore S(fi) is real for real /J. This linear equation can be 
solved by two quadratures to give z(j 8 ). 

If the motion is inotational, it follows from 11*61 (3) that w is also a func- 
tion of which is determined by a quadrature from 

(4j |=-*1 m 

We can now make an important remark. If in (3) we put g = 0 , we have a 
problem in which gravity is absent, the type of problem already considered in 
this chapter. Having found Zo(0), the solution of this gravity-free problem, 
we are in possession of the complementary function of the linear equation (3) 
when 0 = 0 , namely 

(5) iS f (i 8) = z 0 ' , (j5)/V(j8) when y = 0. 

If we insert this in (3), we obtain the equation 

( 8 ) *"(«+* = 

which can be solved in the form 

(7) # e 1 (|S) = *oW+j{^(J 3 )-- F ( 0 )}> 

where/(|3) is s particular integral of (6). Since (6) is of type (3) the solution 
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z x (fi) gives a free surface of constant pressure, which reduces to z 0 (/?) when 
9=0. 

Also the solution z x (fi) contains a free parameter, namely the skin speed 
in the solution Zo(jS). 

We shall call z x ifi) the tangent solution* to the given problem, for it reduces 
to the gravity-free problem, when 0 = 0 . 


11*64. The tangent solution to the vertically downwards jet 

Consider the vertically downwards jet which issues from an orifice of breadth 2a ; 
in a fiat horizontal infinite plate, fig. 1 1*53 (i). We shall take the origin not at B t i! 
but at the mid-point of BB f and we shall consider, when 0 = 0 , the free stream- , 
line BC 0 0 . !' 

For this free streamline, we have from 11*62 (28), 

( 1 ) Xo = k (}ir + sin 0 ), y 0 = k ( - log cot J 0 + cos 0 ), k = 2a/(ir + 2 ), 
where 6 here denotes the acute angle between the direction of motion and the 
vertical so that at B, 0 = \n and at C®, 0 = 0 . 

If V is the skin speed of the jet, and j 8 is the time taken by a particle to 
move from B to P on the free streamline, we have 


( 2 ) 




and from ( 1 ) 

(3) Zo(0) = jb{}ff+sin 0+icos 0 - % log cot $0}* 

The differential equation of the tangent solution 11*63 ( 6 ) can be written 


£ _ Jg zi 

dpWlfi))-- z 0 '(jS) - U' 


k'ifi) from ( 2 ). 


w 

whence 


( £j£) \ _ *9 

i W(8)J ~ " U*** W 


and so 


m _ 
*.'(«) " 




(B) s(S- AW+5- 

We must take 4 = 1, B = 0, and so 

{«) *i(9) = * frOl 

* — — — ' ""r - 

* i. X. Mike-Thonwon, Proc. Midwestern Conference m 8oUd and Fluid Mechanics 198J. 

i 
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Performing the integration we get 

(7) *i(0) = *o(0)+^|0~ -^logoot^ +<c-«k»goot0 • 

Observe that when 9=0, log cot \9 = » but that 

(8) lim (sin 9 log cot $9) = 0. 

0-+Q 

From (7) 

* = * 0 + ^ +ffln 9 log cot^} 

= l j^+sin 9} + ^ ( 9 - ^ +an 9 log cot|) , 



and this gives the asymptote of the free streamline of the tangent flow. 

Now by the equation of continuity the same quantity of liquid must flow 
through each cross-section of the jet in the same time, and, as the velocity 
7 as 0 0, the ultimate form of the jet will coincide with 


In particular, let us choose the skin speed such that (9) vanishes ; that is 
to say 


(10) V*=gh 

Introduce this into (7) and substitute for z o (0) from (3). Then the free 
streamline of the tangent solution is 


( 11 ) 


2 l= = ~ {0+Asin0+ t[Acos0+£(l-A 2 )]}, 


where A = l+logcotjfl* 

I = Jff we have A = 1 and 




At infinity 0 = 0, A = ooand, since Asinfl-^O, 

c,(0)=y{t(-«)}=-ioo. 

We can easily verify that the pressure is constant on the free streamline, 
for from (11) 


2fjy t = tf 1 {2A cos 0+ 1 - A*}. 
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Also from 11-63 (4) 

if- -mm 

Therefore 


Therefore 


dw 

dz 


ft 


^Uz‘(6) 
k cot 0 




tll-64 


Adding this to (12) we get 

j 2 +2^ 1 =2P 2 , 

which shows, by Bernoulli's theorem, that the pressure is constant on the 
surface of the jet. 


EXAMPLES XI 

1, Incompressible inviscid liquid in two-dimensional motion under no body 
forces occupies the whole space outside the region 

■— n ^ y ^ *Hi, 0 ^ x ^ qo , 

and streams into the region through the end x » 0. Show that the asymptotes of 
the free streamlines as the liquid leaves the region at * « oo , after a steady state 
has been reached, are y « ±o/2. (U.L.) 

2 . In 11*53 ; if the breadth of the aperture is tt + 2, prove that the speed q on 
the centre line of the jet at distance h from the aperture is given by 



& In Borda’s mouthpiece (11*51), prove that 

£ » 2oa (sin 1 $0 - log sec $0)/tr, 
and plot the free streamlines. 

4 . Liquid flows in the negative direction of the axis of y between two planes 

defined by x - ±o, y>b and meets a barrier defined byy « Q t l>x>-1 The 
speed for large positive values of y is F. Show how to determine the ultimate 
velocity of the two jets and the resultant thrust on the barrier. (U.L.) 

5, A jet of incompressible fluid moving irrotationally in two dimensions issues 
from a funnel-shaped opening of which the walls converge at an angle 2a, the width 
of the opening at the end being 2c. The jet is bounded after emergence by “ to* 
streamlines ” ^ the speed along each being P. 
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Prove that the motion is given by the following equations of transformation; 
U.W. _ Pfl * f* .. j. " 


cot ^ sin u du 
, 2a 


and that * cot ^ sin u du 

Find the coefficient of ultimate contraction of the jet in this case, and verify 
that it agrees with ir/(w + 2) if a » ir/2. (U.L) 

6* Show that the transformations 

w«41og (<-l)+D, 
f »cosh{(0-C)/B)}, 

where £ » log (-dz/dtp), and i, 5, C, D are constants whose values are to be 
found, give the motion of a two-dimensional jet of liquid issuing symmetrically 
from an aperture of width 2o in a plane wall. 

Prove that the ultimate width of the jet is 27ro/(ir+2), and that the equation 
to either of its boundaries may be put into the form 

2 a $ 2 a 

ai-.— ftegton.+oMfl), y.—ii-ginfl), 

the corresponding edge of the aperture being taken as origin, and 0 being the 
inclination of the tangent to the ultimate velocity. (UJL) 

7. Fluid escapes from an aperture placed symmetrically in the base of a deep 
vessel with vertical sides. Treating the motion as two-dimensional, neglecting 
{gravity, and regarding the region in the plane of z occupied by the fluid as bounded 
in the way described below, draw and explain figures showing the boundaries of 
the corresponding regions in the planes of w and Q, where Q » log ( -dz/dw), and 
write down equations of the form 

dw (ifl . /A 


by which each of these regions can be represented oonformally on the upper half- 
plane in the plane of an auxiliary complex variable t. Show how all the constants 


occurring in f x (t) and /, (t) can be determined. 

[The boundary of the z region consists of (i) a semi-infinite line x » 0, y >0 ; 
(ii) a segment y » 0, a>a>0 ; (iii) a free streamline starting at z » a and having 
an asymptote x «* b (not given) ; (iv) the infinite line x » c, where c>6>o.] 

<UX.) 

8. Investigate the motion given by the conformal representation 
dtp tn 

¥-5' ' r ”* 

dQ 1 

dt 2n(*-6) N /(<-a)((-aV 


L 3mP) J * 

Calculate the breadth of the vessel in terms of the final breadth of the jet, at 
which the velocity is Q ; determine also the intrinsic equations of the curves 
bounding the jet and its final direction. 

Show how n - I, b » 0, and a * oo , or a' - -oo will give Helmholtz’s jet 
with the profile a tractrix, and describe any other simple case, such as e co, 
«'-Q. ' -<W4 
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9. The fixed boundaries of liquid moving in the (x, y)-plane are given by 
y - ®-a(y<-a) and y - -x+o (y>a). The sector containing the negative 
part of the x-axis is completely filled with liquid which is at rest at infinity and 
which escapes through the opening between (0,a) and (0, -a). Show that the 
ultimate width of the jet is 

7T0 

|log(72-l)+s/2+|J 

Determine the form of the free streamlines. (U.L.) 

10. A two-dimensional jet of liquid issues symmetrically out of two plane walls 
converging at an angle 2a, but terminating at equal distances from the point of 
convergence. Show that the equations of transformation which lead to the solution 
of the problem are 

dw 267 

dt irt ’ 

where 26 is the ultimate width of the jet and 7 its ultimate velocity. 

Prove that, if 2c is the width of the opening between the walls. 


c — 



(U.L.) 


11. A stream, whose breadth and speed at infinity are a and 7 respectively, 
flows on the side y> 0 of the obstacle given by 


y - 0, - oo <x<0, x * 0, 0 <y<a. 

Show that the two-dimensional irrotational motion of the stream under no body 
forces is given by equations of the form 


dw 

dt 


A dQ 
(f-l)M) # dt 



where -1<A<+1. Determine A and B, and proceed to find the equation satisfied 
by the angle a through which the stream is deflected. (U.L.) 


12. A Borda’s mouthpiece of breadth a is fitted symmetrically in the base of 
a large rectangular vessel of breadth ka, and projects inwards to a great distance 
from the base. Prove that inside the vessel at a distance from the mouthpiece 
the flow is practically a parallel stream and that the coefficient of contraction is 
i-fjfc 2 -*)!. Deduce the result of 11*51 as a limiting case. 


13. If in fig. 11*64 (i) the points D, D' correspond to { • -a, J - a, (a < 1) 
respectively, show that 

f -2 ({•-«’)* )"• 

Sketch the general shape of the corresponding diagram in the U/v-phne, If 
V o re** on the part of the diagram corresponding to BD, B'D show that 

logr m logr o +0cot«, 
there r 0 is the value of r when « 0. 
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14. ID 11-64, show that, along ^ 

w - ( 26 /ir) log l-n, ^ _J» ir{(fe 
V »* 


deduce that 


'7 £'*»'* 


7 i di > 


{’ ,m ~7f t r ™t f 

+ “ <Ul - 

0 = 2 

i" 1 * <'• ') "* *"- H H H Hind’ Jl ;WTIii? ^ ' 



piece, 


“ ,|W *“ *» ** 


m of the mouth- 



CHAPTER XII 

HELMHOLTZ MOTIONS 


12*1. Cavitation. Consider a cylinder moving from right to left with 
speed V totally immersed in incompressible fluid, say water, otherwise at rest. 
Fig. 12-1 shows the streamlines as seen by an observer moving with the cylinder. 
In fig. (i) the motion is just starting (cf. Plate I, fig. 1) and the cylinder !b wetted 
all over ; the points of minimum pressure are on the boundary of the cylinder^ 
at the extremities of the diameter perpendicular to the direction of motion.! 
In fig. (ii) the cyb'nder has attained a high speed. 1 " In this case it is found that 



Fio. 121. 

the water separates from the cylinder at points which are on the anterior 
part to form a bubble or cavity, between free streamlines, filled with water 
vapour. 

Let II be the pressure at infinity and p e the pressure of the vapour within 
the cavity. Then Prandtl defines the cavitation number a by 


( 1 ) 


iT-jo e 

pV' = V' 


by Bernoulli’s theorem if P iathe fluid speed on the cavity wall. 

In two-dimensional motion it is found that the width of the cavity is of 


when o decreases. 

In cavities under water, if the external pressure is kept constant and the 
speed is sufficiently great, a is positive, since p, the vapour pressure is less 
than the atmospheric pressure. As the speed V increases it appears from (1) 
that a decreases and therefore that <r->0 when #-*■», with a consequent 
indefinitely great increase in the width and length of the cavity. 


* Mm property «U|h Reynold!' state. See 1942. 
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1 * 1 ) 

In the present chapter we shall be mainly concerned with what have been 
called (after their discoverer) Helmholtz motions, characterised as Mows : 

(1) The motion takes place in free space, i.e. gravity is neglected. 

(2) The motion is steady, i.e. p+lpg* = constant. 

(3) The pressure along the cavity is equal to the pressure in the undis- 
turbed stream, p e = J7, and therefore the cavitation number vanishes. 

As to (1), the difference between motion in free space (e.g. in a freely falling 
tank) and under gravity is slight when the object producing the cavity is 
moving horizontally at high speed. The effect of gravity depends essentially 
on the Froude number 

V* 

g x (length of cavity) 

which tends to zero as cj~> 0 and the effect of gravity is not then important, ' 

As to (2), since the motion will be assumed steady, we may suppose the 
obstacle at rest and the fluid to flow past it. 

II II Proper cavitation* This is defined to be discontinuous fluid 
motion in which the minimum pressure occurs on the free streamlines. In 
improper cavitation the minimum pressure is attained on the boundary of the 
obstacle. 



(1) In proper cavitation the free streamlines are convex seen from the fluid. 


Proof. The pressure gradient along a normal to the streamline drawn into 
the fluid is positive. Therefore the acceleration of a particle normal to its path 
(the streamline) is directed into the cavity. Hence the cavity is convex seen 
from the fluid. 

By a similar argument (applied in free space) the speed attains its maximum 
at a point where the boundary is convex seen from the fluid. 

Corollary. The distinction between proper and improper cavitation does 
not arise with obstacles whose boundaries are rectilinear. 

(2) At a point of a streamline where the direction of the velocity tends to 
two different limits at either side, the speed is either zero or infinite. 

Corollary, At a point of separation from an obstacle the streamline has a 
continuous tangent. 

(3) If a point P divides a streamline into two arcs A x , A, such that the 
tangent is continuous at P but the curvature is different according as P is 
approached dong \ or along A|, then the speed cannot be constant along A, 
orA|. 
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Proof. With the notations of 12*43 consider 6 and t as functions of the 
complex potential w on the streamline \jt = 0, say. The curvature is 

dd _dd dw d8 

d\~fa>dT*~ uer fa)' 

Now e r is continuous near an arc on which the speed is constant, so that 
a discontinuity in dd/dX implies a discontinuity in d$ldw. Therefore dr/dw has 
a logarithmic singularity. Therefore r cannot remain constant on the stream- 
line at either side of the discontinuity in curvature. 

Corollary (i). At a point of separation the curvature is either continuojis 
or infinite. \ 

Corollary (ii). In proper cavitation the curvature at the point of separation 
from an obstacle of finite curvature is continuous ; the streamline must not be 
concave, by (1), and a convex streamline of infinite curvature would cut into 
the obstacle. 

1120. Direct impact of a stream on a lamina. Suppose a stream 
of infinite breadth and velocity U to encounter a fixed lamina BB r of breadth l 
placed at right angles to the stream, fig. 12-20. We take the centre A of the 
lamina as origin and AB as axis of x. The streamline which strikes the middle 
of the lamina at A will divide, and, following the lamina to B and B\ will 
then leave along the free streamlines BC^ , B'C* . The vacuous region between 
these free streamlines constitutes the cavity. We shall suppose the dividing 
streamline to be ^ = 0 and we shall take <j> = 0 at A. Then </> = -<» at 
C* > C£. The M-plane is shown in fig. 12-20, where for clearness the portions 
C’nB'A, C^BA are shown slightly separated although in fact they coincide 
with the negative ^-axis. 

The diagram in Hie w-plane must therefore be regarded as a polygon whose 
boundary is C^B'ABC^ and whose interior is the whole w-plane, the interior 
angle at A being 2 ir. By means of the Schwarz-Christofel transformation, 
we map this region on the upper half of the {-plane, making B\ A > B corre- 
spond to { = -1,0,1 respectively. The transformation is therefore 

(1) | = JE{, « = !*£», 

race « = 0 when £ = 0. 

Now consider - V dzjdw = P/u. Harking this on the Argand diagram, 
aa t describes ABCJOJl'A, we get the figure of the P/o-plane, so that 
arg(-Pdz/dtc) decreases by it when we go &om A round ABC*C»B'A. 
Therefore the Q-plane is as shown in fig. 12-20 (cf. fig. 11-58 (ii).) 

We map this polygon on the upper half of the (-plane, making £ a - 1, 1, 0 
correspond to W, B, A * respectively, at which points the interior angles of the 
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polygon are \ir, \ir, 0 , eo that the Schware-Christoffel transformation gives 

dQ £ 

Q = -iK' cosh-‘(-^+I 


9=oo 



Ita. 12-30. 

Now, when { a> -1, Q = -fa, and when { = 1, Q = 0. 
Therefore L » -wr, -iK' (fa)+L = 0 , and henoe 

Q = ooah -l (-yj-«r. 
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From this we get 

- j = cosh (iff +Q) = -eoshQ. 
Therefore Q = cosh- 1 - = log ^ + J~- % - lj . 
ButQ = log^-P~j* Thus 

jj cb 1 IT 7 

~ v dv>~i + \l p" 1. 


[ 12-20 


( 2 ) 


du? 


That the proper sign is here taken in front of the square root follows froJ 
the fact that there is a stagnation point at A where £ = 0, so that dwjdz must 
vanish when £ = 0. But for small values of £, the square root is l/£, very 
nearly, so that dw/dz -* 0 when £->0. 

Now, from (1), ^ = Kt,. Therefore 
% 


( 3 ) 




Integrating from B' to B } i.e. from £= - 1 to £ = 1, we get 

it 

DU-xJ 1 [1+V(l-P)]« = -Kj (1 + coa 0) cos 6 dd, 

(4) =-«(2+H* 

This determines K, and therefore, from (1), 

W? 


( 5 ) 


w = - 


tt+4 


12*21. The dra|. To determine the thrust on the lamina or the drag , if 
p and q are the pressure and speed on the upstream face of the lamina and 
II the pressure in the cavity, Bernoulli’s theorem gives 

l+wAm 

p p 

Hence the drag Die given by 
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12 * 21 ] 

Since AS is the Axis of x, it follows that 


dx : 


Therefore 


Using (1) and (3) of 12*20, we get for the integral 


Thus 


n _ Vg? 
W+4’ 


which is the drag (per unit thickness of liquid). 

12 21 Drag coefficient. In experimental work it is usual to express 
drag by means of a drag coefficient C D , defined by the equation 


D = c D -yu*s t 


where S is the projected area of the body perpendicular to the stream. The 
drag coefficient in the case just investigated of a lamina perpendicular to the 
stream is therefore 


Cd = 


2rr 
TT + i 


= 0 * 88 . 


This agrees with the observed value in motions with a well-defined cavity. 


12*23. Riabouchinsky’s problem. If a stream U is disturbed by two 
parallel plates, instead of one, with free streamlines joining the edges, we obtain 
a situation first investigated by Riabouchinsky * and illustrated in fig. 12*23 (i) 
in which the plates are perpendicular to the undisturbed stream direction which 



fto. 12*23 (i). 


• five* London Math, Soc, (2), 19 (1921) 206-215. 
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is along the line joining the middle points of the plates. Here M is the mid- 
point of a free streamline joining two edges. The flow pattern has two lines of 
symmetry indicated by the axes Ox t Oy . The complex velocity v has the values 
7, <7, 0, V at M t 4, B, C* respectively where 7 is the constant speed on the 
free streamline. 



Fra. 12-23 (ii). 

\ 

Kg. 12-23 (ii) shows the plane of w/7 (the hodograph plane) for one quarter 
of the flow, and also the plane of In the former the free streamline maps 
into a quadrantal arc of a circle since | v | — V on the free streamline and in the 
w*/F’ plane this maps on a semicircle. This semicircle we map on the upper half 
of the {-plane of fig. 12-23 (iii) by the transformation 


W // //// ////M MM M 

B m C M A ft. 

l-fhne 

I'M. 12-23 (iii). 

. , /«* y*\ 

W ^ — + J 

which maps A into {=1 and M into {= - 1. To form the w-plane we take 
^=0 on the y-axis, dearly allowable by the symmetry, and ^=0 on the free 
streamline The part of the flow here considered maps into the third quadrant 
in the w-plane and therefore into the upper half of the w*-plane, fig. 12-23 (iv). 



v-piaM 


Pm. 12-21 (It). 
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1MI] 


(!) 

will then map the upper half of the w*-plane on the upper half of the f-plane, 
provided a, jS, y, 8 are properly chosen real constants (real in order that the real 
axes may correspond). Combining (1) and (2) the t^-plane is mapped on the 
hodograph plane by 

^~ 6 v'+^'Vi+Y*’ 

where G, €, rj are constants. Since at M tt>=0 and v- F, we have c= - 2 
and the numerator is (v 2 - F*) 2 . At C* w- - oo and v = 17 so that 

-(tf 4 +F 4 )/F 2 

and the denominator is (v 2 - U 2 ) (v* - F 4 /I/ a ). Thus we can write # 

/o\ ... _ n t 2 -l» . v • F 2 L 


W ^ (o* - i*) 1 ^ (*■'- 6*) 1 ® ’ t- F’ °* 


<* 6 = 1 , 


and we note, from 12-1 (1), that 
. F* , 


F* , lt U> l 

t? , = l +<T ’ M_ F‘"1 +o' 


where o is the cavitation number. 


The formula (3) is a relation between w and dwjdz and so leads to the solution 
of the problem by a quadrature. 

In the notation of elliptic functions* write 


(5) t = v/F = &nd(u|«t), m = l-^, mj = ^ 

where m is the squared modulus and % is the complementary squared modulus 
The values of v at M, C, A, B are respectively F, U } iV, 0 and so the correspond- 
ing values of it are 0, \K + %K\ %K! and the complex u-plane is therefore as 
shown in fig, 12*23 (v). 



n^plane 
Fig. 12-23 (v). 


* For the notation eee MUne-Thomeon, loe, cit., p. 236. 
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We then get from (3), after some reduction, 

^ _ G(% 1/8 nd 8 u - 1) dn 8 u 

' * ~ msnucnu 

Now dzjdu = (dw/du) ~ (dw/dz) = -(iwjduj-rv 

and therefore from (5) and (6) 

1= -F(r^ {d8,u+mil ' >d0,tt >- 

Integrating we get 

(7) 2 = " W+m?*)^ 8 ' 

(8) /(u ) = Ds u + ro^ 8 Do «, 

where is an arbitrary constant and Ds w, Dc u in Neville’s notation* denote 
elliptic integrals of the second kind. The constants 6 and H are determined by 
z = fc+t’J when u = \K+iK\ z = h when u = %K\ 
where 21 is the breadth of a plate and 2 h is the distance between the plates. 

If we denote the drag coefficient on one plate by C D (a) as a function of the 
cavitation number o, it can be proved that when a is small 

the cavitation number a=0 corresponds to an infinite value of h that is to say 
when one plate is infinitely distant. Thus from 12*22, Cj )( 0) = 2tt/(it+4). 

In practice it is small cavitation numbers which arise, and Riabouchinsky’s 
solution attains fundamental importance from its ability to deal with variable 
small cavitation numbers. 

12*25. Gliding and planing. The problem derives its interest from the 
behaviour of seaplane floats, speed-boats, and like phenomena. 

In gliding or planing on a free surface the pressure along all the free stream- 
lines is nearly atmospheric (constant) and the cavitation number is practically 
zero. 

In gliding near a free surface gravity can be neglected if glJU l y gh/U 1 are 
each very small compared with unity, where l is the length of the obstacle, and 
h is the depth of the water. 

In the case of deep water, however, the effect of gravity cannot be neglected 
in calculating the splash formed by an object moving near the surface. There 
is in fact a whole complex of motions consistent with a given indihation of, 
say, a plate and the speed of the stream. 

The problem to be considered in the next section (12*26) arises as follows. 
For any given depth of water, stream velocity and attitude of a plate, there is 
a greatest height of the toiling edge above the (upstream) water surface for 

♦ B. H. Ntvffie, Jacobian MfticfuncUtm*, Sod edition, Oxford, (1251), Chapter XIV. 
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which t continuous motion embracing the plate is possible ; i.e. suppose a 
splash is established round a plate immersed in a stream, then this plate can 
be moved upwards above the upstream level without breaking the continuity 
of the splash. The work of 12-26 applies to the form of such motions in very 
deep water. 

I2*<26 Gliding of a plate on the surface of a stream.* W« A11TVIVMA 
the lamina stat 



X- plant 

K, 

l/J u -plane 


Q- plane C,D 

c',d' 

B' 0 a -7r 

Fra. 12-26 (i). 

Consider, fig. 12-26 (i), a stationary lamina BB' of breadth 1, against which 
a str eam of great depth and velocity U impinges. It is assumed that the 
* A. E Green, Proe. C<mk. Mil. Sot., 32 ( 1986 ). ~ 
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stream leaves the trailing edge of the lamina at B along the free surface stream* 
line BCas, while a jet or splash is formed at the leading edge B\ this jet being 
bounded by the free streamlines B'C * , The region behind the plate 

between , ffCi is occupied by atmospheric air at pressure JT, and so is 
the region above and to the right of D^D^. It follows that along these free 
streamlines the speed is constant and equal to P, the speed of the stream 
at#*. 

There will be a streamline which impinges on the lamina at some point A 
and there divides to form the free streamlines BG * , B'C*. We shall take 
dividing line to be ^ = 0. The origin will be taken at A and the axis of x aling 
AB. The direction of the stream is then taken to make an angle - a with AJB. 

If c is the breadth of the jet at a great distance, we shall have alor 
DM,** Vc. \ 

The diagram in the w-plane is then that shown in fig. 12*26 (i), which shouM 
be compared with fig. 12*20. Transform this into the upper half of the {-plane, 
making B\ B correspond to £ = - 1, + 1, and let 4, then correspond to 
£ = -a, -6, respectively. Since the interior angles of the ^-polygon are 
27r at A and 0 at C* , the Schwarz-Christoffel transformation gives 


( 1 ) 
so that 


(to £+a b-a 

~zz — A „ — r — xl “ii *5 — -r j 

d£ £+6 i+b 

w - K£-K(b-a) log (£+6)+L 


As { increases by passing round the point £ = ~ 6, arg (£ + 6) decreases from 
it to 0, and therefore log (£ + b) decreases by iir, and thus the imaginary part 
of w, increases by K (b-ajrr. But, in passing round G\ the diagram in the 
tfl-plane shows that $ decreases from Vc to 0. Thus 


( 2 ) 




Uc 

ir(b~a) 


Now, consider -Udz/dw as z describes ABC^DMC^B'A. Along the 
free streamlines the speed is constant. Thus the path described is that shown 
in fig. 12*26 (i) and the argument decreases from 0 to -rr. 

Thus the diagram in the Q-plane is as shown. To map this on the {-plane, 
the Schwarz-Christoffel transformation gives 


dQ_ K 9 
% (£+*),/(£*- 1)’ 

Now at ff, B, Q has the values -w, 0 and £ the values - 1, 1. Therefore 
-» * K’ coah->(-l)+I', 0 = K' oosh- l (l)+r. 



gudins or a rung on rax sumcn or a Braun 
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Hus L' = 0, K' =-l, and Q = - cosh -1 , 

t+« 


so that 
Thus 


dw 

V7z 


i+a 

IT i'+fljN 1 : 

“ £+a VV£+J “ A> 


(3) 


the negative sign being taken in front of the square root, since Aw/dz = 0 at 
the stagnation point A } where £ = - a. 

Inverting this result, we get 

Uda_ l+at+J(l-a*)(l-P) 
dw £+a 

We can now obtain the value of a, for at D « , - V dzjdw = e“ fa (fig. 12*26 (i)) 
and £ = -®. Thus (3) gives 

e~‘ a = a->/(a 2 - 1) = a-iVl-a 2 , 

and thus a = cos a, since e“* fa = cos a - t sin a. 

Again, from (1) and (3), we get 

dz 

d£ 


K l+o£W(l-a a )(l-£ 2 ) 
V 


{ +6 

Integrating this from £ = - 1 to £ = 1 we get, after some reduction, the 
breadth of the plate, 

<*> ' = + ,lb)( 2,+ "*- 1 > h *R-!) • 

To find the thrust T on the plate, we have, as in 12*21, 

after a calculation which we leave to the reader. When b is large this becomes 

(5) cp^sin* 

W 26(6 -a) 

This is of course normal to the plate, and can therefore be resolved into a 
drag, and a lift given respectively by 

D = T sin a, L = T cos a. 

By division, we get from (4) and (5), 

series. 
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If we now let , we get Rayleigh’s formula, 

- • wsina 

(6) T= f ,ul n^r*’ 


[«•» 



the case a = w/2 in 12-21. 

12-30. Reflection across free streamlines. We now describe an entirely 
different procedure due to M. Shiffinan* which consists in extending the variables 
which describe the flow across the free streamlines and finding the boundaries 
and Mngnlaritiaa of this extension. This process is called the principle of re- 
flection mm free streamlines and the resulting extension of the flow is called the 
image of the actual flow. We shall indicate by a star the variables z*, w*, v*, 
of the image corresponding to the variables z, w, v of the actual flow. 

fWdaring for the present flows with only one free streamline we denote by 
V the fluid speed on that line so that in the v-plane, or hodograph plane, the free 
streamline is represented by the circular arc 
( 1 ) vv=V l . 

Now consider streamlines in the t0-, and v-planes as pictured in 
% 12*30 (i), the free streamline being shown dotted. 



M 

t# fkm 



Fa. 1*80 (; 


Am smi iffW Hearn ** * , VoL I (1W*) »-»», n < 1W#) 1-11 
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Without loss of generality we can take ^=0 on the free streamline. 

Since w and v= - dwjdz are both holomorphic functions of z, it follows that 
the variables z, w, v are holomorphic functions of one another. 

By 5*53 the function w can be continued analytically across the straight 
line ^=0, on which it takes real values, by optical reflection and so 

(2) w* = w. 


Since a streamline is represented in the w-plane by a line parallel to ^=0, 
and its optical reflection in 0=0 is the image streamline, it follows that in taking 
the image the order of the streamlines is inverted (see fig. 12*30 (ii)). 

Again by the principle of analytic continuation (5*52), since from (1) v and 
U*/v take the same value on the arc | v | = U, we have 


(3) 


i»* 




and v, v * are inverse points with respect to the circle | v | = U. 

Therefore the complex velocity and its image are parallel but the speed is 
altered in the ratio U*/q*. Thus we have the following theorem : 

Theorem. The image of an element of a streamline is another element of a 
streamline in the same direction. The order of the streamlines is inverted. 

Let dz be an element of a streamline and dz* its image. Since 


v = 


dw 

dz' 


dw* _ dw 

W v ~~di’ 


we have, using (2). 

v*dz*= -dw* = = -dws=vdz, 


since on a streamline dw = dw and so vdz^vdz. Combining this with (3) we 


(4) 


fi 2 

dz* = jj^dz = jpdz, 


which furnishes a second proof of the above 
theorem and shows that arc length is altered 
in the ratio q % jV % . 

We now consider some particular situa- 
tions. 

Flow in a comer. Let the flow be in 


I'm. 12*30 (ii). 

oing against a wall composed 
% 12*30 (iii). 


the angle o wr. 

The image system is flow outside an 
equal angle. Fig. 12*30 (ii). 

Consider as an application a jet run- 
of two planes forming a comer ABC t 
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The flow is shown shaded in fig. (iii). The whole flow, actual end 
image, takes place in a canal between ABC and 4*B*C*. The streamline which 




bisects the canal at infinity is the &ee streamline and has constant velocity F. 
Thus A*B* and B*C* are straight, parallel to and at distance 2ft from AB and 
BC where ft is the breadth of the jet at infinity ; B* is on the bisector of the 

angle ABC . 

Stagnation point. 



Via. 12*30 (iv)* 


The image of a quadrant near the stagnation point 0 is flow in an angle 
Sir/2, and so the image of the whole neighbourhood is three sheets with the 

branch point 0*. ' _ - . 

Uniform dream at infinity. If the stream is u = Fr 1 ", (3) gives 



so that the image is a uniform stream. From (4) 

yt 

( 5 ) = oonstant 

and therefore when t is infinite so is t*. Thus the image is a paraM umforo 
stream at infinity with speed altered in the ratio [/•/F*, which is unity if F- 
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Free streamline. If then is a second free streamline, speed F, (4) gives 
(5) again so that the image is a fomothetic free streamline. If F=P the image is 
a translation of the original. 

Image of a general point. Let the flow near the point z, be given by 
(6) v = a (z -*,)*+ higher powers of (z-z,), the index j3 being real 
From (4) 


(7) 


dz*: 


**-*«* = 


?(*-*)* 

P* 

a 2 

uWTi) 


iz+ ... • 


(*-*o) w+1 +... 


where z 0 * is the image of z 0 and only the leading term of an expansion has been 
written. Combining these results with (3) we get 


( 8 ) 



(s*-Zo*)*+ l 


- JJifl+2 \ 20 + 1 . 

tW+i n) 


From (7) we see that if 20+ 1>0 the image is at a finite point, while if 
2j8+l<0 the image is at infinity. 

Simple source . In (6) put «=m, the strength of the source, and jS = - 1. 
Hence A= -ro and the image is therefore an equal source at infinity (inward 
flow). Conversely the image of a simple source at infinity is an equal source at 
a finite point. 

12-31. Borda’s mouthpiece. This has been described in 11-51. By 
symmetry it is sufficient to consider only half the flow, fig. 12-31. 



Fig. 12-31. 

For simplicity of explanation the upper wall AB# has been doubled by 
A*C#*, If If is the influx there is a source of output M at infinity (B*). 
The image of A is A* coincident with A and therefore the image of AB* is 
B* bring a source of output ilf. The image of B a C# is the parallel 
line B*C m *. Since the velocity at C#, is the same as that on the free 
streamline, we see without calculation that the coefficient of contraction is 0*5. 
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Thus we have a simple intuitive picture of the flow. From a source at in- 
finity the fluid enters the region between the fixed walls AB^, B m C^ From 
a source at B* of equal strength the flow impinges on that from infinity to form 
the free streamline (or line of constant pressure) AC 9 , 

12-32. Flow from an orifice. The problem was considered in 11*53. 



The line of symmetry B m C 9 of the jet is a streamline so we need consider 
only half the flow, fig. 12*31 (i). The image of this portion of the flow is a region 
on the upper side of the free streamline AC^ bounded by this line and the images 
of ABoo, BvC*. Starting from A, the point of detachment, the image of if is 
the coincident point A * and therefore the image of AB X is the finite straight 
segment A*B* coincident with AB* in direction, there being a source at B* 
whose output is the same as that at B# i.e. as the efflux from this half of the 
orifice. The image of the boundary B^C* is the parallel line Since the 

velocity of the jet at infinity is equal to the velocity on the free streamline, the 
width of the jet at infinity is preserved in the formation of the image. Thus we 
see, without calculation, that the coefficient of contraction exceeds 0*5. There- 
fore intuitively the flow can be regarded as taking place between fixed walls 
and ; the free streamline arises from the impact of the 
flows due to a source at infinity (2?«) and an equal source at B*. 

The position of the image point B* is not arbitrary but is completely deter- 
mined by the condition of symmetry in the w-plane, fig. 12*32 (ii), wherein 





c t’O 



“ K 






i tfrpkm 

fn. 12-32 0*). 
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is the optical reflection of B K C# in the real axis ^ = 0, the point of de- 


We now prooeed to the analytical expression of the flow. Let ns map on the 
upper half of a complex {-plane as shown in fig. (iii) 


-l 

B* A* A ~~B ~C 9 

Fra. 12-32 (iii). 


Then by the Schwarz-Christoffel transformation 
dw _ -Kl dz __ LJ 

inMiK+i)’ dciF www*' 

where K f L are constants to be determined, whence by division 

dw Kft-iyt* 

V -~dz-L\l+ 1/ 

and therefore K~LU since v-+U when £-*oo . 

The substitution { = - cos A leads on integra- 
tion to 

w = -AlogsinA+M, 
u = iL^tan^-Aj+^ f 

v = iU cot^ , 

where M } N are constants. 

The domain in the complex A-plane is shown 
in fig* (iv). 

All the constants can be determined by the correspondence between the 
points A t B } G in the various planes. If 2i is the breadth of the orifice we have 
at A, A = vr/2, z = K, w = 0 
atB, A = 7T 

at Cy A = TT + tOO , 2 = +oo, 

whenoewe get, since K = LU> 

«=-^ 1 ogsmA, * = ^{*V A +»}- w = * Poc 4 

To determine B* we put A « 0 getting for z the value 2diftir+2). 

The width of the jet at infinity is one half the magnitude of this i.e. irl/(w+ 2) 
end the coefficient of contraction is w/(ff + 2) = 0*611* 


B * 


A\A 

iir 

Fig. 12-82 (iv). 
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[IMS 


To get the free streamline put A = r+w. Then 


22 


* = ^(e-tanhc), y = (sech «+w/2), 


12-33. Stream impinging on a lamina. The problem was discussed in 
12-20. For the reflection method we need consider only half the flow. The image 
system is shown in fig. 12-33 (i). 




t 




z-plane 
Fig. 1233 (i). 

Note that at 4* the angle is 3 tt/ 2, the image of the angle tt/ 2 at A. The 
image of 427* is the parallel line 4*27**. 

If ds, is* are corresponding lengths of AB and its image 4*5* (i.e. 4*5), 
we have from 12*30 (4) ds*=(fey 2 /i7 2 ; since on AB q varies from zero at A to 
U at B it follows that 4*5* is less than 45. 


w - plane 


5 ~pu<u 


C* 


4e 


-t 


A 

1 


B A* 


.C 


El 


2L 

to 


El 


X -plane 


B 

td(u 

in 

Jto. 12-33 (B). 


be ecoBndered as a separate sheet of a Riemsnn surface. 
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For the mapping we have 


STREAM IMPINGING ON A LAMINA 


5 ’ « H+o»* • 


The substitution £ = -cos A gives 


( 2 ) -g = -I cos A (1+ cos A) 
so that 

(3) s= -I(iA+8inA+Jsin2A), 

where we have taken w = 0 at B i.e. at £ = 0, and z=0 at A . We get from (1) 
and (2) dwjdz = - 1 > = 2# sin A/{L ( 1 + cos A)}. 

At 5, A = ir/2, * = l, v= [7, where 21 is the breadth of the plate 
and so 

x - -dre *- -* 1 " 

and so finally 

2UJ ft 

W ~ 7T + 4 0088 ^ 2 = ^4(i^ + 8 “ 1 ^ + l 8in2 ^)- 

We note that at A*, where A =rr, the value of z is 2ttII(v + 4). The drag coefficient 
was found in 12*22 to be 2rr/(7r -f 4). The relation between these numbers is not 
fortuitous as will now be proved. 


1134. Geometrical interpretation of the force. 




Fig. 12-34. 

Consider flow past an obstacle AB, Let £0* be a free streamline. By 
reflection in J9C*the obstacle has the image BA*, Let Z + iT= J be the force 
per unit thiokness of obstacle. Then from 6*41 
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where p c is the pressure in the cavity By Bernoulli’s theorem 

J+k'-fc+ii 7* 

P P 

and therefore 

= i pV*( - i) r (* - &*) from 12*30 (4) 

Ja 

= 4pW(a*-a), 

where a* and a are the complex numbers for the points A* and A. } 
Thus the resultant force both in magnitude and direction is the same as if 
the excess stagnation pressure were actingover the entire front of the line joining 
A to 4*. 

If the body and flow are symmetrical, the force is in the direction of the flow 
and the line AA* is perpendicular to this direction. In that case the magnitude 
of the force is \pU l AA* and the drag coefficient is AA*jAB as exemplified in 
12*34. 

12*35. Backward jet A type of cavity which is observed in the entry of 
an object into fluid is one in which a spout is formed behind but directed back 



towards the object, and a stagnation point is formed behind the spout Fig* 
12*35 (i) depicts such a symmetrical flow past a bent lamina, the free streamlines 
being shown dotted as usual ; B is the stagnation point Mathematically we 
imagine the backward jet to continue upstream to infinity but on a different 
sheet of the flow. In actual motions the backward jet might break up before 
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reaching the obstacle, or might first impinge on the obstacle and then disin- 
tegrate. 

Consider the upper half of the flow only and map the flow and its reflection 
on the upper half of the (-plane. The to* and (-planes are shown in fig. (ii) 


g - plane 


^ plane 



I 


-i up I. * t 

E A B C B* A* E* 
Fio. 12*36 (ii). 


If off is the inclination of the arm BC of the lamina to the asymptotic flow 
direction, and if B,B* are mapped on { = -1,1 and E, A, E*, A* on { = -e, 
-a, e, a we have 


( 1 ) 



1 

({+*)*({-«) 




since by the principle of reflection the angle at C in the z-plane is 2jt, the angle at 
JSis(l-«)ir, at B* (1 +«)w, at 4®, 4«* the angles are -ir, at E and B*, n and 
3ir respectively. 

In tire tc-plane the image is simply a reflection across CD® and 


dw_ ({+«)({- 


The complex velocity is then 


(3) 


dw_I/£+l\*{+e 

’ = ~ix~K\l-l) {-«' 


The constants K, L, a, e are determined by the following five conditions 

(i) If BC m I, le-‘ = zc-z B = K \fcij 

(ii) We denote by * J+ the limit of the values of i as we approach 4 ftom the 
right along the real **»* in the {-plane. Similarly is defined by approaohing 
4 from the left. Then JmM-IwM'O since 

Zm(s i _)-J r ro(* i+ ) = Im(nr) 
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where r is the residue of dzjd£ at { = -a, 

(iii) w is real near C so that L is real. 

(iv) vd = - F, where F is the velocity on the free streamline 

M = U, 

where V is the velocity of the stream. 

These conditions determine the constants K, L, a, e in terms of F, P, 2, all 
the integrals being explicitly calculable * The quantities F and P are related by 

n+foU* = p c +ipV % > ?j 

where II is the pressure at infinity and is the pressure in the cavity. By tyie 
method of 12*34 the drag coefficient is \n \ K | . ' 


12*40. Levi -Ci vita’s method. We shall now describe a general method 
of determining the flow past an obstacle, on the assumption that the motion 
is steady, irrotational and two-dimensional, and that a cavity is formed behind 
the obstacle. 

The method depends essentially on mapping the ic-plane upon the inside 
of a semicircle in the {-plane in such a way that the free streamlines map into 
tiie diameter, and on the use of the function co({) which has already been 
employed in the theory of jets (11*11). 

12*41. Mapping the z«plane. Suppose an obstacle £ to be placed in an 
infinite stream of velocity P, fig. 12*41. One of the streamlines v coming 
from infinity will meet the body normally at a stagnation point 0 and will 
there divide, following the body along arcs A x and At and thereafter leaving 
the body at points A x , A t to form two free streamlines \i x , fi t between which 
lies the cavity. We shall take ^ = 0, ^ = 0 at 0, so that the dividing stream- 
line is = 0. The origin is taken at 0 and the axis of x is drawn downstream 
and parallel to the velocity at infinity. The region occupied by the moving 
fluid is denoted by S. 

It is oonvenient here to take (-w) rather than trin the next diagram, 
which ‘shows the (-w)-plane. The lines f^+Aj, ^i+A,, which are really 
coincident with the positive real axis, are drawn slightly separated as in other 
cases of this kind. The diagram in the (-w)-plane is now mapped on the 
upper half of an auxiliary W-plane by means of the transformation (readily 
deduced from the Schwarz*Christoffel theorem) 

w = -WK 

*Tfc» Sow ii disonned by toother method by D. Gilbug and D. H. Rock, Nmi Ordnwce 
laboratory Memo. 8718 (1948). 
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The points corresponding to A x and 4, are denoted by ~ FP,. Actually 
W x * = n/( ~ ^*)» where ^ ^ are the velocity potentials at 



Fig. 12*41. 

The upper half of the W-plane is now mapped on the upper half of the 
Z-plane in such a way that A 1 corresponds toZ = 1, and^toZ = -l. The 
necessary transformation is readily seen to be 

If * WWx+WJ+HWx- W t ) = a(Z+cos«), 

, __ 

where 0 *= jf(TPj+ Ifj), COS fit — yjj ^ ^ • 

Note that If a 0 now corresponds to Z = -ooea. 
v n«v*H« 
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Finally, we map the upper half of the Z-plane on the interior of the semi- 
circle in the {-plane whose radius is unity, whose centre is at the origin, and 
whose diameter is along the real axis, fig. 1241. 

The necessary transformation is of the Joukowski type, 



To verify this, we have [ = e ix on the semicircle, and therefore Z = - cos 
Hence, as x goes from 0 to tt, { describes the semicircle, while Z goes from - 1 
through -cos a to 1. The arc of the semicircle therefore corresponds to the 
segment A X A % of the real axis in the Z-plane, the arc Afi corresponding to 
Ax and OA 2 to A 8 . Again, as £ varies from - 1 through 0 to + 1, Z goes from 
1 to oo and then from - oo to - 1. Thus the radii 0'A X , 0'A % correspond 
to fix , n t . Since, in conformal transformation the senses of description also 
correspond, it follows that we have mapped the upper half of the Z-plkne on 
the interior of the semicircle. 

Eliminating Z and W t we thus get 


r = -0 , ^C0S«-i^{ + |jj , 


which maps the w-plane on the interior of the semicircle. Moreover, the 
stagnation point 0 corresponds to J = e ia . 


1142. The streamlines. We have 

%jt = IP-W ss a*£cosa-|^{+=jj -a^cosa-J^J+^jj 

Sin ® 6 ( = (+% 

■ 1 



Therefore the equation of the streamline ^ = 0 if 
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Since ij = 0 corresponds to the dimeter of the semicircle and £*+??*- 1 
to the curved part, this line is the dividing streamline, the equation of the 
remaining part being the cubic curve 

£(£*+*?*+ 1) - 2 cos a (£*+ 1 )*) = 0, 

which passes through the stagnation point 0 (cos a, sin a) and touches the 
axis of rj at the origin. We are only concerned with the part of this curve 
within the semicircle. This has been drawn in fig. 12*42, and the form of the 
streamlines indicated by the method of 6*23. 

12*43* The function o> (IJ). The function o> (£) is defined by the equation 

e -M«- JLij.i-ir* 

~ Udz~V~ U 

Thus <*>(£) = 0+tlog — = 0+ir, 

and the real part of w (£) is therefore the angle which the fluid velocity makes 
with the axis of a; in the z-plane, and the imaginary part r is a measure of the 
speed, in fact 

q = JJe. 

On the free streamlines, q = U and therefore r = 0. 

Thus co (£) is real on fi x , fi t , that is, on the real axis in the {-plane. Also, 
at infinity in the z-plane, 0 = 0, and therefore 

co(0) = 0. 

The function co(£) is necessarily holomorphic at all points within the semi- 
circle, for these correspond to the region R of the z-plane where the motion is 
continuous. Moreover, we have seen that cu(£) is real on the real {-axis, and 
therefore the function co(£) can be continued (see 5*53) over the remaining 
half of the unit circle by attributing to it the value o>(£) at the point £, and 
hence giving 0 the same value but changing the sign of t. The function <*>{£) 
determines all the circumstances of the motion as we shall now prove. 

12*44* The wetted walls. The wetted walls, fig. 12*41, or parts A x , A, 
of the obstacle in contact with the fluid, are represented by the arcs Afi, 
Afi in the {-plane. Now from the definition of cu(£), or briefly o>, and the 
expression of w in terms of £ (12*41), we have 

(1) Ufa a -e**dw » Ja*e < “^£+^-2cosa^ ^£- 

Now mi tiie arc Afi, we have 


£ = e*. 
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Substituting and integrating from x = a to any value of x on 0A X , and 
remembering that 0 corresponds to z = 0, we get 


( 2 ) 


Vt = -2a l j^e < “(cosx- 


cos a) sin x d\> 


Equating the real and imaginary parts, 

2a* f* 

* = e'* cos 0(cos x - cos a) sin x dx» 

2a* f* 

y = — grj sin » (cos x- cos a) Bin x 4 ;; 

and these are the parametric equations of the wetted wall A| if we take x 
between 0 and a, and of X l if we take x between a and ir. 

In particular, if in (2) we take x = 0, we get the value z, corresponding 
to the point A r 

If dX denotes an element of arc of X x or A a , we have 


VdX -U\dz\- 2a*e -r |cosx-cosa|sinxdx, 

and therefore 

2a* f* 

(3) A = ^-j^e-'(cos x -cos«)8mx<Jx. 

the lower limit 0 corresponding to A, and the lower limit irtoX lf since dx is 
negative on going from ir to a, and so is cos x - cos a. 

The radius of curvature of the wetted walls is given by 


(*) 


r 


dX 2a*e“ . dy 

ST T «X-«s.mxJ- 


1245. The free streamlines. The parametric equations of the free 
streamline /is are got by integrating (1) of the last section from J = 1 to J = £, 
where f isa point on 0*A t , remembering that, at A t , z takes the value z s just 
found. Thus 

- y t* ( i+ r 2 co8a ) ( { ~D V 

where J is now a real variable. Equating the real and imaginary parts, the 
required result is obtained. 

The velocity is given by » = U e _to . 

The pressure. Using the pressure equation, II bring the pressure in 
the cavity, we get 

Thus p-n rn \p(U'-t) = \ P U*( 1 -«*). 

Tins is the hydrodynamic pressure. 
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12-46. Drag, lift, and moment Let the resultant force due to the 
fluid have components X, Y along the axes at the point 0 in the z-plane. 
Then, as in the theorem of Blasins, 


iF = if (p-i7)ds = 5pP' 

J<A,OA,) 2 


X+iY 

Since Viz- we get 

x+.7=-;^j 


(1 -«*)&. 
(A|OAp 


. /.% ww 
e to <«-jr il 


'H 


UM>) ®s 


J ii 

the integrals now bung taken round the arc of the semicircle in the (-plane. 
Now consider the analytic continuation of «((), 5-53, in the whole circle f, 
fig. 12-46. 

We have iui(() = t(fi-tr) = t'(0+tT)+2r = «o(()+2r. 

Also vis real when ( describes AfiA, (see fig. 12-41) and therefore iu> = die. 
Moreover, when ( describes the arc AfiA, of f in the counter-clockwise sense, 



Fio. 12-46. 


( describes the arc A t FA, in the clockwise sense. Thus we get 


X+iY^ P V 






llWW d( 


Jir> «t 

It therefore only remains to calculate the residue of the integrand at the 
only pole inside JT, namely ( - 0. 

Expanding by Maclaurin’s theorem, and remembering that <e(0) = 0 
(12-43), we get 

<MO = 1 +t(»'(0) + iCttw" (0) - (a (0))*]+ . . . 


Also 


in «*/ . 

df=2r f T‘ WB “ T ? 


cos«+=+2ooe« 


*)• 
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Multiplying these results and picking out the coefficient of l/{, we get die 
residue 

ia*{K'(0) - 2 i cos a a/(0) - \[m' (0)] 1 }. 

Thus, using the residue theorem, we have 

X+iY = JwpPo* (a/ (0))* + iTrpUaHl&ti)’ (0) cos a - a>" (0)], 
whence X = lirpVa'[a>' (0)]\ Y = frpVa'[4o>’(0) cos«-a>"(0)), 
and X is the drag and Y the lift. These are Levi-Civita’s elegant results. 

The moment M of the forces about the stagnation point 0 is found; by a 
s imilar calculation to be the real part of the integral 

M+iN = yv[ \ 

JUM) l J aj 1 

taken round the semicircle A 2 OA l in the {-plane, and must be calculated in 
each particular case. The knowledge of X, F, M allows us by the ordinary 
principles of Statics to find the single force which is equivalent to the action 
of the fluid on the obstacle. This single force will always exist unless 
X = F = 0. 


12*47. Discontinuity of w(£). The function a>(£) = 8+ir presents a dis- 
continuity at the stagnation point 0, for its real part 6 has two values there 
corresponding to the two directions of flow along the tangent (or tangents) 
at 0, moreover t->- « at 0, since the speed vanishes there. 



I to. 12*47 (i). 


Let the tangents to the 
contour of the obstacle at 0 
make an angle 2y with each 
other, fig. 12*47 (i), and let 
the internal bisector of the 
angle make an angle * with 
the r-axis. 


If 0 is an ordinary point of 
the contour 2y = w, and the 



If the contour is symmetrical 
about the g-axis, c = 0. 


When we approach 0 moving along \ , 6+y+t, but when we approach 


0 moving along A, , $-+- y+e. 

Also, when £-*■«*, «({) becomes infinite, and the same must happen when 

A simple function satisfying these conditions is 
... JSiy. 

./ «.(£) = «-y+v lo 8r{^' 
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34S 


1 ** 7 ] 


m= 


{ _ « fa 

{-e-* 


when £ moves inside or upon the semicircle in the (-plane. If we determine 
the logarithm so that log/(0) = 2i(a— tt), the function log/(() is one-valued 


Now consider (to be taken at P on the arc X v fig. 1247 (ii). We get 
arg/(() = arg (( - e<*) - aig (£ - e~*) 

= --rr+Vi-Va = -Tr-(ir-a) 



ar g/(0 = -v 4 -v, =-7r+a. 

Thus arg/(t) has the constant value <x-Zn on X l and the constant value 
oc—TT on A* 

When ( passes through 0 from A, to A 1} arg /(() decreases by ir. 

Now w 0 (£) = € -r+^ l °g<-^)^ip; 

* €-y+— {log(-e-*)+log/(()}. 

Tt 

Butm-e - **) = Therefore, when {is on A,, 

8 «* c-y+— {»(»-*)+»(*-*)} = «-y» 

TT 

end when { is on A, , 

$ a «-y+^{i(w-a)+»(«-2ir)} = «+y. 

f 

It is also evident that w 0 (£)-h» when (->e^ or e^. Thus a» 0 (()hasallthe 
properties stated. Moreover, <a 0 (() is real when { is real and can therefore be 
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continued into the lower semicircle by the principle of reflexion. We also note 
that 



We have thus isolated the singular part of the function o>({) at the point 
0 and its image O'. If we put 

•©««e(0+fl(Q. 

where fl({) = Oo+^J+Oi 

we have the general solution for obstacles which present only one discon- 
tinuity of to (£) on the semicircle in the f-plane. By attributing various forms 
to A({) we can then obtain solutions for the resulting contours. The converse 
problem of determining o>(£) for a given contour is of course more diflic 
and only a few cases have been completely elucidated. \ 

1150. Solution when &(() = 0. In this case we have, from 12*47, 

(l) w{{) = «d 0 (£) = «-y+Y lo 8 

Since o#(0) = 0 from 12*43, we must have 

» . ~*(*4 --1HI 

which determines a. 

Also 6 is constant along \ 1 and A,. Hence w (0 is the function correspond- 
ing to the flow past a lamina bent at an angle 2y, fig. 12*50. 



= 2t sin 

we get, from (1), the imaginary part of <u ({), namely 



Wa4(x+#)/ 
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Substitution of this in 12*44 (3) will give the lengths of OA x , 0A t and it is 
then obvious that the ratio of these lengths is not arbitrary* This means that 
the stagnation point will be at the bend, only if the lamina, is correctly orien- 
tated to the stream. If not, an abrupt change of direction of the velocity will 
then occur at the bend ; physically acceptable solutions will be found only by 
modifying the cavity so as to include parts of one arm or both* 

It may be remarked that slight changes in y may produce violent oscilla- 
tions in the position of the stagnation point and consequent fluctuations in the 
moment. 

To calculate the drag and lift, we have 


4=}' 


4- 


Thus a/(0) = - — sin a, '(0) = -~ sin2a, 

77 7T 

where a is given by (2). 

Using Levi-Civita’s formulae (12-46), we get for the drag and lift 

„ 4 flfyPy* ff€ v , rr * 77€ 

X = — ^-cos 1 — , y as 0*pPy sin 
77 2y r ' 


12*51. Stream impinging on a plate. If we put 2 y s 77, the bend in 
the lamina disappears and we have then the case of a stream impinging on a 
fixed lamina, see fig. 12*26 (ii). From 12-50 (2), we then get a = c+Jrr, so that 
a is the angle a| which the lamina is inclined to the asymptotic direction of 
the stream. The formulae for the drag and lift, 12-50, then give the results 
already obtained in 12-26 * When « = Jtt, we obtain the result of 12-21. 

12*52. The symmetrical case. If in the problem of 12*50 we take 
€ = 0, we get the symmetrical case in which the stream impinges directly on 
a lamina bent in the middle, fig. 12-52, which represents an approximation to 
a ship with a sharp bow. In this case a = Jtt, and the drag, 12*50, becomes 
WpUy'lir, while the lift vanishes. This expression contains the constant a, 
whose value can be expressed in terms of the length of OA x , as follows. 
Since c = 0, 

•<0«#+ir-5*logj±j[. 

Putting t = tanVJff-ix). { = «**> 

wegrt r = -l [t, 

77 


* Tte mttNtk. of tUi Mmit torch.. the wdraWfon tf in tern. of O wi I, tk. 

tagfrsf ft* ptote, Th» (totofe of at oxpUimd in 12-J2, 
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tad therefore, from 12-44 (3), 


/ 2o* . . 

|"yj # * »oos x smx<fx 



1 2 \ 
(l+t)‘ + (l+t)*J 



Denoting the value of the definite integral by /, we get 

8a« = Ullf, 

and hence the drag is JpDSy*/(w/). 

To evaluate/, let 

I i i 

oO+O 5 *' 

Then 

where W(z) is the logarithmic derivative of the Gamma function.* 

Now it is easy to establish the reduction formula 
/•+i(») —/•(*) = ^5' 

from which we get /= 

and/can then be evaluated from tables of the ? function.! 


* Milne-Thomson, Calculus of Finite Differences, London (1959), 9*3. 
t Brm AttocMm Tables, Vol L Immm (1931). 
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EXAMPLES XH 


1. Obtain the free streamline when a wide stream flowing with velocity U 
parallel to a straight shore impinges on a pier which projects to a distance h perpen- 
dicularly from the shore, and find the thrust on the pier due to the fluid motion. 


2, A stream of finite width c whose velocity at infinity has resolutes 
( - V cos a, - V sin a) 


impinges on the rigid plane barrier y « 0. Show that the two-dimensional inota- 
tional motion of the stream under no body forces is given by equations of the form 


dw A(t- A) dQ 
dx “ (f 2 -!) ’ dX 


B 

M )(<*-!)*’ 


fl 



where -1<A<+1. 

Show that the stream divides into two branches of ultimate widths c cos* Ja, 
c sin 2 and that the thrusts on the portions of the barrier on either side of the 
point of zero velocity on the barrier are in the ratio xr - a : a, assuming the pressure 
on the side of the barrier opposite to the stream equal to that along the free stream- 
lines. (U.L.) 


8. When a stream impinges on a lamina to which it is inclined at the angle *, 
prove that the stagnation point divides the lamina in the ratio 

2+2 cos a + (7r-a) sin « + 2 cos a sin 2 « 

2 - 2 cos a + a sin a- 2 cos a sin 2 a 


Hence show that the stagnation point is always between the centre of the 
lamina and the end farthest upstream. 


4. Show that the transformations 


w 


« t(t 


lead to the solution of the problem of a plate placed obliquely in a stream with 
the liquid dividing along two free streamlines on either side. 

If 26 is the breadth of the plate and it is inclined at an angle a to the stream, 
show that 



2 67 


t w • 

1+ T sm« 

4 




where P is the stream velocity. 

5, A fluid flows in two dimensions from y * + oo between the two planes 
x m ±a, y>b and impingeB symmetrically on the fixed plane y » 0. Explain 
how the forms of the streamlines can be found, and show that if d is the ultimate 
width of the stream in contact withy « 0, then 


8* A finite stream impinges on an infinite straight barrier, the motion bring 
in two dimensions and theboundaries of the stream curves of constant sj eed. 
If the undisturbed stream makes angle }xr-a with the barrier, show that the 
perpendicular drawn from the point on the barrier where the stream divides to . 




tXAHHJS XS 


tile asymptote of the streamline through that point is to the breadth of the 
undisturbed stream as 

jjj (1 + sin a) +a cos'a + sin a cos a log (2 cos a) + 2 cos a tanh -1 ^tan ^ : v. 

Show that the resultant thrusts on the two parts of the barrier represented 
by this point are in the ratio rr+ 2a :ir- 2a. (UJL) 

7. A stream of incompressible fluid, whose velocity at infinity is V, impinges 

symmetrically upon a bent lamina whose section consists of two straight lines, 
each of length a, at right angles. The fluid flows over the convex side and is 
bounded internally on the downstream side by two free streamlines. Show that 
the resultant thrust on the lamina is •/2w/»P , /{6»/2+ir+21og l (V2-l)}, and 
that the intrinsic equation of either of the free streamlines may be written 
t «= A cot 1 2d, where A is a constant, t is measured from the edge of the lamini 
and 9 is the inclination of the tangent to the axis of symmetry. 1 

8. A bent plane perpendicular to the xy-plane, whose section by that plane' 
consists of two straight UneB AB, BC at right angles, is placed in incompressible 
liquid flowing at infinity with unit velocity in the negative direction of Ox, bo that 
the central streamline is straight along xO, strikes the plane at B on the concave 
side and bisects the angle ABC. With the usual notation, verify that all the con- 
ditions can be satisfied by putting 

>J(t-b)(c-a) 

Choosing the scale of measurement so that c -a » 1, and putting c-t cob* V, 
prove that 

L • 2 sint (U+B) sini (U -B) sin 2U iV, 

-B\mi{V+B)m2ViU, 

where £ is the value of V corresponding to t b, whilst £ is the length of either 
{flue and P the resultant thrust on it. (U.L.) 

9. In fig. 12*50, prove that the lengths of the wetted walls are given by 

Sr 

(cos x -oos a) sin x 4c 


and a second integral for A, obtained by taking the lower limit to be sero. Hence 
prove that when A t is given there is only one possible value of A, to make toe motion 
conform to the type mown in the diagram. 




CHAPTER XIII 

RECTILINEAR VORTICES 

13 0. In this chapter some aspects of two-dimensional vortex motion will 
be considered. The vorticity vector is necessarily perpendicular to the plane 
of the motion and we shall as usual consider unit thickness of liquid, that is 
to say, we suppose the liquid to be confined between two planes at unit 


straight and parallel, all vortex tubes are cylindrical, with generators perpen- 
dicular to the plane of the motion. Such vortices are known as rectilinear 
vortices. It is, as before, convenient to use the language of plane geometry. 

13*10. Circular vortex. Let there be a single cylindrical vortex tube, 
whose cross-section is a circle of radius a, surrounded by unbounded fluid. 

The section of the vortex by the plane of the motion is a circle and the 
arrangement may therefore be referred to as a circular vortex. 



We shall suppose that the vorticity over the area of this circle has the con- 
stant value u. Outside the circle the vorticity is zero. Draw circles, concentric 
with the circle which bounds the vortex, of radii r' and r, where / <o<r. 


tively. It is clear from the symmetry that the speed at every paint of the 
circle radius r' is the same, and that the velocity is tangential to this circle, 



360 VORTEX DOUBLET [13*32 

If, in particular) we take the vortex doublet to be at the origin and along 

the axis of y, we have ^ - /x sin 0/r. If we put ju = Pi*, we obtain 

# Vb'm 6 

w = » 

r r 

which is the stream function for a circular cylinder of radius b moving with 
velocity V along the x-axis. 

Thus the motion due to a circular cylinder is the same as that due to a 
suitable vortex doublet placed at the centre, and with its axis perpendicular 
to the direction of motion. j 

We obtain a circulation round the cylinder by placing a vortex filament of 
suitable strength at the centre. \ 

13*33. Source and vortex. The considerations of the previous section 
lead us to enquire how a source and a vortex combine. The complex potential 
to = ( — tw-f* w) log z, 



Fig. 13*33. 


decreases by 2 *(*«+*) when we go once round the origin, and therefore ^ 
decreases by 2mc while iff decreases by 2mn, and to therefore satisfies the con- 
dition for a vortex and a source there. 


SOURCE AND VORTEX 


13-33] 

The stream fraction is 


0 s-tnfl+Klogr. 

When t/t has the constant value k log C, we get 
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r = Ce T , 

so that the streamlines are equiangular spirals. 

The streamlines can readily be drawn by the diagonal method (4*32), by 


or 


mS-ruo, 

k log r = n = 0,1,2,..., 

n 22 

6 — — w } t = e K . 
m 

The above combination is known as a spiral vortex. 

We could impose a longitudinal velocity perpendicular to the plane. This 
suggests two loose analogies : (i) the swirling flow of gas in an exhaust jet, 
(ii) flow towards a bath waste if a sink is substituted for the source. 


13-40. Vortex filament parallel to two perpendicular planes. 

Take the planes for axes. Let the vortex be at (x, y). Then the image system 



components are given by 

dr kco$6 Ksinfl _ kcos 20 
di 2rsin0 2rcos§ ~ r sin 20* 
dS _ k sin0 k cos 0 _ 
r H ~ 2r 2rsin0 2rcosf 2r‘ 
Therefore, by division, 

l dr _ 2 cos 20 d6 
r 2 ~~ sin a# df ' 

Integrating, we get rain 20 = a, 
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where a is a constant. The form of the path of the vortex and its sense of 
description are shown. 

13*50. Vortex in or outside a circular cylinder. Let there be a 
vortex of strength k at the point Z~X+iY outside the cylinder | s|=a. 
If the motion is due solely to the vortex the circle theorem gives the complex 
potential 

(1) tit log (* - Z) - %k log (a*/« - 2), 
which, omitting an irrelevant constant, is equivalent to 

eVc log (z-Z)-i* log (z - a l j2 ) + (k log z. 

This shows (cf. 8*61) that the image system consists of a vortex of strength - k 
at the inverse point and a vortex of strength k at the centre. 

The addition to (1) of the term %k log ( - 2) } which is independent of z gives 
the complex potential in the form 

(2) w = %k log (z - Z) - \k log (1 - a l jzZ) = <£ + 

where the stream function kG is constant on the boundary of the cylinder and 
is given by 2 %kG = w-w, so that 

(3) 6 = 6(i, 2; Z, 2) = log | a - Z | - i log (1 - a l jz2) (1 - a^iZ), 
and it is now clear that G has the reciprocal property 

(4) 6(t, f ; Z,2) = 6(Z,2\ 2,2), 

which expresses that the function is unaltered by interchange of the pairs of 
variables.* Now write 

(5) g(z,2\ Z, 2) = 6(z, 2 ; Z,2)-log|s-Z| 

= log (1 - o*/aX)(l - «*/2Z). 

The function g has the following properties. 

(i) ?(z, 2', Z, 2) is a harmonic function of (x, y) which has no singularity 
at 2 = Z or at any point of the region oocupied by the fluid. 

(ii) The function $ has the reciprocal property 

(6) g(t,2-, Z, 2) = g(Z, 2 ; t,i}7 
Now 

^g(Z,2‘, Z,2) = {^g(t,i\ Z,2)+^g(Z,2‘, t, f)^. 

where suffix 1 indicates that after differentiation we must put t » Z, 2 * 2. 
It then follows from (ii) that 

(7) (~g(z,2; Z,2 )) \ = i^(Z,2; Z,2). 


0 Git in fust a Graen’i function. 
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This result is fundamental for the present investigation. It is a direct 
consequence of the property (ii). In the present case (6) shows that 

(8) g(Z t 2 ; Z, 2) = - log ^1 , 

and it is easily shown by direct differentiation of (5) and (8) that this particular 
function satisfies (7). 

Let us now superpose on the flow due to the vortex alone in the presence of 
the cylinder any other field of flow (e.g. a uniform stream or a drculatioa 
round the cylinder) whose stream function \jj Q (z f z) is constant on the boundary 
of the cylinder and has no singularity at z = Z. The stream function for the 
combined flow is 

(9) ,M)+k<?(M; z,2). 

To find the complex velocity of the vortex we use the principle stated in 
13*22 by forming the function 

X=^-«log|*-Z|, 

i.e. by subtracting the stream function of the vortex itself alone in unbounded 
fluid. Then from 13*22 the complex velocity of the vortex is 


Now from (5) and (9) 

(10) • x = 

* 

Therefore the complex velocity of the vortex is 

(11) «!-»»! = - 2» ^ , where 

(12) Xl = ^(Z,2)+^(Z,2; Z,Z). 

Compering (10) with (12) we see that the factor k in the last term of the 
expression for x becomes the factor in the last term of the expression for xi 
on account of (7). Observe that xi = Xt(^> 2) is a function of Z, Z only and 
is independent of z. From (11) we get 


(13) 


« _ hi *Y__ _hi 

dt~ l ~~dY' it l “ar 


The function Xi is called Booth’s stream function. 

In particular, if the vortex at (X, Y) is the only mobile singularity in the 
flow and if ^ , (Z, 2) depends on the time t only through (X, Y), we have 



^hiMhi.E 
9X df + 3F if 


= 0 
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from (13), Therefore 

X x (Z, 2) = constant, 
and this is the equation of the path of the vortex. 



In the case of a single vortex of strength k outside the cylinder and a- cir- 
culation of strength k about the cylinder we have 0 O = *' kg where r = | z |, 
while from (8) g(Z,2\ Z,Z) = - log (1 - a 2 /#), where R = | Z |. Therefore 
the path of the vortex is given by 

(14) Xi = *' lo g R “ i* lo g l 1 " = constant, 

so that R remains constant and the vortex describes a circle concentric with 
the cylinder and with speed 

k+k kR 

’TT^-a 2 ' 

To deal with the case of a vortex inside the cylinder we see that the function 
g of (8) is unsuitable, for it has the singularity Z = 0 in the region of flow. 



The complex potential, however, is still obtainable from the circle theorem in 
the form 

i*' log s-t* log log (*-Z). 

Takeic+K^O. Then we have the situation of fig. 13*80 (ii), where 
w m \k log (s-Z) - log («*-*2!). 
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and we now see that the appropriate form for g> having the reciprocal property, 
is 

g(z, 2 ; Z, Z) = - J log (o l -aZ)(a*-8Z) leading to 

(15) g(Z, Z; Z, Z) = -log (a 1 - IP). 

Thus fa = 0 and the path is given by 

Xi = - log (a 8 -fl 2 ) =s constant, 

so that the vortex again describes a concentric circle with the speed «£/(<** - IP). 
It appears from this discussion that the image of an internal vortex of strength 
k is a vortex of strength -k at the inverse point and a circulation of strength 
- k about the cylinder. 

As a final illustration * consider a vortex of strength k at the point Z out- 
side the cylinder together with a uniform stream (of complex potential - Uzr u ) 
and circulation of strength k about the cylinder. Then if (B, 9) are the polar 
coordinates of the vortex, we have 

<MZ, l) = - V(R-a*IR) sin (©-«)+*' log R, 
and the path of the vortex is given by 

(16) Xx = - V (ft - sin (9 - a) + #c' log R - J k log ^1 = constant. 

If the flow whose stream function is fa(z, z) is superposed on the field which 
contains n vortices, k t at the point z r , r = 1, 2, ... , n, the stream function of 
the combined flow is, from (9), 

(18) ^ faz, z) = fa(z f z)+Zk,G (z, z ; z r , z f ), 
the summation being from r = 1 to r = n. Write 

(19) fa ss fa(z 9 , z 9 ) + K r G(z r ,z r ; z t , z ( ), g $ - g(z 9 , 2, ; z, , z 9 ) t 

(20) ¥ » 2K 9 (h+\K 9 g 9 ) summed from « = 1 to 8 = n. 

It then follows from (11) that the complex velocity of the vortex at z 9 is 
v, where 

(21) k 9 v 9 = - 2t 0P/3z f , 

Thus the function (20) is entirely analogous to the function ¥ of 13*24 
and is a constant of the motion if does not depend on rime explicitly. 

The function g has been found in (5) for the region exterior to a circle and 
in (15) for the region interior to a circle. When the boundary is other than 
circular, the oonformal mapping of the region occupied by the fluid on the 
region exterior or interior to a circle, as the case may be, will then reduce the 

. •For * detailed study of the ideu here outlined, oowult C. C. Lin, 0» the Motion of Forticti 
ln Unfcrertity of Toronto Preee <1943). This paper diwueiee the most general 

problem. 



366 VOBTBX IN OB OUTSIDE A CDOOUB CYUNDEB [13 80 

problem to the one considered here. The relation between the function g and 
its transform under the mapping is given by 13-60 (4), (6). 

13-51. Vortices in the presence of a circular cylinder. Consider 
vortices k at A, and -k at B, outside the circular cylinder 1 1 | = a. 
The complex potential in the absence of the cylinder is t*log 
and if we insert the cylinder 1 1 1 = a the circle theorem gives 

w = ie log (» - *!)/(« - - «c log J 



so that the image system consists of opposite vortices at the inverse points and 
w = itlog (z-zj+w, , where, ignoring a constant, 

c-«(-3 

(1) m, = -«k>g - t — , 


and the complex velocity of the vortex at A is the value of -dw,/iz when 
z = z v 

If we write, as in 13*60, 

w = <£+<*(? s <j>+%K(g 4- log \z-%i |), 

so that 


g(zj] — log|*-*i| -log - — Z\ + log - 

the path of the vortex at A is given by 

AI¥ 

constant = (s,, ^ ; Sj, ^ log j , so that 

AB.AA' = U.AF, 

where i is a oonstant whose value depends on the initial conditions. 
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If A is the point (a, y) or (r, 0), then 

= fc[^f l +~2a l co8 2^i 

which reduces to (iz l +y l -a , ) s y* = #[(& , +y*-a , ) , +4a , y 1 ]. 

Taking & = 0, this gives the cylinder and the ir-axis, which is the " dividing 
streamline.” 

We can therefore draw the form of the curves, fig. 13*51 (ii), which consist 
of two loops within the cylinder and branches outside which are asymptotic 



Fig. 13-51 (ii). 


to y = ±k t for when a^oo , The outside curves are described by a 

vortex pair whose distance apart at infinity is 2 6, where b is the value of the 
constant k The inner loops are described by a vortex pair within the cylinder. 
The motions inside and outside can co-exist but the line joining corresponding 
vortices within and without does not continue to pass through the centre of 
the circle. 

The loops may degenerate into points. In that case there will be a stationary 
vortex pair within the cylinder. To get the condition for this, take all four 
vortices on the y-axis and let r be the distance of A ' from the centre. Then 
A' will be stationary if its induced velocity is zero, i.e. if 

2r + -t+a'lr+r+cpjr ~ 
which gives r 4 +4o , r l ~a 4 = 0, whence 

f*/a* » V5 - 2 = 0*236067, and r/a = 0*486, 
nearly. A vortex pair thus situated within the cylinder will remain at rest. 

13*51 Stationary vortex filaments in the presence of a cylinder. 

If in fig. 13*51 (i) we reverse the sense of rotation of all the vortices, themotion 
of the vortex A is given by (1) of the last section, with the sign of #c changed. 

Let us impose on this system a stream in the direction of OX whose velocity 
at infinity is U. The complex potential for the cylinder alone in the stream is 
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Hence the motion of the vortex 4 is obtained from the function 



h 


Hence the vortex A will be at rest if iwjdz = 0, when z = ^ Performing 
the differentiation and dropping the suffix 1 for simplicity we get 


( 2 ) 



• (s a - a 2 ) (& - a 2 ) + a 2 (s - s) a 

** ( 2 &-fl 2 )(«-2)(3 a -a*) 


If two complex numbers are equal so are their conjugates. Exposing 
this fact and dividing, we get 

(z l - a 2 ) 2 & (z % - a 2 ) (a - o 2 ) + a 2 (z - z) % 

(^-a 2 )^ 2 “ (z 1 - a 2 ) (22 - a 2 ) + u 2 (2 - 2) f * 

which leads, after a straightforward reduction, to 
(3) (22 - a 2 ) 2 + 22 ( 2 - 2 )* = 0. 

Putting 2 = re", where O<0< w/2, this gives 

(r* - a 2 ) 2 = 4r* sin 2 0, or, - y j =2r sin 0. 


Hence 44' = 4J9, and if this condition is satisfied the vortices can be at 
rest behind the cylinder. 

Prom (2) and (3) we deduce that k = V (r 2 - o 2 ) 2 (r 2 +o 2 )/r 5 . 

It is clear from the symmetry that if 4 is at rest, so is B. Thus it appears 
that equal but opposite vortices of the strength given above can remain at 
Test behind a circular cylinder in a uniform stream P, provided that they are 
placed at image points 4 and B, such that 44' = AB. 



FlO. 13-52. 


This result is of great interest since such vortices have frequently been 
photographs (see Plate 1) in slow streaming past a cylinder. The general 
form «l He streamlines is down in fig. 18-52. 
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There are four stagnation points, three on the cylinder and one on the axis 
of the stream. 

We deduce the complex potential of the fluid motion from (1) by adding 
the term -vc log (z-zj for the vortex at A. 

13*60. Conformal transformation. Let there be a vortex at il in the 
{-plane, and let P in the z-plane correspond to J7 in the {-plane by means of 
the conformal transformation 

a) *=m 

Let y be a small curve surrounding JJ, and c a small curve consisting of 
points corresponding to the points of y and therefore surrounding P. If 

(2) w = <!>+%$ 

be the complex potential giving an irrotational fluid motion in the {-plane, 
there will be a corresponding fluid motion in the z-plane, obtained by eliminating 
{ from (1) and (2), and the values of $ and w will be equal at corresponding 
points. Hence the circulations round y and c will be equal, i.e. 

[ = ( -df 

J(y) J(e) 

Hence, if there is a vortex filament at 1J of strength *, there will be a 
vortex filament of strength k at the corresponding point ?.* It does not, 



however, follow that these vortices will move so as to continue to occupy 
corresponding points. If we know the motion of one, we can nevertheless 
determine the motion of the other by means of a theorem due to Bouth. 
The theorem may be obtained as follows. 

Let n be the point { Xl P the point Zj. 

Suppose the transformation (1) maps the region exterior to the profile 
i in the z-plane on the region exterior to the cylinder C or | { | » a in 
the {-plane (of. fig. 6*29). The principles of conformal mapping allow us 

• Gfc 8-50. It ip Mttuned that c ©neirole* P cm only. 



870 CONFORMAL TRANSFORMATION [13 80 

to relate corresponding flows in the two planes through their stream functions, 
say 

(3) «•(£,{). 

If either of these is given the other is determined. 

If the only mobile singularity is a vortex of strength k at z x and therefore 
a vortex of strength k at £ x , the path of the vortex in the J-plane is determined 
by the function x\ of 13*50 (12) where, with an obvious modification of notation, 

where y is given by 13*50 (5) in the form 

y(U; £i,Ji ) = r(U; £*,£> logU-U. 

Now in the 2 -plane we have 

9(*,z J z 1 J 1 )~G(z i 2\ z lt z l )-\og\z-z 1 \ t \ 

where 6 is a function (at present unknown) which has no singularities in the 
fluid exoept at z - z x , and has the reciprocal property 13*50 (4). On the other 
hand, r and G are both stream functions, one the transform of the other under 
(1). Therefore r and 0 take the same value at corresponding points, and so 
by subtraction 

(4) g(z , z ; z x , z x ) = y(J, j ; £ x , W+log | jj 
Therefore letting z-*z x we get 

(5) g{h . h ; h . *i) = y((i , Ci ; U . W+l°g|^ 

This determines g in terms of the known function y, and therefore the path of 
the vortex in the z-plane is given by y = constant, where 

i i 

X = Xi+i* lo g ^ • 

This is Booth's theorem. 

As an illustration let us find the path of a vortex k moving in the 2 -plane 
in the presence of a flat plate stretching from z = -2o to z = 2o. Suoh a 
{date is mapped on the circle | £ | = a by the Joukowsld transformation 

* = {+<»*/£• 

The problem for the tilde is solved by 13-80 (14). For brevity take x' = 0, so 
timtifixsrfcoefl+isind) 

X 1 = -i' tl °g(l-^)> ^=l-^(cos20-»sin20). 

Thus in the z-plane 

X = -ixlog(l-^)-J<clog(l-^- , oos2d+^, 
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wMi h >*(r+jj cob 6, y i = (r-~jm8, 

and the path is x = oonstant. The problem which includes streaming and 
circulation round the plate, 13-60 (16), offers no additional 

I3*il> Vortex outside e cylinder. Just as in the case of a source 
described in 8-71, the complex potential can be written down in terms of a 
mapping function, 

*=/(Z). 


m 


on the region exterior to the unit circle jZ j = 1 in the Z- plane. Thus if there 
is a vortex of strength k at ^ outside C, there is also a vortex of strength k at 
the corresponding point Z 0 outside the unit circle in the Z-plane, and by the 
circle theorem ' 


’ = “dog (Z-Z 0 )-«log , 


which with (1) determines w as a function of z. Any distribution of vortices 
can be treated in this manner (see 8-70, 8-71). 


13*64. Green's equivalent stratum of sources and vortices. We 

use the description and notation of 8-24. Since «-»»=- dw/dx is a holomorphio 
function of » in the region L of the flow bounded by the oontour C, Cauchy’s 
formula (5-59) gives 


( 1 ) 


_1_ f {u-w) 0 dj 
2 «J( 0 ) t-s 


u-iv or 0, 


according as s is in Z or outside. Here (u-iv) c denotes the complex velocity 
u - to at points of the contour C. Let y, be the tangential component of velocity 
in the direction of positive description of <7, and let q n be the normal component 
directed into L. Then 

(2) (u - to)c d{ = (u - to) 0 d» e* = (q, - iq n ) dt, 

and therefore at a point t in the field of flow (1) gives 

tt -w-f m^ +i \ feW* 

J(C) z ~( J(O) 

and tins is the oomplex velocity at z of a distribution of sources of strength 
?«/2ff and of vortices of strength y,/2w, per unit length ranged on the boundary 
By (l) this distribution produces sero velocity outride L 
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VORTEX SHEET 


113*70 

13*70. Vortex sheet In 13*20 we defined a rectilineal vortex as the 
idealised limit of a cylindrical region of vorticity whose cross-section shrinks to 
a point while the amount of vorticity remains unaltered. We use an analogous 
process in defining a vortex sheet. 

In fig. 13*70 n is the unit normal vector at the point P of a surface 2, Let 
c be an infinitesimal positive scalar and consider the points P x , P 0 whose position 
vectors referred to P are Jen, - Jen respectively. As P describes the surface 
2 the points P x , P 0 describe surfaces 8 X , S 0 parallel to 2 which is halfway 
between them. Take an infinitesimal area of 2, say dS, whose centroid is, P. 



The normals to 2 at the boundary of dS together with the surface S x , S 0 will 
delimit a cylindrical element of volume dr - € dS, 

Now imagine the above surfaces to be drawn in fluid which is moving 
irrotationally everywhere except in that part which lies between S x and £ 0 . 
Let IJ be the vorticity vector at P. Then we can write 1 1 dr = IJcdS = w AS, 
where 

(1) » = Se- 
lf we now let e-+0, {-*■« in such a way that u remainsunaltered, the surfaoe 
2 is called a vertex shett of vorticity per unit area. 

Before the passage to the limit, the velocity will be continuoua throughout 
the fluid, and if q, q, , q. are the velocities at P, Pj , P. , we have 

(2) <U * q+ie(nV)q, q, = q-l«(nV)q, 

whence by addition 

J». q = i(q,+qj. 

Thk neult is true however small e may be. Thua the velocity of a point P of 
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a vortex sheet is the arithmetic mean of the velocities just above and just 
below P on the normal at P. 

If we apply Gauss’s theorem, 2-61 (2) with a * q, to the elementary cylinder 
of volume dr in fig. 13*70, we get approximately 


?«dS=: n A (q l -q 0 )iS, 


neglecting a contribution of higher order of smallness from the curved surface 
of the cylinder. Dividing by dS and letting c->0 as before, (1) gives the exact 
result 

M w = "A(qi-qo) 

for the surface vorticity to of the sheet. 

It is dear that a non-zero value of to is associated with a discontinuity of 
the components of q 0 , q t perpendicular to n. It follows that a surface across 
which the tangential velocity changes abruptly is a vortex sheet . 

It also appears from (4) that to is perpendicular to n and is therefore 
tangential to the vortex sheet. A two-dimensional vortex sheet is represented 
by a line AB in the plane of the motion, such that there is an abrupt change 
in the tangential velocity, but no change in the normal velocity, on crossing 
the line AB. 

For example, in rowing, the blade of an immersed oar separates fluid mov- 
ing in opposite directions (cf. fig. 6-34) along the face of the blade. When the 
oarsman suddenly removes the blade from the water, the hollow space left 
quickly fills up with fluid presenting an abrupt change of tangential velocity 
on two sides, in fact a vortex sheet. This sheet is unstable and rolls up to form 
the vortex so frequently observed. A similar explanation may be offered for 
the vortices which follow the tip of a spoon moved across the surface of a cup 
of tea. 

It is important to notice that the formation of vortex sheets, in the wake of 
a moving aerofoil for example, is in no way contradictory to the theorem that 
motion started by impulses must be izrotational 

In some motions (see Plate 4) a vortex trail consisting of two rows follows 
the body. This may be regarded as a rolling up of portions of a vortex sheet 
into concentrated vortices. We shall therefore develop the theory of two 
rows of vortices. 

13*71. Single infinite row. Consider an infinite row of vortices each of 
strength * at the points 


0, ±o, ±2a, ±»«. • • • * 



SINGLE INFINITE ROW 


The complex potential of the 2n+ 1 vortices nearest the origin is 

w n = tKlogs+iKlog(s-o)i-...+wclog(s-nfl) 

+4e log (s+o)+. . .+& log (s+wa) 

= %k log {z(z* - a a ) (z % - 2 , o l ) . . . (z* - n*a*)} 

+Uflog|^.a s .2 ^ a , . . .n a o a |. 


* ^ 

-e- -e- 

-a 


iC K 

-Or ■©■ 

2J 


Fig. 13-71. 


The constant term may be omitted, so that we write 

ftfow, sin x can be expressed as an infinite product in the form * 

If we let n-> oo , we get for the row 


Consider the vortex at z = 0. Its complex velocity is given by 

--(wclogsin— -iclogsl = -i/<(~cot“-~) =0. 

<fe\ 5 0“ 6 J,. 0 \a a */,.<> 

Thus the vortex at the origin is at rest and so therefore are all the vortices 
of the row. Thus the row induces no velocity in itself. 

The stream function is given by 

2ty = v?(z)-ti(i) m idog |sm~sin~j , 

$ = Jfdogi^cosh^-cos^j. 


*8eee^. ^obton, Plm.Trigoaomdry, 1 282. 
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For large values of yja we can neglect tie term mtyrxfa tor its modulus 
never exceeds unity, and therefore along the streamlines \jf = constant we 
have y » constant Thus at a great distance from the row the streamlines 
are parallel to the row. 

Again, if \> x , o t are the complex velocities at the points z, 8, respectively, 
we have 


Oj+V* 


vctt 7T% nor . iri 

cot cot — 

a a a a 


itar 




which is purely imaginary and tends to zero when y tends to infinity. Thus 
the velocities along the distant streamlines are parallel to the row fcut in 
opposite directions. The row therefore behaves like a vortex sheet as regards 


13*71 Kirmin vortex street This consists of two parallel infinite 
rows of the same spacing, say a, but of opposite vorticities k and so 
arranged that each vortex of the upper row is directly above the mid-point 
of the line joining two vortices of the lower row, fig. 13*72. Taking the con- 



figuration at time t « 0, we take the axes as shown in the figure, the x-axis 
being midway between and parallel to the rows which are at the distance 
b apart. At this instant the vortices in the upper row are at the points 
mo+Jii, and those in the lower at the points where m«0, 

±1, i2, .... 

The complex potential at the instant t = 0 is therefore, by the preceding 
section, 
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Since neither row induces an y velocity in itself, the velocity of the vortex 
at z = }o- will be given by 

-W = [|*logan;Mi&)l 


= — cot 


C ir , ub\ 


KTT . . irb 
— tanh — . 
a a 


Thus the lower row advances with velocity 

71 b 


7 = -tanh- 
a a 

and similarly the upper row advances with the same velocity. The row 
advance the distance a in time r = ajV and the configuration will be the t 
after this interval as at the initial instant. 

To examine the stability of the arrangement, we observe that at 1 
the vortices of the upper row will be at the points m+ Vt+\ib and those' of 
the lower at the points (n+$)a-f Yt~\ib, where m and n take all integral 
values including zero from - oo to + co . If we displace each vortex slightly, 
those in the upper row will move to mai-Vt+%ib+z m , and those in the lower 
row to (n+J)o+ F*-$t6+z' , where | z m |, | zi | are all small initially. The 
system will be stable if these quantities remain small. Now the complex 
velocity of the vortex for which m = 0 will be 

, teo 


(1) 


F+ 


di 


The contributions (13-21) to this velocity from the vortices corresponding 
to ±m in the upper row and -n- 1, n in the lower will be 

\zi-z n -ma 

1 \ 


+UC 


( L 


-(n+J)u+i6 (w+J)o+t6/ 

Expanding by the binomial theorem and retaining only the first powers 
of z*, z m 1 » zln-i * ** * whose moduli are all small, we get 

• [ h~ Z m + h~ Z -*m Z 0~ z -n-l 2 Q- g n 1 

1 m*fl l “[(n+J)a+0>] l “[(n4ri)o-i6]»J 
~ * {(n+J)a-ib ~ (n+i)a+i&} ' 

If we put* s* = ycosm0, z*=*y' cos {»+ J)0, where y and /are small 
complex numbers, the above contribution becomes 

2*iy(l-cos»»0) (y - y' cos (n + J)^)((n + \) % - jP) 

o * o^n+JP+fl) 1 


, k m 

V (»+*)*+ 


kJ. 

a 


* Tbmt oorrwpoad to » displacement of «n undnktory ehifwtarof wwi. 
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Now ft is known* that 


( 2 ) 


Sic Aka ten, , , « 

2/^* 7 7 T : iTa = —tanhfer= F, 
ofl 1 (n+t 1 *# a 


and dtjdt = dyjdt. Thus, summing And using (1), the disturbing effect on the 
vortex for which ro = 0 is given by 


( 3 ) 

where 


f = |ur + CA 

. _ £ 1-oosmfi * (•+«■-* 

»-i m* [(«+!)»+**]*’ 

0- X K»+*)*-^cw(»+»i 

" n-0 [(»+*)'+*»]* ' 

For a vortex in tie lower row we put -k for k and interchange y aid y’, 
which gives 

w l-^W+W 

To solve these equations, differentiation of the conjugate complex of (3) 
giveB 

*y _ iiK I a** +0^) - 4k *u« c»w 
■¥-'V\ A H +G -di)-V {A ^ )y> 

on using (3) and (4) again. Substitution of 

y = Aexp( 2 ^) 


A*+C = d». 

Therefore A is real and the motion is unstable if i'>C. 

On the other hand, A is purely imaginary and the motion is periodic and 
therefore stable if 

But when 6 = w, we get C = 0, for every term vanishes. 

Thus we must have A = 0 when 6 = w as a necessary condition of stability 


To find A, we get from (2), by differentiation with respect to i, 

• MH?. - ** 

»-o [(»+i) , +* , ]‘ ~ 2 cosh* for’ 

and it is easily verified by applying the rule for expansion in Founer senes 
that 

• 1- cosed 

lx «” ! 


• Hotsw’s TrigmrnOn, i 2#4. 
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and therefore when 8 = ir, 

,«■ IT* 

4‘2cosh*fcr* 

Thus A = 0 if cosh hr = ^2, so that 

** = 0*8814, or 6 = 0-281a, 

and the vortex street cannot be stable unless this condition is satisfied. For 
a farther discussion of this question reference may be made to Lamb's Hydro • 
dynamics.* 

13*73 . The drag due to a vortex wake. When a cylindrical! body 
is placed in a stream, at fairly low Reynolds' numbers (19*62), it is round 
that vortices leave the opposite edges alternately,! with a definite period 



Fig. 13-73 (i). 


between the formation of successive vortices, and at a distance behind the 
body a fully developed vortex street exists. In the immediate neighbourhood 
of the body the form of the vortex trail is obscure. At a great distance 
downstream the vortices are damped out by viscosity. In the intermediate 
part the vortex street exists in the form already described. We shall now 


investigate an approximate expression for the drag due to this form of wake. 


(i) The wake can be represented by point vortices. 

(ii) The origin being taken in the midst of the regular portion of the wake, 
the complex potential will be nearly the same as that for the infinite vortex 
street discussed above. - 

(iii) If we surround the cylinder by a contour which advances with the 
same velocity as the wake and whose dimensions are large compared with 
the cylinder and the distances between successive vortices and the rows, the 
motion on the boundaries of the contour will be steady. 

(iv) That the formation of the vortices is truly periodic. 

We shall consider the cylinder to be in motion with velocity V in liquid 
otherwise at zest. Take the vortices at distance a apart in the zows and let 

K *Sw abo L. Rowofaead, Pm. Boy. Soc. (A), 127 US$0), where the itebilfcy ii tocmed 
wreathe voriiee* hire finite oro***§ection», 

t See Hate 4 
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3 be the distance between the rows, fig. 13-73 (ii). Then the vortex street will 
advance with velocity 

(1) Y = — tanh^ 

a a 

where k is the strength of each vortex. Since vortices are continually died 
from the body at interval r say, the period of the motion will be t, and we 
shall have 7<U and (U - V)r = a. 

We take the s-axis midway between the rows and in the direction of 
advance. By imposing a constant velocity - F on the whole system the 



vortex street will be brought to rest, the cylinder will advance with velocity 
V - F, and the fluid will have a general streaming velocity - F (except near 
the wake). The dynamical conditions will be unaltered. 

We now draw a rectangle ABCD of dimensions large compared with those 
of the cylinder and a, 6, the side AD being taken coincident with the y axis 
which is so chosen that the origin is at the centre of the parallelogram whose 
vertices are the four vortices nearest the origin. Thus no vortex occurs on 
the boundary of this rectangle. The complex potential will then be 


( 2 ) 


= Fs+ic log 


. ir(s-So) 

am — — - 
a 

w(«+2o) 


am 


Fz+w, say, where 


(3) z, = Jo+Ji6. 

The term Vt represent* the stream which has been superposed. Let-X-tT 
be the action of the liquid on the cylinder. Then the liquid within ABCD is 
acted upon by the thrust X+iY on the internal boundary, i.e. by the cylinder, 
and by the pressure over the external boundary of the liquid outside. 
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If ff.+iff, denotes tie momentum of the liquid within ABOD, «nd 
Jf.+tP, denotes the flux of momentum outwards across tie boundary ABOD, 
~ ’ ’s momentum theorem (3*42) gives 


(4) J-tT-ij = 

where e denotes the contour of the rectangle ABOD. 

Now tie normal vdocity outwards across the arc dt of the boundary » 

-mds, and therefore 

*.~L4 4 ' 


(5) 

Now 


-if pdi = -i\ (G- W)ft 

J(e) JM 


from the pressure equation, the regime being steady on the boundary. The 

. I ., M n 


Substitute in (4) and use (5). Then 

z_ir= " iip L©) dt+ h (Ht ~ iH ' ] - 

Now, from (2), e) , -r + ^ + © i 

and the integral of the first term taken round c vanishes, while that of the 
second is real. Therefore X is the real part of 




and Z, the drag, is a function of the time. We shall calculate tie mean value 

D of the drag. .. 

Since *# is independent of the time on the contour, see mmptmW 
above, and since the motion is periodic with period r, we have, on integrating 

feomO to rand taking the real part, 

(8) T J D = (H i ),-(ff,),-iealpattof|^] w ^) &}* 

the first two terms on tie right indicating tie increase in x-mmaaim due 
to the appearance of two now vortices within the contour in the ujtscw*. 
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To find tie fiat terns of (6) it aether 
tf momentum due to the entrance of a 
considered as infinitely large. Consider 

- 

calculation, ti. ^ we ^ for lenience <rf 
n,*, ">>*»- tA, we get the components B' t , #' given by 

_±_\ 

J-cd J-« \z-ih z+ih) 

=<*b^ ( , +c . 

*' ” 1 ^ •**»»•«- p* - 

m 

To evaluate the integral in (6), we have, from (2), 

/ 1 A a • . . . 


/<H* icV f 

"U/ ~“sr{ < 


o a 


end therefore 




0 a J ’ 

foot^+cot^M 

a a 

+2oot— log g 

a ,mfe> 

« J 


a j 

Now ^ s0 tmM Hence the value of the integral ia got by 

“Kling the change m the above expression for the values s = »« = +,« «J 
2 = »y = - »' oo . * 

Put in»r _**'(*“*») »/. b\ fir 

— 

krt.a;ai..!(, + g + fc 
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{U>7» 


Then 



{i(£»*-i)V- 


gqbn^ta'ng in (6) and uBing (7), we get 

2^ W£fl_^tanh-), 

T O \ a a I 

which is Ktanta’s formula for the drag. In terms of V, this can be written, 
since a = t(U-V), 


on the assump- 


It most be emp 

tions stated and can be regarded only as an f 

13-8. Vortex in compressible flow. Suppose the streamlines are circles 
and that in each such circle there is the same circulation 2™. 



F». 18 * 8 . 


Then if j is 


; 3wk, so that 




nang the notations of 1*68 and 1*63 (7), - 

CSearly then r has a minimum value r^,, when M = » . ®d *> 

£'{ 1+ (fW' 
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As r increases M must steadily decrease. M attains the critical value 
unity when 



Thus in Tig. 13*8 if the circle C h&B the radius the motion here con- 
templated cannot be continued within C, so that this region must be empty of 
fluid or perhaps occupied by a solid core. In the region between C and the 
circle of radius r* we have M >1 and the flow is supersonic. When r>r* the 
flow is subsonic. 


EXAMPLES XIII 

1. If a rectilinear vortex moves (in two dimensions) in fluid bounded by a 
fixed plane, prove that a streamline can never coincide with a line of constant 
pressure. 

8. Prove that the pressure due to a spiral vortex is the same as that due to a 
source of suitable strength. 

8. A region in the plane of x, y is bounded by the lines y - ±c. Two- 
dimensional fluid motion in the region is due to a vortex at the origin. Prove that 
the stream function is 

k . 1 -i 

2 og r+i’ 

where t « cos (try/ 2c) sech (irx/ 2c), 

and 2 wk is the circulation round the vortex. (U.L.) 

4 . Investigate the motion of two infinitely long parallel straight line vortices 
of the same strength, in infinite liquid. 

Prove that the equation of the streamlines of the liquid relative to moving 
axes, so chosen that the coordinates of the vortices are (±c, 0), is 

log {[(a? - c) 2 + y*][(x + c) 2 + y 8 ]} - (x 2 + y 2 )/^ * constant. 

8. Three parallel rectilinear vortices of the same strength k and in the same 
sense meet any plane perpendicular to them in an equilateral triangle of side a. 
Show that the vortices all move round the same cylinder with uniform speed in 
time 2im*/(3#c). 

8, A two-dimensional vortex filament of strength m is near a comer of a large 
rectangular tank filled with perfect fluid, the filament being parallel to the edge 
of the comer. 

Show that tike filament will trace out in plan the curve r sin 20 « constant, 
and that the motion will be regulated by the equation r*0 * m/2. 

?• Determine the motion of a rectilinear vortex filament of strength k in 
infinite liquid bounded by two perpendicular infinite plane walls whose line of 
intersection is parallel to the filament. Show that the time taken by the vortex 
in moving from the position midway between the two planes to another position 
is proportional to oot20, where 0 is the angle between one of the planes and the 
plane containing the filament and the common line of the two planes. 

Find the elect of the presence of the vortex on the pressure at any point P on 
one of the walls at the instant when the plane through P containing the vortex is 

perpeadicnlMtotlwwaa. (Uty 



examp les xm 


004 


8. Two parallel rectilinear vortices of strengths k x , fc, move in a perfect fluid 
of infinite extent, and cross a plane perpendicular to their length at A and B 
respectively. G is the centre of mass for masses k t and k t at A and B, and C when 
the masses are interchanged. Show that the vortices rotate in circles about G 
with angular velocity (k^ty/AB*, and the speed of a particle P of fluid in the 
plane is (k t + k t ) CP/AP . BP. 

Prove that, when ABP is an equilateral triangle, the particle P moves as if 
rigidly attached to the vortices ; also that the same is true if P is a point on the 
line AB such that 

where x - OP/AB and 0 is the mid-point of AB. 

9. A vortex of strength m is inside a fixed circular cylinder of radius a, tiled 

with liquid moving irrotationally, at a distance 6(<a) from the centre ofithis 
cylinder. Find how this vortex moves and compare with the case of the vortex 
which lies in an infinite liquid outside the same cylinder, (6> o), there being no 
circulation round the cylinder alone. 1 

Determine dfydt in both cases, <f> being the velocity potential. 

10. A thin rectilinear vortex exists inside and parallel to the generators of a 

cylindrical vessel, whose normal cross-section is bounded by a semicircle of radius 
a and the diameter joining its ends. Find the velocity of the vortex in any position 
and prove that there is a point of equilibrium on the radius bisecting the semicircle 
at a distance from the centre nearly equal to (M9o. (U.L.) 

11. A rectilinear vortex of strength k is situated in an infinite fluid surrounding 
a fixed circular cylinder of radius a. The vortex is parallel to and at a distance 
f from the axis of the cylinder and there is no circulation in any circuit which 
does not enclose the vortex. Show that the vortex moves about the axis of the 
cylinder with a constant angular velocity equal to 

Find the velocity of the fluid at a point on the cylinder such that the axial 
plane through the point makes an angle 6 with the axial plane through the vortex, 
and proceed to show how the resultant thrust on the cylinder may be calculated. 

12. A long fixed cylinder of radius a is surrounded by infinite frictionless in- 
compressible liquid, and there is in the liquid a vortex filament of strength m, 
which is parallel to the axis of the cylinder at a distance c(c>o) from this axis. 
Given that there is no circulation round any circuit enclosing the cylinder but not 
the filament, show that the speed q of the fluid at the surface of the cylinder is 



f being the distanoe of the point considered from the filament. 
Show further that, at the surface of the cylinder, 



where ft is the pressure at infinity 

3$. Determine the stream function of the motion (of homogeneous incom- 
pjMble frictionless fluid) due to a rectilinear Vortex in the region bounded by two 
tight circular cylinders with a common axis, which is parallel to the line of the 
vortex. 
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The radii of the cylinders being r 0 and r x , and the distance of the vortex from 
the axis being c, prove that, if c* * Vi » the vortex remains stationary, otherwise, 
the path of any point on it is a circle. (U.L.) 

14. Inviscid incompressible fluid is flowing past a fixed circular cylinder of 
radius a, its undisturbed velocity at a great distance from the cylinder being V 
parallel to the axis of x. The motion is two-dimensional, and the origin of coordi- 
nates is taken at the centre 0 of the section of the cylinder. Behind the cylinder 
is a vortex pair symmetrically situated with respect to the axis of x . Prove that 
the vortices can maintain their positions relative to the cylinder if they lie on the 
curve 

2 ry m r*~a 2 , 

and that the strengths of the vortices corresponding to a given position on this 
curve are 

± 4Fy*(J+i), 

where r is the distance from 0 in the plane. State, without proof, whether the 
arrangement is stable or unstable ; and explain briefly the connection of^hese 
theoretical results with the actual observed flow of a fluid of small viscosity past 
a circular cylinder. (U.L.) 

15. Vortex filaments, all parallel to Oz, of strengths *c x , k 2 , . . . , cut the plane 

z » 0 at points (x x , y x ), (x % , y t ) Prove that 

Zk x x x - A, Zk x y x ■= B, Zk x fj* ■» C, Zk x r x * 0 X m 2 ttZk x k 2 . 

If a pair of equal and opposite vortex filaments are situated inside, or outside, 
a circular cylinder of radius a at equal distances from its axis, prove that the 
equation of the cylinder described by each vortex is 

(r 2 - a 2 ) 2 ^ sin 2 0 - 6*) » 4 a 2 6M sin 2 0, 

where b is a constant. , (TJ.L.) 

16. A vortex of Strength k is placed at the point J « id outside the circle | { | *» c. 

Apply the conformal transformation iz » £ + <?/[ to find the complex potential due 
to a vortex at z « / behind a flat plate of length 4c about which there is circulation 
2wc(A~l). Show that for the velocity of the vortex to vanish A = (d 4 +c 4 )/(d 4 -c 4 ), 
but for the velocity at the edges of the plate to be finite A * (d* -c 8 )/(d 2 +^), and 
hence that the velocity at the ends cannot be finite if the vortex is at rest. Assume 
d and/ to be real. (U.L.) 

17. Three vortex filaments, each of strength m, are symmetrically placed inside 
a fixed circular cylinder of radius a, and pass through the comers of an equilateral 
triangle of side ^3 . 6. If there is no circulation in the fluid other than that due to 
the vortices, show that they will revolve about the axis of the cylinder with angular 


mfa e +2h 8 ’ 


(U.L) 


18. Show that an infinite cylinder of liquid whose cross-section is an ellipse 
inside which the vorticity vector ( is constant and parallel to the generators of 
the cylinder can maintain its form when rotating as a rigid body (the centres of 
the cross-sections bring at rest) with an angular velocity w “A?, where A depends 
only upon the eccentricity of the cross-section. , 

Find .the paths of fluid particles inside the cylinder (i) relative to the rotating 
cross-section, and (ii) relative to a fixed frame. (?X.) 


8s 


K.T.H. 
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19. Prove that a cylindrical vortex of uniform vorticity, whose normal section 
is bounded by an ellipse of semi-axes a, b , can exist in incompressible non-viscons 
liquid of uniform density />, at rest at infinity under pressure P, provided that it 
rotates about its axis with a suitable constant angular velocity n. 

Show that cavitation will occur at the ends of the minor axis, unless 
P> pn 2 (o+6)a, and that, when there is no cavitation, the relative streamlines are 
• ■ (UX.) 


90. Prove that in the steady two-dimensional motion of a liquid of uniform 
vorticity {, 

tlf-o- tf+i*. 

Prove that, if { - 0, the resultant force exerted by a uniform Btream of 
velocity V on a fixed cylinder of any form of section is kpV at right angles ta the 
direction of flow, where k is the circulation in any circuit embracing the cylinder. 

If { ^ 0 and the cylinder is circular, find the form of and if the motion at 
infinity is a shearing motion parallel to Ox , prove that the preceding result holds, 
provided k is replaced by jfc'+7ra 2 J, where k' is the circulation immediately sip- 
rounding the cylinder, radius o, and V is the velocity at infinity on that streamline 
which would, if produced, pass through the centre of the cylinder. (U.L.) 

91. An infinite row of equidistant rectilinear vortices of equal numerical 
strengths k, but alternately of opposite rigns, are spaced at distances a apart in 
infinite fluid. Show that the complex potential is 


w 


ik log tan — , 


the origin of coordinates being at one of the vortices of positive sign, and hence 
show that the row remains at rest in this configuration. 

Show further that if the very small radius of cross-section of each vortex 
filament is ea, then the amount of flow between two consecutive vortices is 
approximately 2k log 2/wc. 

99* Show that the complex potential w for a very long row of equidistant 
parallel line vortices, each of strength k, whose traces on a plane perpendicular 
to them have coordinates 


. ('- 0 , ± 1 , ± 2 ,...), 

ITt 

is given by w * ik log sin — . 

If the vortices suffer a matt disturbance so that 

% t » ra+(J+ii))e <f «, (0<a<2w), 
show that the disturbance increases as e**, where 

A * #e« (2w — «)/2a*. (U.L.) 

98. Show that, at any point 2, the velocity (u, v) due to an infinite row of 
vortices, each of strength m, at the points % » % +no, where a is any positive or 
negative integer or zero and a is real and positive, is given by 



{* * te$os«X» 
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wke " °<X<2». obtain the equation of motion in the form 

f ■ -&H-S). 

where ^ is the conjugate imaginary to L 
Hence show that such a single row d vortices is 

ion 


m 


(U.L.) 


l, is 


^“^log cosh^-cos~j, 


all the vortices being parallel to the fraxis. 

The Ration of a second row of such vortices of strength -« would be obtain^ 
by a ngid body placement of the first set, defined by * - Ao # - -uo “XS 
that such a double row or vortex “ street ” advances A sp«d * * " 


mt / cosh %+ cos 2 wA \l 

fl \C 08 h 27 t/a - cos 27 rA/ 


in a 


sm AnAimb fjjjj j 

and those in the other of equal strength -K. Find for what 2 jiu«im!!! *5 
system wjl move fonvard w?th unifonfspeed, 

Uti ist SSI? °“ e " W “ ^ ° M of the oth « * «Jj 

I oft ^ " ° f patallel V0rtice8 is given by the following • 

* - n, y - b, strength -m; x«ra, y.-&, strength - - n where rTaiv 

fi-L” “ eg8tlVe ’ 0r f°- Prove tkt > « thefiuid at infinity is at S 

the street moves as a whole, in the direction of its length, with speed ’ 

urn . , 2w6 
— coth — . 
a a 

swSi? th l Velocity of ^ e . vortioes “ » Kinndn vortex street, the 

T*i3£ v 7 i“ d *** of 48011 ^^cinihekier 

,,7;*' ■“ the vortices of one row alternating with those of the other. 

ne.Lt. • IJ A f" 11 b ' ,t T, m “PP 05611 ^“stnined to retain their relative 
p atmne, mvestigate the stability of the motion of the remaining vortex, showing 

SKSttSS2aaiSf*‘-“‘*-ai-g 



CHAPTER XIV 


WAVES 

14*10. Wave motion. A wove motion of a liquid acted upon by gravity 
and having a free surface is a motion in which the elevation of the free surface 
above some chosen fixed horizontal plane varies. 

Taking the axis of x to be horizontal and the axis of y to be vertically 
upwards, a motion in which the equation of the vertical section of the free 
surface at time t is of the form 

(1) y = am(mx-nt), 

where a, m, n are constants, is called a simple harmonic progressive wave. 

If we draw the profile of the free surface (1) at time f = 0, we get the sine 
curve y = a sin mx, fig. 14-10 (i). Since (1) can be written in the form 

(2) y - flsinm^>“j, 

we see that the profile at time t is exactly the same shape as at time t = 0, 
for we have amply to move the origin to O' where 00' = ntjm to recover the 
original form of the profile, fig. 14-10 (ii). 

Equation (1) therefore represents a motion in which the curve 

y = a sin mi 

moves in the direction of the axis of a with the velocity c = n/m, which is 


liquid isy = 0, which is the mean level. 

The quantity a is called the amplitude of the wave and measures the 
maximum departure of the actual free surface from the mean level. The 
points 0„ C|,..., of maximum elevation are called crests, the points , 
f t , . . . , of maximum depression are the troughs of the wave. The distance 
between successive crests is called the wave-length A. Hus 


A = 


h 

m* 


The aspect of the free surface is exactly the same at times t and t+2w/n. 
The time 


r * — 
a 



14 * 10 } WAVS MOTION 389 ' 

is called the period of the wave. The reciprocal of the period is tha frequency 
nj%ir. The angle wr-«/ is called the phase angle, and the number n may be 
conveniently called the phase rate. 



Fig. 14-10 (i), (ii), (iii). 


From the above numbers we obtain the relation A = cr. The equation of 
the profile can be also written in the form 

. 2 77 “ , . 

y ~ am --- (x~ct). 

It will be observed that the motion represented by (1) is a two-dimensional 
motion. In this chapter we shall be concerned only with two-dimensional 
wave motions which may therefore be supposed to take place between two 
vertical planes at unit distance apart, fig. 14*10 (iii), and this convention will 
be assumed in the absence of explicit statement to the contrary. 

141 1. Kinematical condition at the free surface. Consider water of 
depth k in which waves of height rj = 17(05, t) above the mean level are pro- 
pagated, the height being measured from the undisturbed level, and the axis 
of a being taken along the bottom * in the direction of propagation. The equa- 

* We eoneider only the oue of oonetaat depth. For variable depth the reader may ooprolt 
4* L Stoker, “Sarfaoe waves la water of variable depth ”, Quarterly Jour, of Applied Math, V. 
flWMii. 
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tion of the free surface is then y-rj-h = 0, and since the surface moves with 
the fluid Hy-i)-h)ldt = 0, so that 

3r i 3j? 

Unless the contrary is explicitly stated, we shall confine our attention to 
the linearised theory in which the squares and products of the variable parts of 



ticllar 


( 1 ) 


. Inparticu 

i, which measures the slope of the profile, will be taken as small. We 


drj _ dijj 
Tt~dx' 


where 0 is the stream function. This is the kinematical surface condition for 
wave profiles of small height and slope. 

In the case of irrotational waves of profile 

(2) r\ = a sin (mac -ni), 

we see from (1) that, when y = A, the stream function ^ is proportional to 
sin(ma>-«*). We therefore attempt to satisfy (1) by the complex potential 
w ss bcos (mz-nt), which gives = -6 sin (mx-nt) sinh mh at the free sur- 
face to our degree of approximation. Substitution in (1) gives bm sinh mh = on, 
so that 

ac 

(3) 

where c = n/m is the speed of propagation. 

It should be noted that no hypothesis has been made as to conditions above 
the wave profile and therefore (3) will continue toTiold if the profile is an 
interface between two fluids. 


14*12. Pressure condition at the free surface. Let p, be the pressure 
just inside the liquid at P in fig. 14*11 and p# the pressure just outside. We 
shall again assume the motion to be irrotational, as win indeed be the case 
for waves started in an invisdd liquid by natural forces. The pressure equation 
(neglecting the term then gives 

p< = />(^-w)+0(O. 
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and C(t) may be taken to be independent of t by incorporating any time 
variable terms in ty/dt. Thus 


Pt~p o = -p 0 + constant. 


In the case of constant (atmospheric) pressure, we may write 




by a suitable adjustment of <j>, and in this connection we may observe that p ( 
and p 9 can only differ by a small quantity and therefore tyjdt must be small. 
Thus (1) is the pressure condition at the free surface of irrotational waves of 
small height. 

If we neglect surface tension (see 14*50), we have pi-p 0 ~0 and therefore 
gy-ty/dt = 0 . 

Now at the free surface 

= ^(x, h+rj, t) ss <f> (a, ft, 1)+*? ^+* • • > 

and therefore in the above surface condition we may suppose 17 to be put 
equal to zero in the second term, in other words, 

m 

and this is the surface condition. Notice that ( 2 ) gives the surface elevation 

when <f> is known. 

« 

14*13. Surface waves. If we combine the kinematical and pressure 
boundary conditions 14*11 (1), 14*12 (2), we get 

B Sf-tg-* 

Now from 14*11 in the case of a simple harmonic progressive wave, fig. 14*11, 
we have 

( 2 ) w * -rir~i cos (*»-**)• i} = asin(nu)-tU). 
sinn wi 

Thu (1) gives, after a simple reduction, 

( 8 ) c* = - tanh mh, 


the equation giving the speed of propagation of waves of length 2rr/m. 

Equations (2) and (8) completely characterise these waves at the surface of 
water of depth ft, and it is worth observing that, while (2) is deducible from 
kinematic considerations alone, (8) gives the relation which must subsist between 
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n and m (c = n/m) in order that the solution may be physically satisfactory. 
The speed of propagation is in fact a function of the wave-length. 

More generally, taking axes as in fig. 14*11, the conditions to be satisfied 
are (1) and 


(4) \jt = 0, when y = 0, 

since the bottom has to be a line across which there is no flow. 

The complex potential is 

w = w(x+iy t t) = y, tj+iifiix, y, t). j 

Condition (4) therefore states that w is real when y = 0, and therefore pi 
holomorphic function w can be continued by the principle of reflection (5*53) 
, into the region for which y is negative, more precisely - h < y < 0. Thus ' 

> 

w(x-iy, t) = <£(&, y, t) - itji(x, y, t), 

and therefore <f>(x, y, t) = {[w(x+iy, t)+w(x-iy, 1)], 

V> t) = - $i[w(x + ay, t)-w(x- ay, 0]. 

Putting y = A and substituting in (1), we get 

d s d 

^[w(x+ih } f)+«>(x-iA, f)]+«0 t)] = 0. 

Or OX 


Since w is a holomorphic function this relation must hold for any point in 
the region of its existence. We can therefore write z for x and so obtain 

<P d 

(5) ^ t [w(z^ihJ)+w(z-ih i t)]^ig^[w(z^ihJ)-w(z-ikt)] = 0. 

This equation is due to Cisotti * 

It therefore follows that any holomorphic function w(z, t ) which is real on 
the real axis, i.e. which is real when z is real, and which satisfies equation (5), 
will be the complex potential of an infinitesimal motion of water of depth A. 
The boundary conditions (1) and (4) are automatically satisfied. 

The reader should verify that substitution of the complex potential (2) in 
(5) leads to (3). Thus Cisotti’s equation contains the whole theory of waves of 
the type described. 

14*14. Speed of propagation. The speed of propagation, in terms of 
the wave-length A = 2 ir/m, is given by 14*13 (3) in the form 



When A/A is small 2wA/A is large, and therefore 


c 1 


nearly, since 


tanhfl->l when 0~><& . Thus for small values of A/A, c is proportional to 


Rend. Lined (0), 29 (1020). 
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Jk Again, when A/% is luge, %/A is small, and therefore c* = $% nearly, so 
that the speed of propagation tends to the constant value <J(gh) which it cannot 
exceed. The results are exhibited graphically in fig. 14*14, from which it is 



clear that there is only one wave-length for a given value of c<J(gh) and that 
every such value is the speed of some wave. The results are considerably 
modified by surface tension, 14*54. 

14*15. The paths of the particles. Let z be a fixed reference point 
and z+z' the position of a water particle at time f, where | z' | is assumed to be 
small. Then for a wave of small height the fluid velocity at z+z' will be equal 
to the fluid velocity at z, neglecting second order quantities. Thus 


dz' _ dw _ am 
dt dz ~ 8inh mh 


sin {mz-nt), 


from 14*13 (2). Integrating, and supposing the fixed value z to be so adjusted 
that the added constant of integration is zero, we get 


and therefore 


x* = a cos (mx~nl) cosh wy/sinh mh, 
y’ ss a sin (mx-rd)mh wy/sinh mh, 


y ,% _ _ a cosh my 

a * + jp ~ » * “ sinh mh * 


0 = 


a sinh my 
sinhmA 


The path of the particle is therefore an ellipse whose semi-axes are a, ft 
horizontal and vertical respectively, and whose centre is at the mean position z. 

Since «*- jS 1 ® o^sinh* m%, all the ellipses have the same distance between 
their fod, but the lengths of their axes decrease as we go downwards into the 
liquid* At the bottom, y » 0 and therefore jS = 0, so that the ellipse de- 
generates into a straight line, and the particles on the bottom simply move 
to and fro. The general nature of the paths of particles whose mean positions 
are in the same vertical line is shown in fig. 14*15. 
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We observe that the phase angle (ma-nt) of the wave is also the eooentric 
angle in the ellipse, so that each particle describes its ellipse in the periodic 
rime of the wave and all are in the same phase. The motion of a line of 



particles originally vertical is therefore a bending of the line, illustrated by the 
dotted lines in the figure, much as a blade of grass bends in the wind, but 
here the line also suffers a translation. 

It should also be noted that the particles below a crest or trough are all 
moving horizontally in the same vertical line. In particular, the particle at 
the crest is moving forward, at the highest point of its ellipse, while at the 
trough it is moving backwards, at the lowest point of its ellipse. This obser- 
vation has a bearing on the phenomena of tides and tidal currents. 

14 17. Progressive waves on deep water. For a wave whose surface 
elevation is given by 

m i) = osin (mx-nt), 



y 

-TO 




- - - - 
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the complex potential is given by 14-18 (2). Move the origin to the undis- 
turbed surface. Then 

ac cos (fftg’f 
w “ su&mft 

ss oc[cos(fna!-nO eoth mk-i (*&*-«*)]• 

H we let fc-+», we get cothmh->T, and therefore, fox waves in deep water, 

(j) K-ac 


14-17] mmmm waves os osar water 

Also Hie speed of propagation, 14-13 (3), is given by 

9 _ 9 * 


e* = £ = 




so that the speed is proportional to the square root of the wave-length. 
For the paths of the particles, the method and notation of 14-15 give 


9S_ 

a 


iacm 


fcfl g — <(m*— nt) q 


so that | z' | = ae mv , and the paths are circles of this radius. Asy-*-oo the 
radii of the circles -*0. 

In order that the water may be regarded as deep in the above investigation 
it is only necessary for us to be able to take coth mh = 1 = tanh mA Now 
tanh 2*65 = 0*99, and this condition is amply satisfied if 


mh = 


2 irh 

T 


>2-65, 


so that the water can certainly be regarded as deep if the depth exceeds half 
a wave-length. 

A submarine whose depth is half a wave-length would hardly notice the 
motion due to surface waves, 


14*18. Pressure due to a deep water wave. If pis the pressure at the 
particle whose mean position is z, the pressure equation is 

• = constant. 

Now gy' = imaginary part of -ag 

= real part of tag , 

^ = real part of iacn 
at 

and therefore — = gtf since c* = gjm. 

Thus p/p = constant, in other words, the pressure at any particle is 
equal to the pressure at the mean position of that particle. 

14*20. Kinetic energy of progressive waves. By the kinetic energy 
of a progressive wave we shall mean the kinetic energy of the liquid (peer unit 
thickness) between two vertical planes placed at a wave-length’s distance 
apart and perpendicular to the direction of propagation, fig. 14*20. 

Taking one of the planes through the y-axis, we have from 9*10, since the 
liquid is intide the contour, 

Tss+ltp w4w. 

J (01301 
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From the periodic character of the motion it is clear that to has the same 
values at corresponding points of AB, OC, and therefore the contribution of 


J 



11x11 

Fig. 14*20. 


these lines to the integral is zero. Thus for the progressive wave of 14* 
we have 


= -i*P 


o*c*w 

sinh 2 wA 

a*chn 

sinh 2 m/i 


I cos (mz - nt) sin (mz-nt)dz 

m+m 

{ (Bin 2 (ro& - nt) - % sinh 2 my)dz. 

(OA)+(BC) 


Now instead of integrating along the wave profile BC, we can integrate 
along the straight line BC, since the elevation is a small quantity. Thus 


npfpl n f* 


14*21. Potential energy. The potential energy (per unit thickness) is 
simply due to the elevated water in a wave-length and is therefore, reckoned 
from the undisturbed level, 

| 2sin 8 (ma>-ni)da> = Jo 2 ppA, 

and this is equal to the kinetic energy. 

Thus the total energy of a progressive sine wave is jafypA per wave-length, 
and half of this is kinetic energy, and half potential energy due to elevation 
above the undisturbed level. 

It may be noted also that the average energy per unit length of wave is 

14*21 Group velocity, A local disturbance of the surface of still water 
will give rise to a wave which can be analysed into a set of simple harmonic 
components each of different wave-length. We have seen that the velocity 
of propagation depends upon the wave-length and so the waves of different 
wave-lengths wffl be gradually sorted out into groups of waves of approri* 
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14 * 22 ] 

mately the same wave-length. In the case of water waves, the velocity of the 
group is, in general, less than the velocity of the individual waves composing 
it. What happens in this case is that the waves in front pass out of the group 
and new waves enter the group from behind. The energy within the group 
remains the same. 

To study the properties of such a group, consider first the particular case 
of the disturbance due to the superposition of two waves of the same amplitude 

3= asin(ma>-w*), = asin{(m4-8ro)a5-(fl+8n)Q, 
where 8m, 8n are infinitesimal. The resulting disturbance will be 
(1) 7j = 2ocos %(xhm-tbn)m(mx-nt) = ism(ma>-n$), 

where A = 2a cos (a? 8m -thn). We can therefore look upon (1) as a pro- 
gressive sine wave whose amplitude A is not constant but is itself varying as 
a wave of velocity c g - 8w/8m. This velocity is called the group velocity and, 
in the case of waves of length A, is given by 

dn d(mc) dc dc 

Ca ~ dm dm ~ C+fn dm"~ C dA’ 

Using the value of the wave velocity c, given in 14-13 (3), we get for a single 
group of simple harmonic waves 



When mil - 2wA/A is large, the group velocity is \c. Thus for waves on 
deep water thefroup velocity is half the wave velocity. If the water is very 
shallow (hjX small), the group velocity is equal to the wave velocity. 

More generally from a given local disturbance, such as a splash, waves 
of a variety of wave-lengths and of microscopic amplitudes a, a x , a, , . . . will 
travel out. Considering only those waves of approximately the same length 
2 j r/m the elevation at distance x at time t will be due to the sum of a large 
number of infinitesimal terms ; thus 

ij =5 a8in[ma?-ni]+a 1 sin[(m+8m 1 )a!-(n4-Sn 1 )H6i]+... 

= A sin (m» cos (mx-nt) = Csin(m®-ftf-l-€), 

where 

A a+a i m(x8m l -tSn l +€ l )+a t co8(xSm i -t$n i +c a )+.., , 

B s= a 1 am(»8m 1 -<8n 1 +€ 1 )+a,8m{a?8m|-t8n,+€|)+.. ., 

C* = 4*+B*, tan € = B/i. 

Now 

= = 8m,(JS-c,Q+e,, 

*8»4-l$n,+f, = 8m,(ai-e, *)+'!>•••• 
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Thus A, B and therefore C and * are functions of (x-c 9 t). Therefore the 
amplitude graph moves as a wave with velocity c r 



Fig. 14*22. 


14*23. Dynamical significance of group velocity. In a simple har- 
monic train of waves, energy crosses a fixed vertical plane perpendicular to 
the direction of propagation at an average rate equal to the group velocity. 


Proof. If jp denotes the variable part of the pressure and u the horizontal 
velocity for a fixed value of x . the rate at which work is being done on the 
fluid to the right of a? is 

Now p = = real part of = 


Thus 


u = real part of 


die mac 
dz ~ ainhmfc 


sin (m*-W) cosh my. 


dW _ 0*0* mwp 

IT “ 




/, einh2mh\ 

‘ + -s r)- 


®e average value of an* (mx-nt) over a period is f Thus the average 
rate of working ia 


aVnmp wnh2mh /. 2mA \ 
4ajnh*mh 2m \ + amh2mi/ 


0 eothmftc, b fapa'c, , 


wing H' 13 (3), Now ia the energy per unit length of wave. Thua 
enogy croaaea the plane at the average rate c r 
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14*24* Wave resistance. A body such as a ship travelling over the 
surface of water leaves behind it a train of waves. These waves possess energy 
which is carried away and dissipated. This energy must have been produced 
at the expense of the energy of the moving body whioh therefore experiences 
from this cause a resistance R, If c is the velocity of the body, and therefore 
also the velocity of the wave train, the rate at which work is being done to 
overcome R is Rc . If we consider a fixed plane drawn on the downstream side 
(the motion being treated as two-dimensional) perpendicular to the direction 
of motion of the body, the rate at which the length of the wave train is increas- 
ing ahead of this plane is c, and therefore the rate of increase of energy ahead 
of the plane is c x Jppa*, where a is the amplitude. But energy is crossing the 
fixed plane at a rate equal to the group velocity. Thus 

cxjgrpa 2 = Cgxigpa'+Rc, 

and therefore R = C ' C ‘ x i gpa? = \ gpa* (l -5J53) > 

if 2 njm is the wave-length and h the depth ( 14 * 22 ). 

Since the speed of propagation of waves cannot exceed J(gh), it Mows 
that when the body has a speed greater than this no wave train can accompany 
it and the resistance from this cause vanishes, a fact well supported by 
observation. 

14*30. Stationary waves. Two simple harmonic wave trains of equal 
amplitude travelling in opposite directions are given by the surface elevations 

\ = Jo sin [mx - nt), rj t » Ja sin (ma?+ nt). 

The result of superposing these is the elevation 
rj = a sin mx cos nt. 

A motion of this type is called a stationary or standing wave. At a given 
value of x the surface of the water moves up and down. For a given value of 
t the form of the surface is a sine curve of amplitude a cos rtf, which therefore 
varies between 0 and a. A wave of this type is not propagated. 

The points for which m = sir, s « , . . , - 2 , -1, 0, 1, 2, ... are always 
at rest in the mean surface and are called nodes . The points for whioh 
mx » (2 *+ 1)tt/ 2 are points of maximum displacement for a given value of t 
and axe called loops. When cos = ± 1 the surface is in the form of the sine 
curve rj = ±ammx, which represents the maximum departure from the 
mean level. When cos n* = 0 the free surface coincides with the mean level. 

When a progressive train of waves represented by % impinges on a fixed 
vertical barrier and is there reflected (77 j), the resulting disturbance when a 
steady state is reached consists of stationary waves. 
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QUO 

Such waves can, for example, be generated by tilting slightly a rectangular 
vessel containing water and then restoring it to the level position. The water 
level at each end of the vessel then moves up and down the vertical faces 
which are loops. 

Conversely a progressive wave can be regarded as due to the superposition 
of two standing waves. 


14-31. Complex potential of stationary waves. To obtain oscillatory 
waves of stationary type, we can substitute in 14-13 (5) a suitable hanqonic 

function for w. Taking | 

w(z, t) = A sin mz sin nt } 

we get w(z+ih , t)+w(z-ih, t) = 2 A sin mz cosh mh sin nt, 

t o(z+ih,t)-w(z-ih,t) - 2iA cos mz sinh mh sin nt, 
and on substitution we get n* = mg tanh mh. This equation connects the 
frequency with the wave-length. 

The surface elevation is given by 14-12 ( 2 ) : 

grj = real part of = An sin mx cosh mh cos nt. 

Hence if the surface elevation is r\ = a sin mx cos nt, we get 
a = An cosh mh/g = Am sinh mhjn, 


so that 


ac n 

: -r-r — 7 sm mz sm nt, c = — . 
smhmh m 


This result could have been deduced at once by superposing two solutions 
of the form found in 14*13, in this case 

w = \ac cosech mh cos (mz -nt)-\ac cosech mh cos (mz+rU). 

14*32. Paths of the particles in a stationary wave. Using the method 
of 14*15, if z+z' is the displaced position at time t of the particle whose mean 
position is z, we get 

dz ' dw cm . , 

„ — --oosmzsmnt, 

at dz sum mh 


sinh mi 


cos mz cos nt. 


Thus argz' is constant, and therefore the particles describe straight lines 
with simple harmonic motion of period 2 w/n, the period of the wave. The 
amplitude is 




Thus the amplitude decreases as we move downwards from the surface. 
The inclination of the line corresponding to the mean position t is 
ergs' = arg cos mi = tan -1 {tan mi tanh my}. 
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This inclination is therefore zero below the nodes {m a «r) and Jw below 
the loops. Thus the particles below the nodes move horizontally, those below 
the loops move vertically, fig. 14*32. 



1433. Stationary waves in a rectangular tank. Since the motion 
under the loops in a standing wave is vertical, the motion between any two 
given loops would be unaltered if fixed rigid vertical planes were inserted 
there. We should then have the 
case of liquid oscillating in a tank 
of finite dimensions. 

Consider a rectangular tank of 
length l Take the origin at the 
bottom at an end and the y-axis 
vertically upwards. Since x = 0 
has to be a loop, the surface dis- 
turbance must be of the form 



ij s= a cos mx cos nt, 
and hence 

10 = ac cos m sin nJ/sinh mh. 

Since there must also be a loop at a? = i, we must have 
ml ss srr, 


where s is any integer. Thus the possible wave-lengths of the oscillations are 
given by 

A«2 1, 1,21/3, 21/4,.... 

When a photographic plate is developed by rocking a dish containing the 
developing solution, care must be taken to vary the frequency of the oscilla- 
tions, otherwise the portions of the plate which are bdow the loops of the wave 
will be underdeveloped, since the solution in the neighbourhood of these 
points has very little motion and its chemical action Boon ceases, causing a 

feaky effect on the negative, 

2c 
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14-34. Energy of stationery waves. Considering unit thiokness, tie 
potential energy in a wave-length is given by 


-Ui- 


Toting t) = a sin mi cos n<, we get V = {gpo* cos'Mt . A, 
and when cosnf = 1, the potential energy is Jjfpo'A. 

Now at this instant the energy is wholly potential, for the kinetic energy 
depends on the normal velocity of the boundary, 3-72, which is instantaneously 
aero. Thus the kinetic energy at time t is 

T = IgpcP sin*n* . A, 

14-40. S tead y motion. The complex potential for a simple sine wkve 
moving forward was obtained in 14-11 (3). If we take axes of reference 
moving with the wave, the complex potential will be deduced by writing * + <f 
for z and therefore the complex potential becomes 

ac cos mz' 
sinhmA * 

If we superpose on the whole system a velocity c in the direction of the 
negative axis of x, the axes and the wave profile will be reduced to rest and 

^ a - a * j —in l*«a min- 



eral velocity c from right 
to left, the complex poten- 
tial now being 

, ac cos mz' 
w “ ^ + sinh mh 


— - — ^ y**-ch~~ 


Fib. 14*40. 


motion in which the force 
on any particle is un- 
altered, for the addition of a constant velocity has no dynamical effect. 
But there is an advantage in this reduction inasmuch as the profile is now a 
atreamline corresponding to a constant value of f For the apphcationswe 
shall make, it is more convenient to take the origin in the undisturbed surface, 
which means writing z+tA for z'. Thus, finally, dropping a constant ttk, 


(1) 


eccosm(«+tA) 
*"*- + smhmT"' 


The bottom is now the streamline 

iji = -ch, 
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1440J 

while, at the free surface, 

= ctj-oc (cosh mrj+Bmh my coth mi) Bin ms. 

But, to the order of approximation adopted, the surface is the streamline 
$ s= 0 , so that neglecting rf, 

( 2 ) rj = a sin m. 

In the case of deep water, the complex potential becomes 

(3) w = cz+oce - *"*, 
and the surface streamline $ = 0 gives 

(4) 77 = a e mt > sin mr, 

which agrees with ( 2 ) to the same order of approximation. 

14 41. Second approximation to the wave speed. Taking for 
simplicity the case of deep water, the complex potential and the surface profile 
are given by 14*40 (3) and (4). We note here that (4) is the exact result of 
putting ^ =? 0 in (3), but it is not to be assumed that therefore (4) is necessarily 
a surface of constant pressure. We have 

= (£(1 - 2am e mv sin ma?+ a l m % e 2 **). 

Hence at the free surface 


f = c*{l-2m rj+a i m t e? mi i} = c 2 {l-2m7j-fa 2 m 8 (l+2m^+2m*ij*+. , 

If p is the pressure in the liquid at the free surface and il the external 
pressure, the pressure equation now gives 

p-/7 = . .}+constant. 

(1) = . .+ constant. 

If in this result we negleot terms containing a\ we get p = 77 if c* = j/m, 
the result already obtained. A much closer agreement between p and 77 will 
be obtained if we neglect the terms containing a*my , which are of the fourth 
and higher order of small quantities. This will make the free surface one of 
constant pressure if cWm* » 0 , which gives 

C = £ (l-a*»*)-> = | (l+o*™*), 
m m 

neglecting toms of the fourth order, and this is a closer approximation to toe 
ware speed. It will be observed that the speed thus found depends not only 
on tite wave-length but also on toe amplitude. 



404 


SECOND APPROXIMATION TO THE WAVE SPEED 
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The maximum value of the first term neglected in (1), namely - p&aPmhf, 
is -2gpa(a*m*l2) t which is the fraction a*m 8 /2 of the difference in pressure 
between the crest and the trough. Thus, for a wave of amplitude 4 feet and 
80 feet long, this fraction is 

and the pressure neglected is therefore at most that of 

0*015 x 8 ft. of water = 1*4 in. of water. j 

14*41 Waves at an interface. Consider liquid of density p and depth 
h' flowing with constant velocity T over a layeT of liquid of density p and 
depth h which flows with constant velocity F, the fluids being bounded above 
and below by rigid horizontal planes. \ 

Take the axis of a) in the (geometrical) interface which separates the fluids 
and which constitutes a vortex sheet. To investigate the condition that a 
wave of small elevation rj = a sin (mx - nt) may be propagated at the interface 

\y 



Fig. 14-42. 


with velocity c = »/m, we impose on the whole mass of fluid a velocity c 
opposite to the direction of propagation, thus reducing the profile to rest and 
chan g in g the velocities of the streams to F'-c, F-e. Prom 14*40, it is 
evident that the complex potential for the lower fluid is 

<i) tt= -( F - c >*-ffl c08m( ^> i 

for the streamline^ = 0 is then rj = asinmx. 

We deduoe at once the complex potential for the upper liquid by writing 
-A' fori, thus giving 

( 2 ) vf = - ( r-c)*+^| co8m{*-ti'). 

. He speed in thekwer liquid, neglecting a\ is then given by 

, dm ., 2ma(F-c)* , . ... 

! ? = iT 3T (r * {? "SST ooshtn(y+i)mn«s, 
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and therefore at the interface the speed is given by 

Jo* = {V- c)*{l - vrj coth mh }, 
and for the upper liquid by 

Jo'* = (V c)*{l + 2#^ coth mh'} t 


(3) p * + J p' }o'* + p'jty = constant, 

(4) p + £pj 0 * +pgr) = constant. 

But the pressure must be continuous, and therefore p = p\ By sub- 
traction, 

i/>V 2 - lpJo* + W0>'*-f>) = constant, 


rop(F - c) 2 coth nih+mp ( V 1 - c) 2 coth mh' = j(p - p'). * 

This equation determines the velocity of propagation. We note that 

(i) If p' = 0, F = 0, then the equation reduces to 14-13 (3). 

(ii) If the liquids are of infinite depth the equation simplifies to 

mp(V-c)'+mp'(r-c)* = g(p-p'). 

(iii) The condition of stability is the condition that waves of the prescribed 
type can be propagated, i.e. that c shall be real. 

(iv) There are, in general, two values of c for which the equation is 
satisfied, 

(v) If c = 0, there is a stationary wave. 

(vi) If the liquids are at rest, save for the wave motion F = F' = 0, and 
then, if the depths are infinite, 

^ 9(P~P) 

m(p+p) 

It follows that we must have p>p, i.e. the heavier liquid must be under- 
neath, but see 14*54. 

As a particular deduction, consider the upper fluid to be air of specific 
gravity s and of infinite depth. Then putting F = V = 0, we get 

* * 

approximately, since 8 is small. Comparing this with 14*13 (3), we see that 
the presence of the atmosphere tends to diminish the wave velocity, 

This result is of general application, as is seen from (vi) above, which also 
shows that, if p and p are nearly equal, the periods of the oscillations of the 
common surface will be long, compared with period of the oscillations of a free 
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14*43. Steady flow over a sinuous bottom. Let a stream of mean 
depth h flow with general speed V over a bottom at which the elevation is 



Fig. 14*43. 

given by ij x = asmmaj, a being small and the axis of x horizontal. 

Take the origin in the free surface. Then the complex potential (14*40) 

(1) tt= - p f + OT C08,n(z+<fl) }’ 

where H is determined by 

(2) P 2 = -tanhrotf, 

m 

gives the steady wave motion with surface elevation sin mx on a steady 
stream of depth E s The free surface is the streamline ^=0 and the bottom is 
We determine b so that «/>= PA is the streamline y=s - A+fy. Putting 
^>= Vh in the stream function gives 

Vl = 

which corresponds to ^=a sin m provided that 
bwahm(B-h) 
a== sinh mH 01 


<7 

cosh mh-~i sinh tnh 
mu 2 

This gives the ratio rj t : i} t for a given value of x. 

Thus the crests and troughs of the free surface and the bottom correspond 
or are opposite according as 

P 2 3 - tanh mA, or U* ■ c 1 , 
m 

where c is the speed of propagation of waves of length 2tr/m in water of depth A. 

If V « c, the ratio becomes infinite. This means that the free 
surface cannot then be represented by a simple sine curve, and the assumption 
on which the solution was obtained then breaks down. 
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1+44. Waves at an interface when the upper surface is free. The 

problem considered in 14*42 admits of interesting generalisation, if we con- 
sider the upper surface to be free instead of being bounded by a fixed hori- 
zontal plane. Taking the case of liquid of depth ft and density p lying on 
liquid of density p\ we consider the propagation of waves at the interface. 
This resembles the problem of 14*43, if instead of a fixed sinuous bottom we 
consider liquid to be present below the sinuosities, Taking the figure and 
notations of that section, we get in the upper liquid the same complex poten- 
tial (1) and the same ratio (3) of the elevations at the surface and interface, 
V now denoting the wave velocity. The additional condition to be satisfied 
is the continuity of the pressure at the interface, which means that 

n = constant, 

where q, t) refer to the upper liquid at the interface and q’ to the lower. If the 
latter is of great depth, we can take w' = - P(z+ or^+W), as in 14*40 (3), 
which leads to 

(p' - p)+pbmU i cosh m(H-h) cosech mH - p'rnU 2 = 0. 

Eliminating the ratio b:a by means of the relation 14*43 (3), we get, after 
some reduction, 


{mU*(p+p cothmi)-0(p'-p)}{wl7*-0} = 0, 

which gives 

»> 

Thus, corresponding to a given velocity U, there are two possible wave- 
length of which the first is the same as if the upper liquid were absent. 

To find the values of m in the second case, put 


g(p'-p)* 

p'U* 



SP. 


/(at) = s+cothz— = 0. Now /(*) = s+^cothz-^j 

But coth x- 1 /» is positive if at is positive, and (I- 1)/* fa negative if J<1. 
Hence /(z) fa positive if l<\ and there are no positive roots to the equation. 
On the other hand, if l> 1, /( 0) = -«,/(«) = 1+s, and therefore the 
equation has a real positive root ; that there fa only one snob root Mows 
from the fact that/'(z) fa positive when 1>1. Thus if 

L* 
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only one type of wave is generated, but, if U* is less than this value, a second 
type of wave exists for which the ratio of the elevation at the interface to 
that at the free surface is given by 14*43 (3), where U* has the second of the 
values given by (1). This ratio is 

a pe nk 

so that if />' - p is small the elevation of the waves at the interface will be very 
large compared with the surface elevation. This result has been used to 
explain the abnormal resistance sometimes experienced by ships near (the 
mouths of some of the Norwegian fiords where there is a layer of fresh water 
over salt, the enhanced resistance being ascribed to the generation of waves 
of large amplitude at the interface. ( - 

14*50. Surface tension. An interface between two fluids which do not 
mix behaves as if it were in a state of uniform tension. This tension is called 

the surface tension and depends 
on the nature of the two fluids 
and on the temperature. 

Let PQ =• 8s be an element of 
arc of a cross-section of a cylin- 
drical surface forming the inter- 
face between two fluids whose 
surface tension is T. If pi , jp t 
are the pressures on either side, 
80 the angle between the tan- 
gents at P and Q t resolution along the normal at P gives the approximate 
equation 

~Pi 8s+j?| hs+T 80 = 0 
and therefore P\~Pt = W 

where R is the radius of curvature. 

Thus at an interface there is a discontinuity of pressure. Phenomena 
involving surface tension are generally described by the adjective capillary. 
Referring to fig. 14*11 and the notations of 14*12, the difference between the 
internal and external pressures at the point P of the interface is 

4-4 

Also the curvature, since the slope is small, is dhfldtf. Thus the pressure 
boundary condition at the interface is 



Fro. 



StarAGE TENSION 


409 


14-50} 


Differentiate with respect to l, and note that 9i\jU = tyjito. Then 

3*4 94 rw . 

a*" J a* + p dx > = 0 ~ 

This now replaces the surface condition 14*13 (1). 


14*51. Equation satisfied by the complex potential. The argument 
of 14*13 still applies, and we get Cisotti’s equation in the form 

d* d 

^ |>(2+tA, f)+w(s-fl» t)]+ig~ [* w(z+ih , t)-w{z-ih , $)] 

T d 8 

-i-^[w(z+ih } tj-wiz-ihyt) ] = 0 . 

P oz 9 


14*51 Surface waves, To obtain the surface waves in water of depth A, 
take the periodic solution 

w(z , J) = .4 cos (mz~nt), 

which is real when y = 0. Substituting in the equation satisfied by w, 14-51, 


we get 

- w 8 cosh mh+mg sinh mA-f ^-sinh 

so that 

n 8 = j tanhmA, 


< s* = (~ + — ]tanhmA, 
\w pi 


14*53. Effect of capillarity on waves at an interface. Using the 
figure and notations of 14-42, we obtain the pressure equations (3) and (4) by 
exactly the same steps. The effect of the surface tension at the interface is 
to replace the condition p « p' by the condition 

p-p' = = Tow 8 sin mXy 

r r dr 

and the propagation equation becomes 

mp (F - cf coth mA+wp' (F- c) 8 coth mh f = g(p- p) f Tm*. 

1454. Speed of propagation. Consider waves propagated at the inter- 
face between two layers of liquid of great depth, and otherwise at rest. We 
have, from 14*53, if p' is the density of the upper fluid, 

A-ltzl + lOL. 

mp+p p+p 

If the wave-length 2w/m ie large, the first term on the right is large com* 
pared with the second, and the effect of capillarity is inconsiderable. On the 
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other hand, for small wave-lengths the second term predominates and gravity 
can be neglected. 

Put 8 = - T = gp(l-s)l* f 


then $ is the specific gravity of the upper liquid and 2 is a length which may 
be regarded as a measure of the surface tension. In terms of s and !, 


1+5 


(-+ mi* 
\m 


)• 


By differentiation we see that c 8 has a minimum value when m = 1/1 
that the velocity of propagation is least for waves of length 


so 



The group velocity is given by 


rr x* 

ff = .-A a = « 



Thus for ripples the group velocity tends to the value 3c/2, which is greater 
titan the wave velocity, while for waves in which A is much greater than At 
(gravity warn) the group velocity tends to e/2, as already found in 14-22, 

The condition for stability is that c* shall be positive, so that c is real. 
This condition is always satisfied if p>p'. But it is worthy of note that it is 
also satisfied if p<p', provided that 
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This result is illustrated by the experiment in which water is retained by 
atmospheric pressure in an inverted tumbler whose mouth is closed by gauze 
of fine mesh. 


( 1 ) 


t 2 V's TH 

C+r 

1 + 8 1+5 


= < 1 *, 


14 55. Effect of wind on deep water. If the water is deep and at rest 
except for the wave motion, we get, from 1*53, 

9 l-s t Tm 

Wll-fs ' p(l + s) ' 

where s » p'/p, and is the wave velocity when there is no wind. For a 
given wave-length the wave velocity c will be greatest when dc/dF' = 0, i.e. 
when c = F', and the maximum velocity is then 

If the wind has any other velocity greater or less than c m , the wave velocity 
is less than c m . 

Again, the values of c are imaginary if 


F'* > c x 5 




Remembering that e l depends on the wave-length 2 v/w, and has the 
minimum value Cq (14*54), it follows also that 



This last inequality implies that waves within a certain range of wave- 
lengths cannot then be propagated. They are blown into spindrift. 

This means that the water surface is then unstable, even if a fiat calm 
prevails previously to the starting of the wind. Lamb gives the minimum 
value of F' in this case as about 12*5 knots. 

The two values of c given by (1) are 



and if F'^U+jt 1 )*, 

these velocities have opposite signs. Hence the waves can travel either with 
the wind or against it, but they travel faster with the wind than against it. 
If F' exceeds the value just given, the waves cannot travel against the wind. 

It must be remembered that the above conclusions are based on arguments 
which take no account of viscosity. 

14-51 Levi-Civita’s surface condition. We have seen in 1*40 that a 
wave of constant profile shape can be reduced to steady motion. Consider such 
a wave profile, progressing from right to left with velocity c, to be reduced to 
rest by superposing a velocity c from left to right on the whole system, as for 
sample in fig. 1*58. 
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LEVI-CIVITA’S SURFACE CONDITION 


[14-58 


In the notation of 12-43 we write 


( 1 ) 


*? = ws!S r« = «-<“, 

az 


(2) a) = ^+ir, q~ce?> 

and we take the free surface to be the streamline <M- 

Since in steady motion the time variable does not enter, the 
potential w is a holomorphic function of 2 alone, and we may take w 
pendent variable instead of 2. At the free surface ^=0 and so w=<t > ; 


2, q , a) are 

Bernoulli’s theorem, tf+gy is constant and therefore 

= 0 when 0. 


(3) 


iri+9 


PU 



But from (1), when f=0, 0s/ty= - ^/? and therefore 
-[ = -^sin 0, while from (2) | = 

Thus (3) can be written 

sH'-’* 1 ’' 

But a) is a holomorphic function of w and therefore 0r/ty= -0 »/* Thus 
finally 

This form of the surface condition is due to Levi-Civita* 

The condition is non-linear. The linearised approximation is obtained by 
Msnming | « | to be small of the first order. This means that 9 and r are small 
so that sin 6—6 and g—c nearly. Thus the linearised form is 




wave 


(&) 


The theory based on this 
given in f 

To see that this is so, consider a 1 
and take the origin at a crest, fig. 14-68. 
water to be infinite. 

JEsrr/ - %% 

4= - ex and therefore ^=0 on the y-axis, and ±i<A on the verticals thro g 

the adjacent troughs on the left and light* 


* Math. Ann. 93 (1925) 264. 
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Thus the boundary conditions to be satisfied are 

(6) 6 = 0 when ^ = ±JcA, 

(7) <u-*0 when ift-* oo , 

(8) the surface condition. 



Fig. 14 * 68 . 


In the present case the surface condition is given by (5). 

It is readily verified that all these conditions are satisfied by 

(9) o> = -iAe 1 '* 1 *, c 2 = gXfiir, 

where A is a real constant, and the supposition that o> is small entails A being 
small. If then we write w=27r/A, A=m, and expand the exponential in (1), 
we get 

- =■ s U* = - (l+»w) = l - 

whence by integration, observing that 2=0 when w= 0, 
w = -c{( 2 «ffli)~iae <m *’ /fl }. 

Since a is small %first approximation is w= -c(z+ai) and therefore substituting 
this in the index of the exponential we get 

(10) w = ~c{(2+at)+ae** l ' m( * +a<+A/4) }. 

This agrees with 14*40 (3) if in the latter we move the origin to the crest, that is 
to say write 2 -f ai+A/4 for z. The result then differs from (10) only by a con- 
stant, Thus the linearised approximation (5) agrees with the previous theory, 
and indeed gives precision to the assumptions of that theory. 

There is, however, a serious limitation to the use of the linearised approxima- 
tion. A wave will break at the crest when the fluid velocity there exceeds the 
velocity of the wave. The critical case is clearly when the fluid velocity at the 
crest is exactly equal to the velocity of the wave, that is to say in the steady 
motion case v=0. From (2) this means that at the crest e T =0 and so t= * qo . 
It follows that no approximation based upon r being small can throw any light 
on this case. T. V. Davies* has proposed an approximation to the boundary 


* Pm Boy. Sot., A, m3 (1951) 475; Quart. Appld. 
Pwfcha© ffco whom I m indebted for this section), Proe. 

epp&d the method to the loHtwy we. 


Maik 10 (1952) 57. My colleague B. A. 
Boy. 8oc. t A, 213 (1952) 238, bee lueoen* 
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condition (4) which preserves its essential features and allows r to be large. 
The approximation is 

which differs from (4) only in putting $ sin 30 instead of sin 0. 

It is left as an exercise to verify that the boundary conditions (6) and (7), 
and the surface condition (11) are satisfied by 

(12) <H“* = 1- 346**^, c* = $A/2w, j 

where 34 is an arbitrary real constant. When | to | is small (12) reduces to (9). 

Since w=0 at the crest it follows from (1) and (12) the v=0 there when 
34 = 1, which is the condition for breaking at the crest. \ 

When this condition is satisfied we have near the crest, where w is smal^ 

, /, Zrriw\ 2 iriw 

'•‘-•-(l+'H-)- A 

and therefore from (1) 

iz 

-=*- oc and w oc 
aw 

This expresses that when breaking is about to occur, in the neighbourhood 
of the crest the wave is in the form of a wedge of angle 120°. This agrees with 
observations of waves just before breaking and with a theoretical result obtained 
by Stokes. 


14*60. Long waves. The surface waves which have been considered in 
the preceding sections were not restricted as to wave-length. We shall now 
consider waves whose length is large compared with the depth of the water. 
Thus for water of depth h t contained say in a horizontal canal, the hypothesis 

i y 



0 * 
Fig. 14 - 60 . 


is that h/\ is small where A is a typical wave-length. The previous limitation 
that the surface elevation and slope of the waves is small will of course be 
retained. In the present instance this implies that yjlh and irjjh are small. 

On the hypothesis of long waves, the propagation equation, 14*18, Amplifies 
and the general solution can be readily obtained. 
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1 * 60 ] 

We have, in feet, if w(i, t) is the complex potential, 

W(*+tt, I) as w(z, t)+th . . 

oz 

t) as «(z, t)-ih ^|j^+ . . . , 


and therefore, neglecting terms containing h % , the equation for w becomes 

ID 

As before, w must be real on the real axis y = 0. 

To solve this equation, let c* = gh, and put z l = z*fcf, z, = z-ct. 


Then 


dw 

dz 


dw+dw 
dz 1 dz t 


and therefore (1) reduces to 


dw __ dw dw 
¥~ c 


4 ^S; = a we b* Jj- = <(*i). 

where %(%) is an arbitrary function of z 1 . 

Integrating once more, w = u^z*), where w a (zj) is an arbitrary 

function of z % , and therefore the general solution of (1) is 
(2) w = w^z+ctj+w^z-ct), 

where the (holomofphic) functions w x , w % can be arbitrarily chosen, subject 
to the sole condition that w is real when y » 0. 

Equating the real and imaginary parts, we have for the velocity potential 
and stream function, 

(8) (j> = 0(s, y, t) = ^(aj+cf, y) +4i (®-cf, y), 

(4) 0 = 0(», y, <) = 0i(®+<*, y)+0 a (®-ct, y), 
and since is is real when y = 0, 

( 5 ) *(* 0,0 = 0 . 

By Maclaurin’s theorem, 

(0) ^ = ^ i o,«)+y(^|^ ) )^+..., 

and since y lies between 0 and & the second term is infinitesimal compand 
with the first. Therefore we can put y = 0 throughout, and hence 

(7) ^^(a+cfl+^ai-ct). 

The same argument applied to (4) shows, in view of (5), that 0 = 0. 

Thus (7) is the oomplete solution of the problem of long waves. 

It fellows from (7) that all particles which are in the same vertical plane have 
tiie same horizontal velocity, - ty/3a>, and therefore remain in a vertical plane. 
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LONG WAVES 


[1440 

Again, from (6), 

I ^( x t y» j) \ / 8 2 ^(a?, y» Q \ _ 

dy \ dy J y«o \ / y»o 

Since the first term on the right is the vertical velocity at the bottom, 
which is zero, it follows that the vertical velocity is of the second order and 
is proportional to the height above the bottom. 


14-61* The pressure. If il is the pressure at the free surface and rj the 
surface elevation for given values of x and t, the pressure equation becomes 

p d6 n n x ty 

f+»-i =-+#+, )- 5 , 

since q 2 is neglected and ty/dt is independent of y. Thus 

p = I7+0p(ft+ij-t/), 

which shows that the pressure at the depth h+rj-yis the same as that calcu- 
lated by the laws of hydrostatics. This is sometimes expressed by saying that 
the vertical acceleration is negligible * 

14*61 The surface elevation. From 14*60 (7), the velocity potential is 

(1) <)> = falx+cfi+faix-ct). 

Hence, from 14*12, the surface elevation is given by 

(2) i? = - 

Thus the surface elevation is the sum of the elevations due to two progres- 
sive waves whose initial forms are 

Ja'w. -Ja'm. 

advancing in opposite directions with speed c given by 

<? = gk 

This is the characteristic property of long waves,_that the wave velocity 
depends only on the depth of the water and not on the wave-length. 

It also Mows from (1) that the velocity u (necessarily horizontal on our 
assumptions) is given by 

( 3 ) « = -&'<»+« 

14-63. Wave progressing in one direction only. Consider a wave 
progressing in the positive direction of the x-axis. If u is the velocity of the 

* An ahenath-e tre&tmmt of long w»vw bind cd MRtmiag thh wwlt h indiMtod in Ex. 
XIV. 88, 69, 70 8m also 14-70. 
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liquid, 7} the corresponding surface elevation, we have, from 14*02 (2) and (3), 

# = -f (*-<*), q = («-<*), 

and therefore u = grjjc = jh , since c* = Thus for a wave progressing 

in the positive direction of the a^axis 



Fia. 14-63. 


To trace the motion of a particle originally at P in the undisturbed surface 
of water in a straight canal, we observe that the displacement is 

udt -^rjcdt. 

The second integral measures the shaded area in fig. 14*63, and therefore 
the displacement of the particle is obtained by dividing the area of the profile 
which has passed P bv the depth of the undisturbed water. When the wave 
has finallv passed, the particle is left ahead of its initial position by the volume 
of the elevated water divided by the cross-sectional area of the water. 

It also follows, from (1 ). that = grp, and so 

Iputhdx = Igprfikt 

which expresses the fact tbut the kinetic energy in a length dx of the wave 
is equal to the potential energy (measured from the undisturbed level) in the 
same length. This result in true only for a wave progressing in one direction. 

14*64. Change of profile in long waves. The case of a long wave 
travelling in one direction without change of profile can be reduced to steady 



Fio. 14-64. 

motion by impressing on the whole system a velocity equal but opposite to 
the velocity c of propagation. 

The wave form then remains stationary in space and the fluid flows under 
it with the local velocity -c+t*, where u is the (small) forward velocity in 
the progressive wave when the elevation is q. 


M.T.H. 
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(14*64 


The equation of continuity is then 

(c- 1 #+q) = cfc, 

whence u = cy/h approximately, a result already obtained. 

For the reason already explained (14*60), the vertical velocity is small 
compared with u and therefore its square is of the fourth order of small 
quantities when u is taken as of the first order, so that the pressure equation 
at the free surface becomes 

= ~+ic*. 

P P 

Eliminating u by means of the equation of continuity, we get 
p-II _ c*(2fy+^)-2 _ /c* \ hp* 

p “ 2(i+,)‘ s ‘\k~*r~ Vf 

neglecting the cube of 7]jh. The condition for the existence of the steady 
motion is that p = 77 at the free surface. Thus, unless ifjh % is negligible, a 
free surface cannot exist when c 8 = gh. Thus a long wave of finite height 
cannot be propagated without change of profile. 

It also appears that, when rf/h* cannot be neglected, the condition p = 77 
can be more nearly satisfied by taking a somewhat larger value of c when rj 
is positive, and a somewhat smaller value when rj is negative. Thus an eleva- 
tion tends to travel faster than a depression, the wave tends to get steeper in 
front of a crest and observation shows that it curls over and ultimately 
breaks.* 

14*70, Effect of small disturbing forces. Let X, Y be horizontal and 
vertical components of a mall disturbing force acting on water in a horizontal 
canal of small depth h, X being in the direction of the canal. The equation 
of motion is then 

~ 1 8p 

Since the depth is small, the force Y will be practically constant as y varies 
from 0 to h, and Y will therefore merely operate to change slightly the value 
of g and the effect will be of the second order. Y can therefore be neglected. 
The pressure is then given by 

7+yp(A+i)-y), 

*nd therefore ~ 

, * 8» J. J. 8tok«, “ Tbe formation of hmlnn and bora " , Commmiatim m ApfM Mate- 
m*u, N.w York (1848) I, pp. 1-87. 
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If £ is the horizontal displacement of a particle from its undisturbed 
position, we have 

U ~di' 

The equation of continuity is 

(h+r,)(dx+^<kj=hix. 

which expresses the fact that the same volume of fluid lies between the planes 
x, and x+ix in the disturbed and undisturbed positions. Thus 


and the equation of motion is 




i 

» “ a®*’ 


Multiply by -A, differentiate with respect to x and use (1). We then get 
(3) 

which is the equation determining the changes in elevation. 


14*71. Tides in an equatorial canal. We consider a shallow canal of 
uniform depth coincident with the earth’s equator, and we suppose the only 
tide-raising force to be due to the Moon moving in the equatorial plane. 

If F is the force of the Moon’s gravitational attraction at the earth’s centre, 
the force at two .diametrically opposite points of the equator will be F+f, F-f, 
where f is the small variation in F as we move outwards along the radii, whose 
length is small compared with the Moon’s distance. The force f is the Up- 
raising force^ and the above explanation shows why tides are generated simul- 
taneously at antipodal points of the earth. 

Fig. 14*71 shows a diagram of the equatorial 
canal, 0 is the earth’s centre, M the point directly 
under the Moon, G the point where the zero 
meridian of Greenwich meets the equator, and P 
the point, which we shall consider, in longitude a. 

The Moon moves westward relatively to the 
earth with angular velocity n (supposed constant), 
end at the instant t the angle GOM will be nt+e. 

The tide-raising force of the Moon per unit mass 
has at P the horizontal component / sin (2 LPOM),* 
in the sense shown in the diagram. 

details the reader it referred to Lamb’s Hydrodynamics^ from whiahtoenttmertoeitea 
areqaoM. We than mmm tte tmit. 
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In Hie case of Hie Moon, 

f/g = 8-57x10-*; 

for the Sun, 

fig = 8-78x10-* 

If we take at P the axis of ® horizontal, i.e. perpendicular to OP, and 
x and a to increase in the same sense, we shall have Ax = a da, where a is the 
radius of the earth. Thus the elevation 77 is given by 14-70 (3), 


3*ii c* 3*1, 2A/ n/( 


The complete solution of this equation may be regarded as the sumlof a 
complementary function containing arbitrary functions, and a particular 
integral. The complementary function represents free vibrations of the water 
of small amplitude which are quickly damped out by friction. The particular 
integral gives the forced oscillation which is the tide. To find this, we assume 
rj = A cos 2(wf+c+a), which gives on substitution in the equation 


*? = 


c* 

2 (c*-n*a*) 


of 

-cos 2 (n(+€+a). 

9 


Taking a = 21 x 10 1 ft., the value of afjg is 1-80 ft. in the case of the Moon, 
and 0*79 ft. for the Sun. It follows that the tide is semi-diurnal, i.e. high water 
and low water each occur twice in a lunar day. Moreover, 


— =X.* = 311-, 
n*ar n*a a 


and, since h/a in the case of the actual ocean is a small fraction, ct-rPa 2 is 
negative and therefore on this theory the tides are inverted. This means that 
low water occurs at the point which has the Moon in the zenith, and also at 
the antipodal point* 


14*80. Gerstner’s trochoidal wave. In 1802 Gerstner, Professor of 
Mathematics at Prague, showed that a trochoidah profile properly chosen 
would make the pressure constant without approximation at the free surface 
of deep water. This is the only known exact solution of the problem of wave 
motion. The motion is, however, not irrotational. 

Take the axis of x horizontal and the axis of y vertically upwards. Let 
a, b be Lagrangian parameters which fix the position of a particular fluid 
particle when there is no wave. Then Gerstner’s wave is obtained by suppos- 
ing that the position of this particular particle at time t is given by 

( 1 ) % » o-f-e^sinm^+tf), y » 6 - i*"* cos »(«+<*). 
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gustnsb’s teochoidal wave 


Item this it is evident that the 
path of this particle is the circle whose 
centre is (a, 6), and whose radius is 
e"*/m, fig. 14*80. 

The angular velocity of the radius 
joining the particle P to the centre P 0 
is me. 

If we fix our attention on another 
particle we merely change the values 
at a, bin (1). 

To show that (1) represents a pos- 
sible fluid motion, we must prove that the equation of continuity is satisfied. 
We have, from (1), 



Fig. 14 * 80 . 


( 2 ) 


z = a+i6-^exp[m(6+io-l-4C<)]. 


from 3-44 the equation of continuity is 


constant- 


d(x, y) dx dy tody _ 
d{a,b)~dadb~dbda~ 



1-e*"* 


which is constant, so that the motion is possible. 

We must now obtain the surface condition. The accelerations of the 
particle are d l xjdt % , d'y/dt 1 , and therefore the equations of motion are 


d i x _ l dp d i y _ 1 dp 


or 


s(» 


: mc*e"*8inm(o+ct), 


= _, ” c,embc0 ® ,n ( 0+c, )• 

Multiply these respectively by 

— = e m *sinm(a+rt), 


— = l+e"*cosm(a+c«), ^ ■ 


and then add. This gives 

(3) ^(?+yy) = sin »{« + et). 

Similarly, by adding alter multiplication by fajdb, 3 y/86, we get 

(4) sa-iac^e - cosm(o+«t)+Me , <^ 1 *. 
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[14*80 


Multiply (3) and (4) by da, db respectively and add, giving 
d(jj+ 0 y) = i[-c*e ,, *cosm(o+c<)+lc*e ln,> ] l 

and therefore 

~ = constant - 9 ~ e "* cos m(a + d) j - fit™* cos m(o+ ct ) + 

For a particle at the free surface p must be constant if surface tension is 
ignored, and therefore the coefficient of cos m(a+ct) must vanish, which gives 

(5) c* = glm-gXftir \ 

Thus the free surface condition is satisfied without approximation, and ^he 
pressure at any fluid particle whose parameters are (a, b) is given by ^ 

V 

- = constant -bg+hc* e imb , 

9 

and therefore the pressure is constant if 6 is constant. 

This means that the pressure has the same value for any given particle as 
it moves about. 

In particular, the pressure is constant for all particles for which the para- 
meter b is the same irrespectively of the value of a. 

If we take 6 = j3 for particles in the free surface and 77 to be the pressure 
there, we get 

— =j(M)+i« , (e Sm ‘-e , n 

9 

which determines the pressure at any other particle. 

dc 

The group velocity is c g = c-A^ = from (5). 


14*81. Form of the free surface. To examine the form of the curves 
of constant pressure, equations ( 1 ) show that x and y are periodic functions 
of t, the period being 2 *r/(roc). 

Keeping b and t fixed, the values of y recur when a is increased by 27r/m, 
while the value of x undergoes a linear shift of amount 2 w/m. Thus the 
greatest values of y recur at points separated by the distance 2ir/m. Fixing 
attention on one of these greatest values of y, we see that an increase in t will 
cause that value to occur for a smaller value of a in order to keep the phase 
angle m(a+ct) the same. Thus the profiles of the surfaces of equal pressure 
move in the negative direction of the axis of as with velocity equal to the wave- 
length 2 ir/m divided by the period 2 w/(mc), i.e. with velocity c. If we impose 
on every particle a forward velocity c, the motion will become steady and the 
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profiles will remain fixed. Writing 9 = m(a+d), we have then for the equation 


0 1 J 

a = -+-e^smfl, y = b — e^cosfl. 
m m tn 



These curves are trochoids generated by a point carried at the distance 
e^jm from the centre of a circle of radius 1/m which rolls on the underside of 
the line y = 6+1/m, fig. 14*81 (i). 

If we take 6 = 0 in the free surface, the corresponding profile is a cycloid. 
The curves of equal pressure are shown in fig. 14*81 (ii). 



Fig. 14*81 (ii). 


Any one of theBe may be taken as the free surface. The extreme form is 
the cycloid with cusps upwards. The vertical lines show the undisturbed 
positions of the water columns. 

To find the mean level y « k corresponding to any trochoid, that is to 
say, the level with respect to which the same amount of water is elevated as 
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depressed, we observe that j (y-k)dx = 0 taken over a wave-length. Thus 
| e* 6 cos (l+e^co sB)dd = 0, 


which gives 

( 1 ) 


b-k = 


e lmb 

2 w' 


Thus the mean level is below the path of the centre of the generating 
circle by this amount. I 

As we go down into the liquid, the distance of the tracing point from the 
centre of the generating circle decreases. \ 

For the progressive wave, the kinetic energy (per unit thickness) is foiled 
by integrating over a wave-length the kinetic energy of the elementary mass 
p(l - e^da db , defined by a fluid particle (a, b). We have from 14*80 (2) 

g* = ^ ^ = c 2 e lmA from 14*80 (1). 
at at 


Hence, if we take 6 = 0 to define the free surlW, the kinetic energy is 

Put A = 2 irjm t h = 2 e^/ro, so that A is the height of the crest above the 
trough. Then 

T-sMU ?l\ 

i_ 16 X 2A*/ 


which is the kinetic energy per wave-length. 

For the potential energy, whether of the progressive wave or the steady 
profile, we have, taking the mean level as datum and using (1), 

= **"*)''" 

Bnt, from 14-80 (5), gjm = o*. and therefore 
T = V. 

We can nse the fact that T= V to give an intuitive interpretation of group 
velocity, 

lire fluid particles describe circles with constant speed, and the pressure at 
a particle is the same at every position in its orbit. Now consider any particle 
whose mbit meets a fixed vertical plane at A and B, fig. 14-81 (iii). No kinetic 
energy or pressure thrust work crosses this plane doting a period, for what 
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crosses from loft to light at A goes back from right to left at B. On the other 
hand potential energy does cross, for the potential energy per unit mass at A 
exceeds that at B by g , AB. Clearly the potential energy moves with the 
wave, that is with velocity c. But the potential energy is half the total energy. 
Therefore the total energy is transported with velocity the group velocity. 



Flo. 14*81 (iii). 


To prove that the motion is rotational, we observe that 

u dx+vdy = scalar product of the velocity and position vector 
= real part of (dz/tyd*. 

From 14*80 (2), 
dz 

Ojdz = {c exp m(tJ+ujf)}{<fl+di exp m(-&- id)}, 

where I = o+tb. Thus 

udx+vty « d^-e^sinro(a+cf)j+ce^da. 

This is not an exact differential and the motion is therefore rotational. 
The circulation in an elementary parallelogram of the liquid is obtained from 
the second of the above terms (since the first is an exact differential) and 
is therefore equal to 

-4(ce‘"*8o)86. 

CD 

Dividing by the area of the parallelogram, we get, for the vorticity, 

2 m#”* 

<0 = — ; CTI 

the negative sign indicating that the vorticity is in the opposite sense to the 
revolution of the particles in their circular orbits. 

The vorticity decreases rapidly as we descend into the liquid. 

14*11 An exact irrotational wnve. John’s equation 11-63 (3) out also 
be applied to mve notion. 
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Consider the steady motion obtained by taking 

(1) Affl- aft 

where w is a constant of dimensions [T~ l ) t Then 

(2) 2(j8) = £-foe^*f^S/a>, 

where, without loss of generality, we can take B-0 and a real and positive so 
that 


z = ~+ae iw *. 

O) 


From 11*63 (4) we then get 


- = (~ - aim e-^j + aim , whence 

w = -^ g +ovjj8-^coscoj5. 


The free surface given by (3) is a trochoid without double points if the amplitude 
a < 0 /co 2 , the wave-length being 

(5) A = 2770/CO 2 , 

so that the condition a < 0 /co 2 implies 2 wn < A. 

The velocity -dw/dz becomes infinite if dz/dj 3=0 which gives 


(6) co/? = 27r(n+ 1) - i log ~~ , 


where n is any integer. The corresponding values of z are the singular points 
(7) , = j{,„ +t ) + ±(l-k*jL)}. 

Such singularities must be excluded from the flow. In order to do this we can 
take as bottom any streamline above or through the singular points given by 
(7). Fig. 14*82 (token from John’s paper) shows the~free surface and the 
bottom surface formed by the streamline through the singular points, for 
various values of the ratio ri=27ro/A. In the diagram the units have been 
adjusted so that w= 0 =l, and A= 2 rr. For small values of u/A the depth of toe 
liquid is large compared with a, A of the order A log (A/a), and the amplitude of 
the bottom surface is infinitesimal compared with that of toe free surface of 
order a 2 /A. On the other hand for a/A close to 1/2tt, toe depth of the liquid is 
small and the bottom follows the surface closely. In the motion given by (3) 
and ( 4 ), the free surface remains unchanged in time and each particle has a 
horizontal velocity varying between 0 /»-aw and glm+am. 
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Introduce a new coordinate system moving to the right with constant 
horizontal velocity gjw relative to the old one. We then obtain a motion of the 
type of a progressive wave. To do this we write in (3) and (4) 



which lead to 


(8) Z = ~ -f a exp {ia)(oL + Z)}, 

(9) W = aiV(a + J) + ® exp { - tcu (a+ $)}• 

Elimination of (ot-M) shows that W is a function only of Z-f$/a>, so that the 
wave progresses with velocity gjw to the left. As the singularities are no longer 
fixed we have to associate a moving bottom surface with the wave. For small 
values of a/A the bottom surface can be taken so far down that the motion 
reduces essentially to the infinitesimal motion of a liquid of infinite depth. 
The phase rate gl o> is (^A/2 tt) 1/8 as in the classical approximation. 

In the motion given by (3) and (4), a is a Lagrangian coordinate only for the 
real values which correspond to particles in the free surface. The motion of the 
surface particles is identical with that of a Gerstner’s trochoids! wave (14*81), 
given by 

* *as — +aexp{uo(a+<)}, 

CO 
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in which a is a Lagr&ngian coordinate even for complex values, and the resulting 
fluid motion is rotational 

14*84. An exact non-linear theory of waves of constant form. 

Consider a wave of constant form to be moving from right to left with velocity c 
on the surface of water of infinite depth. 


¥> 



We assume the wave to have a vertical axis of symmetry through a crest 
C. The wave length A is the distance between, say, two consecutive troughs 
T v T a one on each side of C, fig. 14*84. 

We reduce the wave form to rest by superposing a velocity c from left to 
right on the whole system, so that the liquid now flows under the fixed form 
with general velocity c from left to right. We take the x-axis to be in the 
direction of this general velocity c and the y-axi s to be vertically upwards through 
the crest C. We call H the height of the wave, that is the vertical distance of 
crest above trough. 

The form of the free surface profile is unknown. We proceed to map this 
unknown profile T 1 CT i on a known curve, the circumference y of the unit 
circle in a {-plane. If T x M m , TJl* are verticals through the troughs, we can 
conveniently call me wave the region, bounded by these verticals and the pro- 
file T t QT v 

We map the region, defining one wave on the interior of the unit circle cut 
along a certain radius. We postulate that the point Af* shall map into the 
centre if of the unit circle and the line Jf«C into the radius MC, which we take 
to lie along the real axis in the {-plane. Thus if 

U) 

we shall have x = 0 on MC, 
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The cut MT will then be placed along the radius of y opposite to M C, We 
shall think of the edges of the cut as being slightly separated to form the 
radius AfTi on which x ^ and the radius MT a on which x ~ 

Then as we describe the circumference y of the unit circle by varying x 
from -77 to 7 r, i.e, by following the path T l CT % in the (-plane, the point z 
will describe the wave profile TfiT* and on going from T x to T* x will decrease 
by the wave length A. This decrease can be accomplished by the mapping 
function 

and the same function maps { = 0 into M*. Thus the mapping may be 
effected by 

(2) *-£(logl+«i{+W+W+...), 

where, as will appear, to obtain a symmetrical profile the coefficients a „ , 
« = 1 , 2 , ... must be real. We then get 


(3) 

where 


d( 2ir 


^+a 1 +a,J+o,£*+...j 


<A/J) 

2n i 


(4) /(£) = l+a 1 i+o,{*+ a> ?+.... 

On the free surface we put 

(5) * J=o=e'*, o = 1/a. 

Thar from ( 2 ), for a point (at, y) on the free surface, 


( 6 ) 


^ (x+«ismx+l*» si « 1 2x+ia,sin3x+...), 

y- ^(o l cosx+ia,«»2x+ia, < »s3x+...), 


and this verifies the symmetry about CM or x = 0 , for x changes sign with x, 
and y does not. This can happen only if all the a, are real. 

Then from (3) and (5), on the free surface, 


(V 


* _ _ *W- _ A flo] 

d% ~ dctdx 2w a 2 ir J 


Farther, if we put 


(8) /(*)=&*. 
where fi and 8 are real we note, on account of (5), that R and 9 ate functions 
of x so that 
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( 9 ) RaRto « = %)• 

Also taking logarithms in (8) we get at the point a = e (< 

logfifcj+^c) ~logf(e u ) =log(l+a 1 e ,l +a,e t<< +...) 

= 6 1 e <e +6 a e 2< *+6 0 e 8<, +6 4 e li ‘+... > 

where 

(10) = dj, & 2 — ^8 = ••• > 

so that the b n are all real and are known when the a n are known. Thus 

(11) log-Rfc) =6 1 cos€+i 2 cos2€+6 8 cos3€+... , 

(12) 0(c) = & 1 sinc+& 8 sm2€+& B 8in3c-K.. . 

We can use (11) and (12) to obtain a relation between 0 and R as follow) 
From (11) 

— log 72(c) = ~6 1 sinc-26 2 sin2c-36 8 Bin36-... . 

n A P* sin nc sin wy„ . A v * , . 

But j — - (6 X sin c+ 26 2 sm 2c+36 a sm 3 c+ ...)<2e = w&« sinwy. 

Therefore 

= & 1 sinx+& 2 sin2x+& a sin3x+... -0(x). 

It will be found that (13) is the key to the solution of our problem. More- 
over up to this point we have studied only the properties of the mapping. 

Let us now consider the fluid motion. 

If we take 0 = 0 at the surface, the boundary conditions are 


(14) 

^ = 0 

at the surface, 

r = 1. 

(15) 

0 = 00 

at Mao) 

f = 0. 

(16) 

u~iv = c 

at M*, 

{=0. 
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(19) } » e/R ; 6 is the inclination of the velocity vector to the horizontal. 
At the free surfaoe the pressure is constant and therefore Bernoulli’s *Wu n 

gives {*+2^ = constant or, from(19),(c 1 /iP)+2jy = constant, whence, by dif- 
ferentiation and the use of (7), 

which can be written 

d I 1 \ 3 oA 

If we integrate this equation from 0 to e, we get 

(20) ^) = S[f’ sin ^^%]> 

where p is an arbitrary constant. 

Comparing (13) and (20) we now see that it is possible to eliminate R(c) 
and so obtain an equation to give %). To do this, take logarithms of both 
sides of (20) and differentiate with respect to c. Then 

1 J sin 6 (<i)}du 

Substitute this in (13). Then 

( 21 ) %) = - [ l 

1+ftl sin 6 (w) dm ^ “ 1 n -* 
o Jo 

This is a non-linear integral equation for the slope 0(x) of the wave as a 
function of x- After solving this, b lf 6 2 , 6*, ... are found from (12), then a lt a„ 
Oi, ... from (10), and finally the wave profile from (6). 

Moreover when a v a a , a* ... are known, so is the function /(J) by (4), and 
therefore the velocity at any point by (18). 

Thus it appears that the whole exact theory of waves of constant form 
follows from the solution of the non-linear integral equation * (21). 

To find the kinetic energy we must remove the superposed velocity c, so 
that now 

f SS <«-c)*+t>* sb (u- w-c)(tf+w-c). 

But from (18) u— it; = c//(£). Therefore 

Now if dS and dA are corresponding elements of area of one wave and the 
unit circle, we have from (3) and 6*29 

s Tto equation i. due to A. t Hekruov, la. Ivamm-Vomotimt. PoWeA*. hut., 3 (IB1), 
SS-Mi 6 (WB), 156-71. 



AN EXACT NON-LINEAR THEORY 


[14-84 


a J;-j nrn- 

Therefore the kinetic energy of one wave is given by 

T=y\ fte=\ P \ —micofdA. 

J (one wave) jyil r%(, 

(22) f _ 1 /xW [ U(l) - 1] r/(Z) ~ 1] dA- 

8 *® Jv {I 


Notes 

(i) In 14-58 (4) Levi-Civita’s non-linear surface condition poses the problim 
of solving a partial differential equation. The problem presented by the noh- 
linear integral equation (21) is quite different in that it is one which could be 
tackled numerically with modem high-speed computers.* 

(ii) The problem is an eigenvalue one ; indeed it can be shown that no 
solution different from 0 = 0 exists when /x < 3. 


(iii) The kernel of (21) is 


(23) 


n-l » 


= ilog 


l-COS(€ + *) 

1 - cos (« - x) 


To see this, the identity 


log (1 ~ e^) 


2, /cos nto+i sin ruo\ . , 0 

E ( gives log 2 

n-l V n I 


sm 2 = 


2 costtw 

n-l 


In this put w = c+x and w = c-x in turn and subtract, thus getting 


*M=*io g 


ain|(«-x) 


= Jlog 


l-coe(«+x) , 

l-cos(«- x ) 


(iv) In toms of the kernel K (e, x) the equation (21) can be written 

tin0(«) v ~ w 

7T- & («. x ) d( - 

o l+/t | sin 6 (w) dw 

For simplicity the case of infinite depth has been treated hen. For finite 
depth h the tame general procedure is followed by mapping one wave an an 
annular region between two concentric circles cut along a radius. This leads 
to the same type of equation (23) but with a kernel which now depends, instead 
of on sines, on Weierstrase’s sigma functions. 


(24) 


m 


f 

3w 1 


* The eompntation is in progress (1959) et the Mathematics R esear ch Center. 
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(v) Kin (21) we write 

= 3+v, 0<v<l, 

and put 

Hx) = & v9 1 ^)+v a e l ( x )+v»s 8 (v)+... l 

equating like powerB of v on the two sides leads to an infinite series of integral 
equations for ^(x), 0 2 (x)> w ^ch can be solved with increasing labour. 
Correct to v 8 the process, which is convergent for v < 1, leads to 

(vi) It appears from (25) that if v 1 and higher powers of v are negligible, 
the solution of (21) is of the form d(%) = j 3 sin x> where /3 is a small constant. 

(vii) Combining (11) and (20) we see that 

(28) ex P (“3(&i cos e+6,008 2«+...)] 

and the right-hand side never vanishes. Therefore the expression on the left 
is never zero, being in fact positive for fi > 0. Observe also that <? can be 
obtained from (26). 

(viii) That /» hf necessarily positive follows from (26) by putting c =0. 

(ix) From (21) we see that 

6(2n- x ) = 9( x ), 8(0) = 6(ir) =0. 

Therefore it is sufficient to know the values of d (x) in the interval 0 < \ < ”, 
and therefore we can replace (21) by 



(x) In a sine wave the form of the profile near the crest and the form near 
a trough are the same. Since, from (21), 6(n- x) ^ 0(x), that property does not 
hold cm the exact wave. (Of. 18-65 (4).) 

(xi) Equation (21) being non-linear we are not able to superpose solutions 
by addition. 

ta 


SUM. 
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14*85. Exact linearised theory. We use this term for the theory of 
waves of small slope treated by the exact method of 14*84. If %) is small of 
the first order, we have sin 0(%) = 0(x) and therefore 


j sinfl(co) 


is also a small quantity of the first order. 


Therefore sin 0(e) j 1 + ft J sin 9(cj) dcuj = 0(c) to the first order, and si) the 


non-linear integral equation 14*84 (21) reduces to the homogeneous linear 
integral equation 1 


If in this case we put 0 (c) = sin se, we get 


•w-£*** 

and thus 9(x) = sin is a solution if and only if ft = 3 s. Thus (1) has the eigen 
values 

ft = 3, 6, 9, 3$, ... 
and corresponding eigen functions 

sin sin 2*, sin 3*,..., sin ... . 

Inasmuch as the complete circuit of y in fig. 14*84 corresponds to one wave, 
we must take ft = 3 (cf. 14*8, Note (vi) ) and 

(2) %)=0smx, 

where P is of the first order. Then from 14*84 (12) we find that, to the first 
order, all tie b, vanish except b 1 = j8, and therefore all the a, vanish except 
a 1 = b l = ft. 

Therefore from 14*84 (6) y = (A/2jt) j3 cos x at the free surface. 

Taking tie difference of the values of y at x = 0 (a crest) and x = w (a trough), 
we find that the height of the wave is given by ff = (A/w) P and therefore 

(8) P = rrff/A. 

Returning to 14*84 (6) we then find fra the wave profile 

(l) x~ -{XI2ir) x -\Bm x , y = iff oos x- 

This is a trochoid, not a sine cum as in tie ordinary linearised theory of 
tie earlier sections of this chapter (cf. Gerstner’s wave, John’s wave). 
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We can introduce an amplitude a by writing 

(5) H = 2a. 

To find tiie speed of propagation, in 14-84 (26) put 
ft = 3, — ]3 — 2 TTdjX j c — 0. 

Then 

(6) c* = ^e fc '«» 

lit 

Comparing this with c 2 = obtained from the ordinary theory, we find 
agreement when o/A is negligible, and we note that the speed of surface waves 
on deep water increases with increase of the ratio amplitude/wave length. 

To find the kinetic energy we use 14-84 (22). Here from 14-84 (4), 

/io-i -•!«:*« 

and the area of the unit circle is it. Therefore using (3), (5), (6), 

(7 ) r = 

which differs from the value found in 14-20 by the presence of the exponential 
factor. 

For the potential energy we have from (4) 

(8) V = \gp f y 2 fa = la 2 gp\ = Ter*** 1 *. 

* Jo 

Thus measured for the datum here used V^T. 

14-16. Sound waves. We shall suppose that sound waves are propa- 
gated in a gas by small to-and-fro motions of the medium whereby the dis- 
turbance passes rapidly from place to place without causing a transference of 
the medium itself. The basic assumptions are the following : 

(i) The variations of the pressure, density, and velocity from their equi- 
librium values Po > Po > 0 are infinitesimal quantities of the first order whose 
powers and products may be neglected. 

(ii) The motion is irrotational. 

(iii) The pressure is a function of the density ; in particular, the adiabatic 
law p & will be assumed. 

From (i), the quadratic terms in the equation of motion are negligible! 
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114-W 


Also, from (ii), 
and therefore 


q=-W. 


Taking the scalar product by dr, we get 

*»-!*■ 


Thus 


3^ _ f” dp _ p-p 

3* Jm P Pt 


since the difference p— p 0 is infinitesimal. Therefore 


( 1 ) 




P~Pt = Pt 


dt 


We can write for the density 


(2) p = Po(l+«). 

where s, the condensation, is infinitesimal. 

With this notation the equation of continuity (3-20 (5)) will assume the 
form 

(3) 


! + Vq = 0, or | = W. 


From (iii), j> = k(? = Kpf( 1 +«)’’ = p»(l+y»). 
ignoring the higher powers of s. Thus (1) gives 


(4) 




Po 


Eliminating s between (3) and (4), we get 
( 5 ) 




at* 

which is the equation satisfied by the velocity potential in the propagation of 
soundwaves. 

14f7. Plane waves. If the sound waves are propagated in one dimen- 
sion only, say, parallel to the z-axis, the equation beootnes 

n 

¥ = ^3z*’ 

the sedation of which (14*60) is 

where and are arbitrary fimetions. This represents a motion in wind 
jlhe velocity potential ^(z) is propagated with speed o in the positive direc- 
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tion of the 2 -axis, while the velocity potential <f> t is propagated in the opposite 
direction also with speed c. 

Thus c is the speed of Bound. Since from (4), 



the speed of sound in any gas can be calculated. The result for air at 0° C., 
about 380 metres per second, agrees closely with the observed figure and 
justifies the choice of the adiabatic law. 

On the above hypothesis of one-dimensional propagation, the velooity 
potential has the same value over any plane for which the value of a; is given. 
Such waves are therefore called plane waves. 

The velocity potential of a plane simple harmonic progressive wave is of 
the form 

<l> = icos^(x-rt), 


where A is the wave-length. The period is t = A/c. 

Sound waves travel with a velocity independent of the wave-length and 
are in this respect analogous to long water waves. 

If the particle whose equilibrium position is 2 is at time t in the position 
we have 


H H A . 2?r A 2 it 

5 = “ = -5 = T"T ( -‘"’ 


Thus tf> = cf , and the actual amplitude of the displacement namely Ajc is 
proportional to the amplitude of the velocity potential. 

To obtain a measure of the intensity of sound we may take this as propor- 
tional to the mean rate at which energy is transmitted across a unit area of 
the wave front. The rate at which the pressure works is given by 


1 



2w4p 0 . 2w . 4 . 

-j^nny (x-et)i- — ^sin’y (as-*), 


the mean value of which over a period is 

. . (Ay l 

Thus tits intensity is proportional to the square of the 


amplitude and 



438 


PLANS WAVES IN A CYLINDRICAL PIPE 


14*88. Plane waves in a cylindrical pipe. Let I be the length of the 
pipe whose cross-section may be any plane curve and whose generators axe 
parallel to the axis of x. We shall seek periodic solutions to represent station- 
ary waves. To do this, assume <f> = f(x) cos nt, Then the equation 

?£ = C, S gi™> !n+$/=0. Thus 
dt* dtf b dx* </ 

# I . nx n . nx\ 

(1) <j> = I A cos — +B sm y 1 cos nt. 

The ends of the pipe may be open or closed. At a closed end the velocity 
vanishes, i.e. ty/dx = 0. \ 

At an open end which communicates with the outside air whose pressure 
is p 0 , the condition p = p 0 must be approximately satisfied, provided that tlie 
diameter of the pipe is small compared with the wave-length. Thus at an 
open end ty/dt = 0. 

If the pipe is closed at x = 0 and x = I, we get, from (1), 

5 = 0, sin {flic) ss 0. 

This latter condition gives 

il 

— = 7T, 2tt, 3tt, . . . , 


and therefore the periods 2 irjn are 

22 22 22 
2c’ 3c ,# ” 


and $ » .4 cos — cosnt, 
c 


where n has any of the above values. 

These solutions can be superposed so that 

, . rrx rrd . 2mx 2w ct 

<f> = A t cos y cos -y+A, cos -j- cos -y-+ • 


Of these terms the first is called the gravest ot fundamental note, the others 
overtones. The frequency of the gravest note is c/(21). The velocity vanishes 
at each end when the pipe is emitting the gravest note, and in addition at 
other points when emitting an overtone. Such points are nodes, while points 
of maximum speed fat a given value of t are loops, using the same terminology 
as in the case of water waves. At a loop the pressure is constant, while at a 
node it is stationary for a given value of t. 

For a stopped pipe, i.e. closed at one end, say a> = 0, and open at the other, 
we have again £ = 0, but since tyjdt vanishes when x = !, we get cos (nl/c) = 0 
Hus 

r ; o,u 
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and the frequency of the gravest note is n/f&r) s c](ti). The open end is a 
loop. 

For a pipe open at both ends we get A = 0 and sm («I/c) = 0, so that the 
frequencies are the same as if both ends were closed but the open ends are 
now loops* 


14*89. Spherical waves. When the disturbance is symmetrical with 
respect to the origin, </> will be a function of the distance r only and of the time, 
We then get, from 14*86 (5) and 2*72, 


at 2 


t*dr\ dr)' 


or 

ft* 9r s 


Thus, exactly as in 14-60, we get 

representing the sum of a diverging and a converging disturbance. 

In the case of a wave diverging from the origin we can write 

and the motion can be regarded as due to a source of strength f(l) at the origin. 
If the source is in action for a limited time and then ceases, by integration over 
an interval of time which includes the whole time of transit of the disturbance 
past a given point we get, from 14-86 (4), 

1 8 di as 0, 

since the value of ^ is zero before and after the passage of the wave. This 
result means that * is sometimes positive and sometimes negative, or that a 


This remark is due to Stokes. Thus a diverging spherical wave of condensa- 
tion cannot exist alone. 

EXAMPLES XIV 

1. The crests of rollers which are directly following a ship 220 ft. long are 
observed to overtake it at intervals of 16-5 sec., and it takes a crest 6 sec. to run 
along the ship. Find the length of the waves and the speed of the ship. (M.T.) 

2. Prove that w « Am^~(z+ih~Yt) 

is the oomplex potential for the propagation of simple harmonic surface waves of 
small height on water of depth A, the origin being in the undisturbed free surface. 
Express A in terms of the amplitude a of the surface oscillations. 

Prove that F*«j~tanh~p, 

and deduce that every value of V less than is the velooity of some wave. ^ 
Prove that each particle describes an ellipse about its equilibrium position. 
Obtain the corresponding result when the water is infinitely deep. (U.L) 



440 


EXAMPLES XI? 


3. liquid of uniform depth A, contained in a vessel with vertical sides parallel 
to Oz, is slightly disturbed ; find the equations determining the motion. 

Show that the velocity potential is of the form 

<j> m f(x, y) cosh k(z+h) cos (crf+e) 

and explain how/, k and a are to be found. Illustrate your answer by the case 
where the horizontal section of the vessel is a rectangle of sides a, b. (U.L.) 

4 . Calculate the kinetic and potential energies associated with a single train 
of progressive waves on deep water, and from the condition that these energies 
are equal obtain the formula 

A 

Show how this result is modified when the wave-length is so small thafi the 
potential energy due to surface tension is not negligible. (R.N.C.) 

5. A train of simple harmonic waves of length A passes over the surface of 
water of great depth. Prove that, at a point whose depth below the undisturbed 
surface is A, the pressure at the instants when the disturbed depth of the point 
is h+rj bears to the undisturbed pressure at the same point the ratio 

, in ( 2 irh\ , 

1 + A eIp ("77 :1 ‘ (M.T.) 

6. Show that the wave-length A of stationary waves on a river of depth A, 
flowing with velocity v, is given by 

gX , , 2 rrh 

■fc^TT 

Deduce that, if the velocity of the stream exceeds J{gh), such stationary waves 
cannot exist. 

7. In a train of waves on deep water given by 

n 


u 2 ' 


<l> « iVhe 


1 cos -j(x-Vt) } 


show that, if (A/1) 1 is negligible, the fluid particles describe circles with uniform 
speed. 

Prove that, to a second approximation, the surface particles have a slight mean 
drift in the direction of propagation. (E.N.C.) 

8. Plane progressive waves, in water of depth A, whose velocity potential is 
? 008 {"(* “• «+» « 


are reflected at a rigid vertical wall occupying the plane z « 0, the axis of % being 
vertically upwards and the origin of coordinates in the undisturbed surface. Find 
the velocity potential of the reflected waves and show that the paths of the particles 
are ellipses the planes of which are vertical only in the plane x - 0. (TJX.) 

9 . Investigate the wave motion occurring at a horizontal interface between 
two fluids, of which the upper one of density p t has a general stream velocity V, 
and the lower one of density p x is at rest except for the small motion, the fluids 
being otherwise unlimited. 

Snow that the wave velocity c of waves of length A is given by the equation 
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and prove that, for a given value of V, waves below a certain wave-length cannot 
be propagated. (UX.) 

10* An infinite liquid of density a lies above an infinite liquid of density />, 
the two liquids being separated by a horizontal plane interface. Show that the 
velocity v of propagation of waves of length A along the interface is given by 


&P- 

2 7t p+O 


Prove that, for any group of such waves, the group velocity is equal to one-half 
of the wave velocity. (B.N.C.) 

11. A layer of liquid of density p and depth h lies over liquid of infinite depth 
and density <r(>p). Neglecting surface tension, show that two possible types of 
waves of length 2ir/m can be propagated along the layer, with velocities given by 


■p " and F 2 = - 

m m or coth roA+p' (R.N.C.) 

12. Two incompressible fluids of densities p x , p 2 (p 1 >p 2 ) are superposed. The 
upper fluid is moving as a whole with velocity £/, , and the lower with velocity U t , 
in the direction of the axis of x, which is horizontal, that of y being vertically 
upwards. Show that the height rj of a wave disturbance, whose velocity potentials 
in the two fluids are <f > x , <f> t respectively, satisfies the following equations at the 
boundary : 



Jti _ h.rj 

dy d t + l dx’ dy 3 1 *3*' 


Obtain the velocity of propagation of waves of length A at such an interface if 
V t * 17, « 0, and both fluids are of infinite depth. (R.N.C.) 

18. The fluid in the region 0<z<h } of density p t , separates two fluids of 
densities p l and p i , occupying the regions h<z< ao and - oo <z<0, respectively, 
when at rest under gravity ; andp 1 <p,<p 3 . If waves of length A, large compared 
with A, are set up in the middle layer, find the two possible velocities V x , F, of 
propagation, showing that one value F x is independent of />, and such that a group 
of such waves of sensibly the same length advances with a velocity \V X , whilst the 
other value F, is independent of A. [The axis of z is taken vertically upwards.] 

14. If the plane z « 0 is the horizontal interface of two otherwise unlimited 
incompressible fluids, of which the upper one, of density p x , is moving as a whole 
with velocity U in the direction of the axis of x, while the other one, of density p 2 , 
is at rest, snow that the conditions of continuity satisfied at the interface by the 
velocity potentials <f> x , <f> t of small disturbances from the steady state in the two 
fluids can be written in the form 


Mi a* ’ 


Prove that a disturbance of wave-length A will be propagated along the sorfaoe 
of separation with a real velocity only if 


A> 


fa*/ 1 Pi Pi 
9 h 
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15. Obtain the conditions to be satisfied for small oscillations at the horizontal 
interface of two semi-infinite liquids of densities p, p (p>p) moving with general 
stream velocities U t W in the same horizontal direction, the surface tension 7 
being taken into account. 

Show that there are two possible wave velocities for a wave of length A, namely 

pU+pW iJjjp-p ' 2 t tT rf(U-U'? 

p+p "ty 2it p+p ,+ \(p+p') (p+p')* (U.L.) 


18* Two liquids, which do not mix, occupy the region between two fixed hori- 
zontal planes. The upper, of density p' and mean depth h\ is flowing with the 
general velocity U over the lower, which is of density p and mean depth A, and is 
at rest except for wave motions. Prove, neglecting viscosity, that the velocity V 
of waves of length 2 ir/h, travelling over the common surface in the direction o)j U, 
is given by 

pF 2 coth kh+p' (17-F) 2 coth W = T t k+g(p-p’)lk, 

where T x is the surface tension. 

Apply the result to discuss the stability of the surface of deep water over which 
a wind is blowing with a given velocity. [For numerical purposes g may be taken 
as 980, and T x as 74 in C.G.S. units, and p'/p may be taken to be 0*0013.] (U.L.) 


17. Liquid of density p and depth h lies over a fixed horizontal bed ; above it 
is a layer of liquid of density p' (<p) and thickness h\ and the upper surface is a 
fixed horizontal plane. Obtain an equation to determine the velocity F of waves 
of length 2ir/m at the common surface, the surface tension between the two liquids 
being T v 

Prove that, if h, h' are both small compared with 2 7r/m, 

ph +pA 

approximately. (U.L.) 

18. Two portions of a large uniform stream of liquid of density p, flowing with 
velocity U ', are separated by a plane boundary of perfectly flexible fabric, of mass m 
per unit area, ana subject to a tension T, the boundary being parallel to the stream. 
Show that waves of length A can be propagated along the fabric, in the direction 
of the stream, with a velocity F given by 

mV*-T+^(V-V)*- 0 , 

TT 

provided that 2'(l+■^)>ml7 , . (B.N.C.) 

19. Explain, giving the necessary theory, why a flag flaps in a breeze. 

90. Find the wave velocity of a train of simple harmonic waves, of wave- 
length A, moving under the influence of gravity and capillarity on the common 
surface of two fluids of densities p and p\ when T is the surface tension. Show 
that there is a minimum wave velocity ; find its value and that of the correspond- 
ing wave-length. Prove that the group velocity of a group of waves of nearly the 
same amplitude, wave-length, and phase is greater or less than the wave velocity 
according as the wave-length is less or greater than that corresponding to the 
minimum wave velocity. Mention any phenomenon which is explained by this 
iemlt. 
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2L A layer of liquid of density p x and height h rests upon the horizontal surface 
of unlimited liquid of density If T x , T t are the surface tensions at the 

upper and lower boundaries of the layer, prove that the velocity F with which 
waves ate propagated along the layer satisfies the equation 

P 4 fc 8 Pi(ps+Pitanhfch) 

- F*&[fc* {ft (2\ + T 2 ) + p % T x tanh hh ) + p x p t g(l + tanh hh)] 
+{^I 1 1 +p 1 ^}{i*r a +(p 2 -p 1 )^}tanh^ ® 0, 
where 2 \irjk « wave-length. (U.L.) 

22. An impulsive pressure w 0 +©! sin m is applied to the free surface of deep 
water at rest. Find the impulsive pressure at any point in the water. Show that 
the initial kinetic energy of the water is mm^jip per unit area of the free surface. 

(R.N.C.) 

23. An impulsive pressure m sin mx is applied to the surface of deep water at 

rest, the origin being in the free surface and the axiB of z downwards. Determine 
the velocity function of the initial motion, and show that the fluid velocity at a 
depths is mar e-^'/p. * 

Work out the corresponding results for shallow water of depth d. (E.N.C.) 

24. Sketch the two-dimensional, approximate theory of the propagation of 
surface waves of small height on a horizontal sheet of liquid of uniform depth. 

Show that the velocity potential <j> and the stream function 0 of a solitary wave * 
are given approximately by 

« -c(x+iy)+ cot tanh £m(a+iy), 

where the z-axis is taken along the bottom of the liquid and the y-axis vertically 
upwards, and where 

me* - g tanh mh, 3 m - 2 sinh 2 mh, 
h being the depth of the liquid. 

Verify that the height of the wave at a distance x from the point of maximum 
height is approximately 

7} » Tfosech^ma:, 

and that, to the same degree of approximation, 

(U.L) 

25. A volume ilhb of water is in a tank bounded by the vertical planes x * ±l t 
y~±b and the horizontal plane z » -A Initially the water is at rest under 
external pressure at its upper surface equal to Po+Fi^/l, where p 0 and p x are 
constants and p x is small. Suddenly this external pressure alters to a uniform 
pressure p 0 . Determine the form of the upper surface at any subsequent time. 

(U.L) 

23. A rectangular trough, of length 2a, is filled with liquid to a depth h } and 
made to oscillate in the direction of its length with velocity u 0 cos pt. Show that 
the velocity potential of the forced oscillations is given by 

* - {-*”»+ 8111 oogh (2n+1 ^^— | cog ft, 

where A , - &«,( - f eech j (2n+ 1)V(1 

Pn denoting the period of free waves of length 4a/(2tt + 1) in liquid of depth h. 

(RJS .C.) 


1 See Lamb 1 ! Hydrodynamic* t § 252 
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27. A long rectangular tank of length 2 a, filled with water up to a small height 
A, is initially at rest, and is then given a small longitudinal velocity Fsinnt 
Show that the height 17 of the free surface above the equilibrium level at time t 
and at a distance x from that end of the tank which is initially rearmost, is given 
by 

.(*-«) 2n ® cob {(«+i)i7»/o}ooB {(*+tM«} 

co, "* + m,_o W+ («+lMa* 


cyjYh * -sin »- 
where <? ** gh and $ is an integer. 


(R.N.C.) 


28. Prove that, if a canal of rectangular section is terminated by two. rigid 
vertical walls whose distance apart is 2 a, and if the water is initially at rest and 
has its surface plane and inclined at a small angle jS to the length of the canal, the 
altitude rj of the wave at any time t is given by \ 


8*P % (~l) n 

** 0 ( 2 »+l ) 2 


sin ( 2 »+ 1 )^* c °s( 2 »+l)^, 


where c is the velocity of a wave of length 4a/(2n+ 1) in an infinitely long canril. 


29. A rectangular box, with four very long edges and two of the faces bounded 
by them horizontal, is completely filled with three non-miscible liquids, whose 
densities and depths are <r lf o Sf cr 3 and l x , l 2 , l s in downward order respectively 
when in equilibrium. Show that c, the velocity of propagation of waves of small 
amplitude along the common surfaces, is given by 

[&m(o x coth ml x +o 2 coth nd t ) -g(o t -crj)] 

[cfyn{<7 2 coth ml 2 +<r 8 coth ml 3 ) -g(a 3 -a 2 )] » c 4 m*a 2 2 cosech 2 ml t , 

where the wave-length is 2 w/ro. (U.L.) 

80. Using cylindrical coordinates (z, ro, 6), show that the differential equation 
for <j> is satisfied by 

zw n m.nd cos crt, 


the free surface of the undisturbed fluid being given by z « h. Oz being drawn 
upwards, find a and show that the solution can represent standing waves of small 
amplitude on the surface of fluid bounded by one of a family of surfaces of revolu- 
tion and by two suitable meridian planes, which are to be determined. 

Find the path described to-and-fro by a particle of the fluid which passes 
through the point ( 0 , w 6 , 0 ). (UX.) 


81. Find the velocity of straight-crested simple harmonic irrotational waves of 
wave-length A, over the surface of deep water. Supposing the waves to be due 
to an initial elevation on a very narrow strip of the surface containing the line 
x « 0 ; z - 0 , prove that, at time t, the form of the surface is given by the equation 




where 6 is a constant depending upon the initial elevation. See Lamb, §238. 


82* The axes of a: and y being horizontal and the axis of z vertically downwards, 

verify that 

k « posable velocity potential for « wave motion in deep water bounded by the 
vertical planes y - ±f 6 cot «, and determine the velocity e of propagation. 
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58. Give the characteristics of long waves in a canal, and determine the velocity 
of propagation. Show that, for a propagation in one direction, the fluid velocity 
at any section of the canal is proportional to the height of the free surface above 
the equilibrium level. 

51 Obtain the equation of motion of long waves in a shallow canal of depth A, 
under gravity, and mid the possible disturbances of harmonic type in such a canal 
of length 2 1 and closed at both ends by a vertical boundary. 

55. The cross-section of a canal is a semicircle of radius a. Prove that the 
velocity of propagation of long waves is K^i, the banks of the canal being 
supposed vertical. 

85* The bottom of a straight uniform canal of rectangular cross-section has 
its vertical longitudinal section in the form y « a sin mx, where a is small com* 
pared with the mean depth A of the liquid in the canal. If the liquid is moving 
horizontally with a mean velocity u in the direction of the axis of x, show that the 
free surface has the form 

sinh mb! 

where b! is given by mu* - g tanh mh‘. (U.L.) 

87. If the bottom of a canal is slightly corrugated, so that the depth is given 
by h+c&mKx, c and Kh being small, prove that, if a stream of velocity U flows 
along the canal, there will be standing waves in the latter, of height rj given by 


Do the corrugations affect the velocity of progressive waves along the canal? 

(R.N.C.) 


88. If the breadth at the free surface and the quantity of water per unit length 
in a canal of uniform cross-section are given, prove that the velocity of propagation 
of long waves is fee same for all shapes of the cross-section. 

A straight horizontal tube of length 2, closed at both ends, whose cross-section 


iB a circle of radius a, is half-filled with water. The tube is slightly tilted and again 
made horizontal. Find the period of the free oscillations of fee water. Prove also 


motion of a diaphragm at one end of the tube, whose displacement at time t is 
b sin »t, where b is small, is 

nb Iva 2n2 

iy7 c08ec ^ (u.L.) 

89 . Obtain the equation of motion for long waves in a shallow trough of depth 
A. Such a trough is closed at one end (x - 0) by a fixed vertical wall, and at the 
other end (x « I) by a piston subject to a prescribed simple harmonic displace* 
ment £ « a cos pt. Find fee forced oscillation in the trough and show that, at the 
piston, the rise ij of the water above the equilibrium level is given by 


where c 1 « gh> 



(R.N.C.) 


40 . Prove that, for long waves in a horizontal canal of uniform depth A, and 
uniform rectangular cross-section, the following equations hold : 

di) ,0« du 0i i 
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where u is the horizontal velocity and ij is the height of the wave above the 
equilibrium level. 

Such a canal is unlimited in the direction x increasing, and is dosed at the 
end x - 0 by a cross-section movable longitudinally. At t « 0 the water in the 
canal is at rest ; the boundary is then given a small velocity u * ^(t) ) the function 
t/j being such that the total displacement of the boundary is always small. Show 
that this generates in the canal a disturbance which is purely progressive, and 

that 1 } m 0 if t<xjc } but r) - (cjg)^ (t - ? j if t> x/c, where c 2 * gh. (R.N.C.) 

41. A shallow trough of length 2 1 is filled with water up to a height h ajnd is 
closed by two pistons with vertical walls, which are constrained to move horizontally 
with simple harmonic motions 

a sin (nt-e) (when x - - 1) and a sin (nt +c) (when x « +1). 

Find the resulting forced oscillation, and show that the amplitude of rj is 
amh (cos 2 e sin 2 mx sec a wi+sin 2 € cos 2 rox cosec 2 ml)i, 
where m * njjigh). (U.L.) 

42. Obtain the equation of motion of long waves of small amplitude in a uniform 
canal of depth h. 

An isolated wave, of any form, travelling in such a canal, strikes a vertical wail 
which forms a cross-section. Show that the wave is reflected without change of 
type, and that, during the impact of the wave on the wall, the water rises to twice 
the normal height of the isolated wave. 

Show also that the horizontal momentum of such a wave is equal to the total 
excess mass of water above the equilibrium level multiplied by the velocity of the 
wave, and deduce the time integral of the additional pressure on the wall, due to 
the impact of the wave. (U.L.) 

48 . Two-dimensional long waves are travelling parallel to the axis of x in water 
of variable depth h. Prove that, if ij is the height of the free surface above the 
equilibrium level, tj satisfies the equation 

If h « x*/26, prove that 

fcis *+«)+«] 

is a typical solution of period 2 irjp ; and use this result to illustrate the variations 
of amplitude and wave-length to be expected in the case of waves moving in from 
deep water up a gradually shelving beach. (U.L.) 

41 Obtain the differential equation of motion of long waves in a canal of 
variable depth h in the form 

w~U 3h i)' 

where rj is the height of the wave above the equilibrium free surface. 

, The depths of a canal for x<0 and x>0 are h, and h t respectively. A pro- 
fcessive wave i j « osmmfx-Fjf), where * gh lt travels along the portion 
of depth hu Obtain the amplitudes of the reflected and transmitted waves and 
discuss its bearing upon the magnitudes of tides in a river separated from the sea 
by a u bar ti shallow depth. 
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45. In a canal both breadth and depth change suddenly, the variation of the 
breadth being from by to bp A progressive wave travels with velocity c x along 
the part of breadth by and is partially reflected and partially transmitted at the 
discontinuous section, the velocity of the transmitted part being c t . Prove that 
the ratio of the elevations at the discontinuous section of the reflected and incident 
waves is 

by C i 

&i c i + Mt (K.N.C.) 

46. A straight-crested earthquake wave passes along the bed of an ocean of 
uniform depth A, so that the elevation of the bed is given by acos2w(x-cr)/A, 
where a is small. Show that the amplitude of the consequent surface waves is 

where V is the velocity of surface waves of length A, 

47. Give the theory of “ long waves ” in a canal of uniform width* and of 
depth A, proving that the velocity of free waves is J(gh). An earthquake wave 
ij 0 m C Qosk(ct-x) travels along the bottom. Prove that the consequent wave 
on the free surface is 

W jy , v 

V = 

48. Obtain the equations satisfied by the elevation tj and horizontal displace- 
ment £ in tidal waves in straight canals of uniform depth. 

Neglecting the rotation and curvature of the earth, and assuming a tide- 
producing celestial body to move uniformly once around the plane of the earth’s 
equator in a day, show that an equatorial canal would contain a progressive wave, 
giving a “ direct ” or “ inverted ” tide according as its depth were greater or less 
than about 13 miles. (U.L.) 


49. If tidal Waves are due to a body assumed to move in the plane of the 
equator at a constant angular rate (once per diem) relative to the point Q at which 
a great circle canal crosses the equator at inclination «, show that thiB results 
in a permanent change of level proportional to sin 2 a cos 2x/a, and the addition of 
two semi-diurnal tides of standing waves, with amplitudes proportional to 
(l+cos*ot)cos2&/o, and 2 cos « sin 2 xja respectively, x being the distance along 
the canal measured from Q> and a the radius of the earth. (U.L.) 


50. Establish the equation 


& 

w 




for the elevation u of the surface in tidal wave motion in a canal of variable section, 
where 6 denotes the breadth at the surface, and 8 is the area of the section. 

Prove from this equation that the amplitude of a progressive wave is nearly 
proportional to H H, where A is the mean depth across a section, if 6 and A 
and their rates of change along the canal vary only by small fractions of them- 
selves in distances of the order of a wave-length ; and verify that this corresponds 

(UX.) 


51. Give an account of the approximate theory of long or tidal waves, explain- 


A ktmonic train of such waves, proceeding with velocity c v meets a u shelf * 
over which the wave velocity is c,; show that it gives rise to a reflected tod a 
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transmitted wave, and compare the amplitudes of these with that of the incident 
wave. 

If, after passing over the shelf, the original depth is again restored, show that 
the ratio of the amplitudes after and before passing over the shelf (neglecting the 
effects of multiple reflections) is given by 

and that the amplitude is always reduced, whether the waves have crossed a shelf 
or a deep. (U.L.) 

52. Obtain, stating any assumption made, the equation of tidal motion/ in a 
canal of varying section, the breadth at the surface being 6, and the mean (lepth 
over this width being A, in the form 


pi.i.Lfkbh). 

dfi b dzV dx) 


An estuary for which b ■> j3i/o, h *■ yxia, where 0<at<«, and /} and y We 
constants, communicates with the open sea at % = a, in which a tidal oscillation 
rj ^ Ceos (nt+c) is maintained. 

Show that the tidal waves of the estuary are given by 

where k * n* a/gy. See Lamb, § 186. (U.L.) 

58. Give the theory of long waves in a canal of uniform depth A due to a 
disturbing potential Q » H exp i (erf -Kz). If the bottom yields to the dis- 
turbing force so that its elevation is t) q ® a exp i(at~Kx), prove that the relative 
height of the waves is the same as if the potential had been diminished in the 
ratio 1 -fi f where g. denotes the ratio of a to the “ equilibrium height ”, ~Hjg , 
due to the disturbance. Prove that this conclusion is not confined to simple 
harmonic waves. (M.T.) 

54. Taking c * 1100 ft./sec., calculate the length of an organ pipe, open at 
both ends, whose fundamental note has the frequency 128. Prove that the 
fundamental frequency will be unaltered if a rigid diaphragm is placed at the 
middle of the pipe. Explain the physical reason for this phenomenon. (E.N.C.) 

55. Show that the possible periods of the air vibrations in a pipe, open at both 
ends and of length % are 

r T T 
2 * 8 * 

whew T « 41/c, and c is the velocity of sound in air. 

If a thin frictionless piston, of mass M, is placed at the middle of the pipe, show 
that the periods (2 w/n) of modes other than the symmetrical ones aw now given by 

nl Jfc 

00t 7 + IS’ 0 ’ 

where W is the tote! mue of air in the pipe. 

Hence show that, if M'/M is email, these periods are 


very nearly. 


4 U'\ T(. ill' \ T(. 4V \ 

T \ u sm)' tv-sps)'- 
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58, A straight tube of length 2 is open to the atmosphere at one end. The 
other end opens into a large vessel in which the pressure at time t is 

i7(l-«sinn<), 


where 17 is the atmospheric pressure and a is a small constant. Find the velocity 
potential of the air within the tube. (R.N.C.) 


57. A horizontal pipe, of length 2, is rigidly closed at one end and open at the 
other. Show that the periods of the air vibrations in the pipe are 4J/ciV, where N 
is an odd integer, and c is the velocity of sound in air. 

If there is a thin frictionless piston, of mass M, at the middle section of the 
pipe, show that the periods (2 ir/n) of the free vibrations are given by 


m 

c 


2 M' cot — , 
c 


where M' is the mass of the air within the pipe. 


(B.N.C.) 


58. A straight tube of length l rigidly closed at one end has the other end 
stopped by a plug of mass M which can move without friction in the tulxf and is 
controlled by a spring. If no air is present the plug can perform small oscillations 
of frequency w/2tt. If the tube be now filled by a mass M' of air at atmospheric 
pressure, and the other side of the plug be also exposed to the atmosphere, prove 
that the frequency a/2 ir of the free vibrations is given by 


, 9 9X . al ocM ' 
(o*-»*)tan- = jjf ■ 


(R.N.C.) 


59. A straight pipe, of length 2 , is rigidly closed at one end, and at the other 
end is an air-tight piston which is caused to oscillate, its displacement at time t 
being a cos nt> where a is small. Find the velocity function for the air vibration 
set up in the pipe, and show that the kinetic energy of the enclosed air is 

• m* ( , ,nf cn , nil . 4 . 

— \ n 2 cosec 2 r cot — } sum, 

4 1 c l cl 

where m is the mass of the air within the pipe, and c is the velocity of sound. 

(R.N.C.) 


60. A thin piston of mass if, placed at the middle of a straight tube open at 
both ends, is controlled by a spring such that the natural period in mm is 2ir/m. 
Show that if the presence of the air is taken into account the natural period is 
2 w/n given by 

if(m*-n 2 ) « 2pcn£tan~, 


where 22 is the length of the tube, and S is the sectional area. (R.N.C.) 

61, A pipe, of length 22, is stopped at one end and open at the other, and is 
divided into two parts by a thin close-fitting piston which slides in the pipe without 
friction, but is controlled by a spring of such strength that its natural period of 
vibration is 2ir/m. In equilibrium the piston is at the middle point of the pipe, 
and the enclosed air is at atmospheric pressure. Show that the period 2 wjn of a 
normal mode of vibration is given by 

o(n a -m 2 ) « 2cncot?~» 

where a is the length of pipe required to contain air equal in mass to the piston, 
and e is the velocity of propagation of sound in ait at atmospheric pressure. (U.L.) 

2r M.f.K. 
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68. Determine what happens when a train of plane waves of sound impinge® 
directly on the surface of separation of two gases in which the speeds of sound 
are e and o'. Show that the fraction (c'-c) 2 /(c'+c) 2 of the incident energy is 
reflected. (R.N.C.) 

68. If nj%r is the frequency of waves symmetrical about the origin within a 
rigid spherical case, of radius a, show that 


, na 
tan — 


c 


na 

c 


(R.N.C.) 


64. Prove that in sound waves of small amplitude the velocity poteiftial <j> 
satisfies the equation 

and prove further that the value of <j> at any time t at any point P of an unbounded 
medium is given by _ \ 


Antf* - JV Jg (ct) dw , 


where the integrations are taken with respect to solid angle {dw) over a sphere of 
centre P and radius ct, and F, G denote the initial values of , respectively. 

Prove that, at a point where there is initially no disturbance, the time integral 
of the condensation over the whole interval during which the waves are passing 
the point is, in general, zero. (U.L.) 

65. The centre of a rigid sphere of radius a at time t is at the point x - b sin nt, 
where b is small. Verify that all the conditions for the surrounding gas are satisfied 
by 

0 ( e in(t-rlc)\ 

<f> m real part of A ^ j — - — j cos 0, 

where c is the velocity of sound, and A is constant. Find the value of A, the 
mechanical force needed to maintain the prescribed motion of the sphere and the 
work done by it in one vibration. (U.L.) 

66. A point source of sound gives rise to a vibratory motion for which 

jl geo sk(ct-r) 


Show that the mean rate of transmission of energy across the surface of a con- 
centric spherical surface is SbrpciPa 2 . ~ 

An organ pipe has one end open and one end closed. Discuss the effect of the 
open end on the periods, and show that for vibrations of fundamental mode the 
modulus of decay is Ifflfrwc, where l is the length and w the area of cross-section 
of the pipe. (UX.) 

67. If the velocity potential (in spherical polar coordinates) for sound waves 
is of the form /(r) e* nt cos 0, show that 

m 

where k * njc and A and B are arbitrary constants. 

A rigid spherical envelope of radius a containing air executes small oscillations, 
so that its centre at any instant is at the point r - bemnt, 0 - 0. 



EXAMPLES XIV 


461 


-fcosfo* mb) . 


where C - n&V&/{(2 - l J a*) mb-2ha cos ka}. (M.T.) 

68 . For long waves in a canal, assuming the result of 14*61, prove that 
dp 3ii 

dx m ^fa > 

and use the fact that the right-hand ode is independent of y to infer that particles 
in a vertical plane perpendicular to the direction of propagation remain in snoh a 


69. If (u, t>) are the small components of velocity in a long wave, use the equa- 
tion of motion and Ex. 68 to show that 

and that 

dt pdx y dx 




Obtain the equation of continuity in the form 

4 


where h is the mean depth. 

70. Use Ex. 69 to show that 

? 2 , 

3f* 


4 * '* 


i) -/,(*+<<)+/, (x-ct). 



CHAPTER XV 


STOKES’ STREAM FUNCTION 

15-0. Axisymmetrical motions. In the preceding chapters we have 
been able to discuss two-dimensional motions in terms of a single complex 
variable and a complex potential. In proceeding to consider motion inpree 
dimensions, we can no longer have recourse to the complex potential. \ The 
simplest case is that in which the motion is the same in every plane through 
a certain line called the axis. Such a motion occurs, for example, when a solid 
of revolution moves in the direction of its axis of revolution in a liquid other- 
wise at rest. 

This type of motion, which is called axisymmetricd, presents some analo- 
gies with the two-dimensional case ; in particular, a stream function can be 
defined, and when the motion is irrotational a velocity potential of course 


The axis of symmetry will be taken as z-axis and the motions are most 
conveniently discussed in terms of spherical polar coordinates (r, 6, m), or 
cylindrical coordinates (z, w, ro), fig. 2-72 (i), (ii). 



15*1. Stokes' stream function. Consider a fixed point A on the axis 
of symmetry and an arbitrary point P. Join P to A by curves AQ t P, AQ t P 
v both lying in the same plane 

through the axis, which for con- 
venience may be called a meridian 
'pi plane. The position of a point in 
) this plane can be fixed by the 

_/ cylindrical coordinates (x, o). If 

B x we rotate the meridian cum 
AQ 1 P, AQJP about the axis of 
Symmetry, a closed surface will be formed into which as much liquid flows 
from right to left across the surface generated by AQtP as flows out in the 
same time across the surface generated by AQiP, assuming that no liquid is 
created or destroyed within the surface. 

If we denote the flux across either of these surfaces by 2mji, the function 
j klitotet! ttmmfunolm, $k> kmi ax the mat function. If we keep 
AQjJ? fixed and replace AQ^ by any other meridian cum joining A to P> 
the argument shows that the value of ^ is unaltered. The stream function ^ 


A 

Fm. IW (i). 
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depends therefore on the position of P, and perhaps on the fixed point 4. If 
we take another fixed point B on the axis and draw the cum BQJP, the flux 
across the surface generated by BQ t P will be the same as that across AQ X P, 
for from the symmetry there is no flow across 45. It follows that the value 
of tft does not depend on the particular fixed point chosen for the definition, 
provided that this lies on the axis. On this understanding the value of the 
stream function at P depends solely on the position of P, and when P is on 
the axis we have ^ = 0 . 

If iftp , denote the values of the stream function at P and P / , the flux 
from right to left across the surface generated by the revolution about the axis 
of any line joining P and F is 2 u^jv- 2 ir 0 p. 

Taking P, F at infinitesimal distance 85 apart, 
the normal velocity from right to left across PP' 
is 1 


A 




2ww hsq n = 2 

whence by proceeding to the limit 


Fig. 15*1 (ii). 


As particular applications of this important result, by taking <fo in turn 
equal to dm> dx, r d8 } dr , we have 



1 1 
rein^rM* ^~rsin0dr’ 


which give the velocity components in cylindrical and spherical polar co- 
ordinates. There is no component perpendicular to the meridian plane. 

The streamlines are given by the equation 

\fj = constant, 

for across such a line there is no flow. 

The dimensions of ^ are X 9 ?* 1 , but the dimensions of the velocity potential 

^ m L*T~K 
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It should be observed that $ exists in virtue of the continuity of the motion, 
and therefore the equation of continuity is automatically satisfied. We also 
note that from the above values of the velocity components 
d{mq 9 ) { d(wqj _ A 
dx + dm ” ' 

which is another form of the equation of continuity. 

The stream function has been defined with reference to a base point on 
the axis. To take the base point elsewhere merely changes by a constant 
(cf. 4-30). Since differences and derivatives of ijj are alone involved we may, 
if convenient, regard ijj as containing an arbitrary constant. \ 

15*20. Simple source. A simple source is a point of outward ragdial 
flow. If the source emits the volume Arm per unit time, m is the strength of 
the source.* 

w A sink is a point of inward radial 

flow. 

If there is a source of strength m 
at the origin, the outward flux across 

^ a sphere of radius r, whose centre is at 

the source, is related to the radial 
pS f,* velocity by the formula Am = 4 irt*q r 

|| ^71 * Thus 

I ty m 




Fro. 15*20 (i). 


r sind rd$ 


. m . D mx 

<b ~ — t w — m cos 9 — 

r f r r 


The stream function can also be obtained directly from the definition by 
considering the flux across the spherical cap cut off by a plane through P 
perpendicular to Ox. w 

If the source is at the point A of the .jp 

axis instead of at the origin, we shall - jrj 

have, fig. 15*20 (ii), / 


AP VH+^-^cos 9 

$ = mcosdj - 1 

Y */r i +&-2orw&9 

In terms of x and we have 

i m 

$ SC 


c m 

Fw. 15*20 (ii). 




* Thai the output k M « Arm. Some writer* o*D if the rireogth (c£ p. $00, footnote). 
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We note that these functions involve x and c only through the combination 
x-c. Hence 

a£__ag cty ag 

dc~ dx 9 dc “"ax’ 

The image of a source in a plane is clearly an equal source at the optical 
image in the plane, cf. 8*40. 

15*21. Submarine explosion. If a spherical cavity of radius £ 0 con- 
taining gas at pressure p 0 begins to expand rapidly in surrounding unbounded 
liquid, we have a state of affairs closely imitating the effect of a submarine 
explosion. Let R be the radius of the cavity at time t, the pressure of the gas 
which is assumed to expand adiabatically, and let the inertia of the gas be 
neglected. Then, by the law of adiabatic expansion, 

£ wy 

p 0 ~ U 8 / ’ 

Gravity being neglected, the motion of the liquid is radial, the velocity at 
the boundary of the cavity being dRjdt = fl\ 

Thus the motion will resemble that due to a source, and we can put 

. m ty m 
"to**?' 

Therefore when r = R, mjl& = R\ Hence 

’ , JMP fl a r+2ftR'* 




If the pressure at infinity is negligible, we see that F(t) is equal to zero, 
for that is the value taken by the left side when r = co . Putting r = 22, we 
havep as yj , and therefore 

RR'+\R* = -s' 

XT 1 ' p 

Multiply by 2R*R and introduce a constant c* = p 0 jp. Then 

d in) pin _ W pi 

Integration, observing that R' = 0 when R = R„, gives 

x* 2 r/fioY /®.Yn 
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[ 15-21 

If y = 4/3, the solution can be completed by writing R = (l+n)£ 0 , 
which gives 

j jr = (l+i«+i»V(H 


As an illustration, if p 0 = 1000 atmospheres and J? 0 = 50 cm., then 
c = 3*16 x 10 4 cm./sec., the radius of the cavity is doubled in 0*004 seconds, 
and the initial acceleration of the radius is 2*00 x 10 7 cm./sec*, which justifies 



Fig. 15*22. 


on Ox and whose plane is perpendicular to Ox, we have 2 mfi = -iraW, and 
therefore 


(1) ^ = 4ro*[7 = 4[V8hM 



The velocity potential is clearly 

(2) <j> = -Ux~-Urm(), 

15*23. Source in a uniform stream. If we oombine a source and a 
uniform stream, we get 

(1) ^--}[/r*sin*0+mcos0. 

The stagnation point is such that j f = 0, q 9 » 0, or 

00080+“, = 0, -Psin« = 0, 

vdtich givetf * it, i* = mjV - a', say. 

The etnamhne which passes through the stagnation point is therefore 


l[/l 4 ^ffi , 0+moo8^ = -178 , . 
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This is the dividing streamline, whose equation may be written in the form 
©* ss 2o 8 (l+cos0), 

and therefore when 0->O, w~>2a, which gives the asymptotes. 



Fig. 15-23. 


The dividing line is shown in fig. 15*23 and can be easily traced by Rankines 
method or from the equation 


e 

r = o cosec - . 

Equation (1) therefore gives the streaming motion past a blunt-nosed 
cylindrical body whose diameter is ultimately 4u. 

The pressure equation gives 



which shows that p->J7 as r increases. 

This result may be used for calibrating a Pitot tube for different positions 
of the side openings, the opening at the nose measuring /7+ while the 
side opening measures p. 

Equation (2) may also be used for calculating the pressure distribution near 
the nose of an airship. 

15 - 24 , Finite line source Consider a line source stretching along the 
axis from 0 to A, the strength at the distance { from 0 being tnja per unit 
length where OA = o. 



Q * 


Fig. 15*34. 


458 FINITE LINE SOURCE [15-24 

The stream function is got by superposing the stream functions of a series 
of elementary point sources of strengths and is therefore 

If® 

$ = - WfCOSOtif, 
ojo 

where a is the angle PQx, and OQ = £ . 


Since 
we have 


t 


x - vj cot a, = m cosec 2 a da, 



w cos a , 

• A Wt) 

sm*a 


and the integration can be effected when is known as a function of f . 

simplest case occurs when m f = constant = m say, and then 



-A-)=-(P0-P4 
sma 2 / a 


|The 

\ 


The streamlines are hyperbolas with foci at 0 and A. 
If we superpose a uniform stream U , we get 


<li = -^Ur* sm*6+™(P0 -PA). 

The dividing streamline must contain the negative x-axis as part of itself 
and therefore corresponds to ^ = - ro, and has for equation 



Now PA 1 = r 2 +a , -2arcoBa l , , PO = r. 

Hence for large values of r, 

P0-PA = 

= a cosa,+powere of f 1 . 

When P recedes to infinity, aj-»0. 

Thus the dividing streamlines are asymptotic to - 

o» = 4J», 6* = m/P. 

We have therefore again the case of streaming past a cylinder with a nose, 
hot in this case more pointed than that illustrated in fig. 15-23. 


15*25. Airship forms. If we combine a uniform stream in the positive 
direction of the aMuds with a point source m at the origin and a uniform line 
sink of total strength -m stretching from the origin to a = o, we get the 
stream function 



AIRSHIP FORMS 
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When P is on the positive 0 -axis, x = r, PO-PA = a, and when Pis on 
the negative awuris, a = -r, PO-PA = -a. 

Thus t/f = 0 contains the whole of the z-axis, and the dividing streamline 
consists of this and a closed portion of airship form, fig, 15*25. 



Fig. 16-25. 


By assuming other laws of variation of the line sink, provided the total 
intake remains equal to the output of the source, a variety of such forms can 
be produced. 

15*26* Source and equal sink. Doublet. Another simple combina- 
tion consists of a source of strength m at the point (a, 0) and a sink of strength 
-m at the point (—a, 0). 

With the notations of fig. 15-26 (i), we get 

<j> = ro(- , ifj = ro(cos 03-008 0^, 

\ r a V 

from which the streamlines can easily be drawn. 


I w 



If the product 2 tM = fx remains constant when w-»-go and 2a -►0, the 
combination becomes a double source or doublet . The corresponding values 
of ^ and may be obtained quite simply as follows. 

We have, by the sine rule, 

r t 2o 2a 

m. B x = 8in(0i-0j) ~ 2 sin 008 
•y q(sin 0, - sin 0i) __ 2 a cos j(P t + 0J 

61106 fl ~ f| ~ sin J(0j-0i)cos}(0i-0 l j cos 


Therefore 


SOURCE AND EQUAL SINK, DOUBLET [15 26 


j fiCOsM+flj) 

. _ m(®-o) m(s+fl) _ /Luccos^gg+flt) fi/1 1\ 
^ ” 7% h ~ ^ftcosj^-gj 2 \fj rj 

When o-»0, ^->^->0, rj-^r^r. Thus, for a doublet, 

j fi cos 6 f ^ixcosB \i _ ^(a^-r*) __ ft© 1 
9 ~ JF” ’ r ~ 3 r ~ ^ “ rS * 


The direction of the doublet is reckoned from sink to source. 
These results also follow from Maclaurin’s theorem, using the 
the end of section 15-20. Thus if (j> x = 1/r, when a is small, 

♦ = 7 + "(l)„.-7 + “(IL'- | ‘S0 

*- 40 -^"'“' 



The streamlines for a doublet are shown in fig. 15-26 (ii). The method of 
drawing them is exhibited in (a) of the same figure. Taking iji = -nw, 



n = 1, 2, 3, .... we draw the circle diameter OA = /t/(»ko) touching the axis 
of the doublet at 0. Draw PM perpendicular to OA and mark 


Then, HOQ = r, 


OQ = OM = OP m9 = OA sin* 9. 



and so (j is a point on the streamline. 

lie image of a doublet in a plane is an equal but enti-paraM doublet at 
tie optical image in the plane, cf. 8-42. 
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15*27. fUnkine’s solids. If we combine the source and equal sink of 
section 15*26 with a uniform stream V in the negative direction of the 2 -axis 
the stream function is 


(1) ^ = A I7r 2 sin 2 0 + m (cos 0 2 - cos 0i). 

When P is on the axis, 0 = 0 or 7r, while d i ~6 l = 0, except for points 
between source and sink, where 0 i -6 1 = n. 

Thus ^ ss 0 contains the whole of the axis except the part between source 
and sink and therefore gives the dividing streamline, whose equation is 

(2) w t +b % (coB6 2 -co&6 l ) = 0, 6* = 2m/P. 

Since cos S x , cos 0 2 are each numerically less than unity, it follows that w* 
cannot exceed 26*, and therefore the dividing streamline is closed. 

The dividing line generates by rotation about the axis a dividing stream 
surface which is clearly symmetrical with respect to the plane 2 = 0, since 
the equation is unaltered if the signs of m and V are reversed. We have thus 
the streaming motion past a closed solid of revolution of oval section, fig. 15*27, 
where A is the sink, B is the source, called a Rankine’s solid. 

The points C and D where the stream divides are stagnation points. To 
determine them we may differentiate the stream function, or more simply 



observe that the stream at D neutralises the velocity due to source and sink, 
so that if OD = i, OR = a, 


which determines I and therefore the length of the solid. To determine the 
breadth, if OB » A, equation (2) gives 26* cos « = h\ where a is the angle 
R40, Hence 

<41 - - - 

which determines the breadth. 
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Solids constructed in the above manner by a suitable distribution of 
sources and sinks have a practical value as well as a theoretical interest, for, 
the source distribution being known, it is easy to calculate the velocity and 
hence the pressure. The comparison of the calculated with observed results 
shows that the pressure follows the theoretical distribution closely on the 
anterior part, and for moderate streams shows a departure only near the rear 
where there is a sudden drop below the theoretical value. It is this drop 
which causes the drag actually found in practice. 


15*28. Green’s equivalent strata. A connected closed surfai 
separates space into two regions R x and R 2 . Let dn v dn 2 denote element 
normal to S drawn into R x and R 2 respectively. Then 
(1) d (l\ d fl\ 


dn« 


dn x 


Let ^ and <j> 2 denote the velocity potential of acyclic irrotational motions 
in the regions R x and R 2 respectively. 

Consider the motion given by From 2-63 (2) we have 



dS when P is in R x , 
when P is in R 2 . 


We can interpret (I) by saying that at any point of R x the velocity potential 
of the actual motion is the same as that which would be produced by 

(i) A distribution of sources of strength (- fyi/3»i)/4w per unit area 
distributed over the surface S together with 

(ii) A distribution of doublets of strength ^/4 t t per unit area distributed 
over 8. 

These distributions constitute Orem's equivalent stratum of sources and doublets. 

The distributions will give the actual velocity at any point of R x and zero 
velocity at any point of R v 

Turn now to ^ A point P in R x is external to R t and therefore (3) gives 


» •--sUJMX©* 


PiuR x . 


Adding (2) and (4) we get 



Hie again can be interpreted as a distribution of sources and doublets. He 
equivalent stratum already found is therefore not unique. If, however, we 
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take fa = fa over 8 , the second integral in (5) vanishes. Also if we replace 8 
in thought only, by a membrane, we have on S, - tyjds = - dfafis, so that the 
tangential velocity is continuous but the normal velocity is discontinuous. In 
this case we have a unique source distribution of strength 

— {dfajdn>i 4 * dfaldn^lbr 

per unit area which would produce the given motion. 

Alternatively let us choose fa so that (dfa ]dn x + d^Jdn^) = 0 over 8. Then 
the first integral in (5) vanishes and we have continuous normal velocity but 
discontinuous tangential velocity over S, which is therefore a vortex sheet. In 
this case we have a unique doublet distribution of strength (fa- fa) fin per unit 
area which could produce the given motion. 

It emerges from this result that a vortex sheet can be replaced by a dis- 
tribution of doublets. 

If the motion in R x is cyclic, with cyclic constants k v k Z) we can use 
doublets, but not sources, to give 



Here fa is one-valued in the region R 1 modified to become simply connected 
by introducing barriers cr lf ct 2 , and fa is the velocity potential of acyclic 
motion generated in fi 2 , when proper normal velocities are applied to each 
element dS of an imagined membrane coincident in position with the original 
boundary. 

* 

15*29. Butler’s sphere theorem. The circle theorem of 6*21 has an 
analogue which applies to axisymmetrical motions. Let /(r, 6) be a given 
function of the two spherical polar coordinates r and 6 and let a be a given 
positive constant. Define 

(i) /*=/*M) = ;/(°7. *)■ 

We can then state the following theorem, f 

Butler's sphere theorem. Let there be axisymmetrical irrotational flow, in 
incompressible inviscid fluid with no rigid boundaries, characterised by the 
stream function fa = fa(r } 8) all of whose singularities are at a distance greater 
than a from the origin, and let fa = 0(r*) at the origin. If the rigid sphere r=a 
be introduced into the flow, the stream function becomes 

{2) * = *,-*,* = -^7.*)' 

1 8. F. J. Butler. Pm. tomb. Phil. Soc. 49 (1983) 189-174. 
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Proof. The conditions to be satisfied are 

(i) the flow given by 0 must be irrotational, 

(ii) 0= constant, when r=a, 

(iii) 0 O * has no singularities outside r=a. 

(iv) The velocity due to 0 O * must tend to zero as r tends to infinity, and 0/ 
must introduce no net flux over the sphere at infinity. 

From 15*1 and 2*72 (4) the condition of zero vorticity derived from the stream 
function 0 is 


(3) 


r^+sinfl; 
dr 2 c 



0 . 


By direct differentiation we readily verify that if 0 O satisfies (3) so dc 


W 



This disposes of (i), and (ii) is clearly satisfied since 0=0 when r=a . 

Since r and tfjr are inverse points with respect to the sphere r =a, if one point 
is inside the sphere, the other is outside. Thus the singularities of 0 O being all 
outside the sphere, those of 0 O * are all inside. Thus (iii) is satisfied. 

As to (iv), 0 O is regular inside the sphere r = a and near the origin 0 O = 0 (r*). 
Therefore at infinity 0 O * = 0(l/r). From 15-1 it then follows that the velocity 
at infinity due to 0 O * is 0( l/r 3 ) which tends to zero as r tends to infinity. For 
the flux we have jq r dS = 0(l/r) which also tends to zero. q.e.d. 

The same method of proof shows that if all the singularities of 0 o (r, 8) are 
inside the sphere r=a, and if 0 o =O(l/r) for large r, then (2) gives the flow inside 
the sphere when r-a is made a rigid boundary . Here (iv) is replaced by the 
condition that 0/ gives finite velocity at the origin. The proof is left as an 
exercise. 


15*30. Sphere in a stream. The stream function for a uniform stream 
from right to left is Jtfr 2 sin 2 8. Therefore from Butler’s sphere theorem, 
when the sphere r = a is inserted, 

(1) * = \Ut* 

We note that this is the stream function due to the combination of a stream 
-Panda doublet of strength \Va l at the origin. Thus the velocity potential is 

(2) * = u(re **+£%¥)• 

The streamlines can be drawn directly from (1), or more easily by first 



SPHERE IN A STREAM 
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drawing the streamlines of the doublet as in 15*26 and then applying Rankine’s 
diagonal method to a superposed uniform stream. 

The velocity at any point of the sphere is tangential and therefore from 
(2) its value is -tyjrdd = ffl sind/2. The stagnation points occur on the 



axis when 0 = 0 or ir, and the maximum velocity of slip is 317/2 round the 
equatorial belt which is perpendicular to the direction of the stream. 

The pressure at any point of the sphere is given by 

* + !E« V. 

pop 

where il is the pressure at infinity. The points of minimum pressure occur on 


and therefore the condition that there shall be no cavitation is thatp 0 >0, i.e. 

n>yu \ 

In accordance with d’Alembert’s paradox, the resultant thrust on the 
sphere is zero. The thrust on the anterior hemisphere is given by 



The thrust on the rear hemisphere is equal but opposite to this. 

15*31, Kinetic energy* When the motion is irrotational, the kinetio 
energy of the liquid contained in any region bounded by surfaces of revolution 
about the axis is given (3*72) by 

■-+I** 

where dnisan element of normal drawn into the liquid at the element iS of 

Sd M.T.R. 


■* 
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area of the bounding surface. In the present case, dS = 2m ds, where d$ is 
an element of arc of the meridian curve of the boundary. Also 


1 

dn wds 1 


since each represents the normal velocity, and therefore 

(1) T = irpj^, | 

the integral being taken round the portions of the meridian curves on one side 
of the axis, fig. 15*31, in the sense indicated by the arrows, the fluid peing 
comprised between the surfaces generated by ABC, DEO . \ 

If the outer boundary is absent, the integral is then taken round ABO in 
the clockwise sense. Changing the sense of description, we get 



the sense now being anticlockwise. 

Another expression for T in terms of the stream function only is obtained 
by observing that integration of (1) by parts gives 



taken round the boundary in the sense indicated in fig. 15*31. 


15*32, Moving sphere. When a sphere moves with velocity V in a 
liquid at rest at infinity, the velocity potential and stream function are at once 
deduced from 15*30 (2) and (1) by superposing a uniform velocity U in the 
positive direction of the 8-axis, so that 

i 1TT , cos $ . lrT .sin 1 ® 

It is important to observe that these results now refer to an origin moving 
with the sphere, so that even when V is constant the motion is not steady* 
The kinetic energy of the liquid is given by, 15*31, 


• It Is then nfcttoly steady, MU 
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im) 

cos*0s mSiS = |ir/>D*a 8 = JATD 8 , 

where AT is the mass of liquid which the sphere could displace. 

Thus the total kinetic energy of the system, solid plus liquid, is 

r.M(J if+iW 



If the sphere falls under gravity in an infinite liquid, the forces acting 
upon it are the weight Mg vertically downwards, the buoyancy M'g vertically 
upwards, and the resistance \ W dV jit also vertically upwards. Thus 

so that tiie acceleration is 

dV M-M’ _s-l 
it ~M+\M ,S = :\ l 9 

where 8 is the specific gravity of the sphere compared with the liquid. 

This result implies that the effect of the liquid is to reduce the acceleration 
due to gravity in the ratio s- 1 : s+i In particular, if a<l, the sphere rises 
with the acceleration given by the above formula. This has an obvious 
application to the motion of a balloon. 

Darwin has shown* that the type of investigation leading to 9*222 (9) can 
be applied to a three-dimensional body moving in the ^direction to give for the 
drift volume 



wherein the ^integration must be done first. The hydrodynamic mass is then 
P D. 

In the case of the sphere ra* and the hydrodynamic mass is therefore 
pf' as obtained above. 


* hoc. at. p. 235. 
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15-33. Pressure on e moving sphere. The pressure equation is 


( 1 ) 




Let r = OP be the position vector of the point P (fixed in space) with 
regard to 0 the centre of the sphere. Then 

* t£ur, 


( 3 ) 


% 

dt 


? ¥ + *J u M?S Ur - 


and therefore U cos 6 = velocity of 0 along OP = - dr fit. 

Let f ss dU/A be the acceleration of the centre of the sphere. 
Substituting in (3), we get 


dt V 
Substituting in (1), we get 


3o» 

2H 


I7‘cos ! 0. 




since all the terms on 


r = oo . 


V — = |af+JP*(9cos»0-5), 

P 

where a is the point (r) r _, of the sphere. 

These results can also be obtained at once from 3-61. 

15*40. Image of a source in a sphere. Consider a sphere, centre 0, 
radiusa. 

Let there be a source of strength m at the point A (/, 0, 0), and let P be any 
point. If AP makes angle 0, with the positive direction of the axis, the stream 
function tot the source alone, adjusted to vanish at the origin is 


= »(l+cos0i) 



(I) 0 = m(l+cos0,)-ro(l+cos0 1 )* 


~ m+*noos0,-- — m(cos 0,)* 
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He evaluation of (cos 0J* offers no special difficulties but the solution of 
tins and similar problems connected with the sphere are facilitated by some 
simple geometrical considerations. In fig. 15-40, Bis the inverse of A so that 

(2) OB = j=f 1 J = , 



Draw BL, OM perpendicular to OP, PB. Then 0, M,B,Lm concyclic so that 

(*) PO.PL = PB. PM. 

Now f l * = r*+/»-2/rcosd, r e « = r‘ + /'«-2/'rco.0, and therefore from 
15*29(1) 

(4) W * =[{? +/*-— coseV , ‘ = r - .£• «&. 

r I a r a 
Again ooafl,= (rcosO-/)/r, and therefore 

(cos^-f-cos e-f)l&=- r .n = J. 

<*U J )lr a PB a‘ PO 

from (3) and so 

(5) (cosd,)* = = iL^hzL*. 

a a 

Therefore from (1) 


</> = tn+mcosffj-^fr-rJ+y cob 8 ,. 

The last two terms constitute the image of the source in the sphere, which thus 
consists of a source of strength rna/f at the inverse point and a line sink of 
strength m/a per unit length stretching from the inverse point to the centre. 

Image of a radial doublet in a sphere. Consider a doublet of 
length p placed at A along a radius of a sphere of centre 0, radius a. 

OA as axis of p, the stream function due to p alone is 

^0 = -pm* djh = -^(l-cos'^/fj, 
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using the diagram and notation of 15*40. By Butler’s sphere theorem, in the 
presence of the sphere r = a, we have 


, - jx j Z* f 1 ~ 2W 8 /P0 2 _ ft sin* 0j ftOJtf 2 


But OAf = /' sin 0 2 = (a 3 //) sin 0 2 . Therefore 

, ftw 2 /a 8 \w 2 
r x a + [f tl Jr t * 


ge is an 
the inverse point (cf. 8*81). 


at 


15*42. Force on an obstacle. Let the motion be steady and irrota- 
tional. Let there be n singularities of the flow each at a finite distance from 
the obstacle. Let S 0 be the surface of the obstacle, and let S { (i = 1, 2, . . . , n) 
be spheres of infinitesimal radius, one round each singularity. Let S n+1 be a 
sphere of large radius R conceived as enclosing S t (i = 0, 1, 2, ... , w), and let 
V be the volume exterior to these S { but interior to Then by Gauss’s 
theorem 

y L[« 7 2 "2q(n qW = -f [V i*-2q(V q)-8(q V)q]dr 
.-o J (Si) J(D 

= -[ [2q A (V A q)-2q(Vq)]dr = 0, 

J(V) 

since V q = 0 and V A q = 0, and therefore 

% L.[n? , -2q(nq,]iS = -f [n?>-2q(n q)]dS. 

i- 0 j( 5 ») J( s n+l) 

The integral on the left is independent of iS„ +1 and therefore so also is the 
integral on the right, and if q = 0(1/2?*), it is clear that the integral on the 
tight has its integrand 0(1/2?*) and therefore must anyway tend to zero as 
R~* oo . ' Thus the integral is identically zero and therefore, writing 

(1) u= -inj»+q(nq), 
we have 

(2) -f ud5=i?f uiS. 

J<*> <-iJW 

In exactly the same manner we prove that 

(3) -f i\u<J8* 2 f r,udS. 

J(« <->M 
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Thus if F, L are the force and moment on the obstacle, we see from 3-62 that 

W = 2?pf udS, L= 27 p f r.udS. 

*-i r J(*» i-im A 

Thus the action on the obstacle may be regarded as the resultant of a 
system of forces and moments 

(S) F, = f J (S) oJ8, t, = p J w r ,«a. 



Suppose that the ith singularity is a source of strength situated at the 
position r<. Then, if r is the radius of the infinitesimal sphere S< , we can 
write for point# on the surface of this sphere 


where q< is the velocity at the point r, induced by all causes except the singu- 
larity there. Substituting in (5) and remembering that j n dS = 0 over a 
closed surface, we get 

(6) F i = in-tty p q, , L, = r< A 47r%pq < . 

This sliows that in the case of sources, we can suppose the fluid action on the 
obstacle to be due simply to a force F< localised at the ith source (i = 1, 2, 

To find the effect of a doublet, consider a sink -m at A and a source m 
at B, where AB = v). 

If q is the velocity induced at the sink by all causes except the source and 
the mk t the velocity at the source due to all causes except the source is 

q + = q+(>lV)q -"wM 
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while the velocity at the sink due to all causes except the sink is 
q- = q-mr] /f. 

Thus from (6) we see that at the source there is a force hm p q + and at 
the sink a force - 4 itm p q_. The forces in the line AB cancel and we are left 
with the forces shown in fig. 15*42, Le. in the limit when we have a doublet 
of strength |* = ijf», there is a force and couple 

(7) F = (|a V) q» L = 47rpn A q, 

where q is the velocity induced at the doublet. 


15*43. Action of a source on a sphere. From 15*40 we find that ke 
image system of a source m at distance /from the centre of a sphere of radius 
a, induces a radial velocity ma*f- l (p-a 2 )- % and therefore the sphere is urged 
towards the source by a force 

47rpm ! a 8 


15*44. Action of a radial doublet on a sphere. From 15*41 we find 
the velocity induced by the image doublet at the point (r, 9) to be 

2/i cos 6 a 8 


the pole of coordinates being the inverse of the position of the doublet. From 
15*42 (7) the sphere is urged towards the doublet by a force 


4jt/> 



2fi cos 6 o 8 \| _ 24irp/i 2 o s / 

■ * wU'+n-iFzr 


15-50. The equation satisfied by the stream function when the 
motion is irrotational. If the flow is symmetrical about the x-axis, the 
▼ortidty is (ftom 2-72 (8)) 

= - 1 r itf iUE? ) . 

dx da ~ dx \m dx) da \tn da) ~ sin w v \ a ) 

If tbe motion is irrotational, it follows that 



dx w dx) da \a da) ’ 


winch is the required equation. 

, We shall now prove that the conformal transformation 

*1 = X+Hff =/(f+«1j) =»/({) 
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transforms the above equation into 

where m is considered as the function of f , rj given by the transformation. 


Proof. 


(3) 


2l-i.il al-i.il 

dZi~dx da' d(~ d( dr,’ 


we see * that (1) is equivalent to the vanishing of the real part of 

1 ( I W = A ( IK *£) = K A (: 1 *t) = d l l (\ *£) , 

dz l w dzj dzi U dz x d\ / \® d\ / $ z i K \® dl / 

The first two factors on the right are conjugate imaginaries whose product 
is therefore real, and consequently the real part of 


d n m 
%[*%) 

vanishes and this is equation (2). 


15*51. The velocity. We have 

l(Jx ~ m dx mdm m dz x * 
4 dijj di). 




and therefore 


q ro* ~dz x d^ 


The conformal transformation z x ~ /({) then gives 


1- A < 

q ~w i dz l dldz i ‘dl' 


and therefore 


Again, if d8 ( , ds, are elements of arc in the directions in which f and rj 
increase respectively, we have 

(*,)»+(<*«,)’ - w = w+w =/ w*/'ot 

=mnm 


where J* =/' (J)/ , (0* Thus the velocity components in the directions in 
which ( , ij increase are given by 


ify lty 


♦Note that l may be regarded ms function of the mdependent variables vJjWofJ, ?• Aho 
{ is a function q ( z x only and therefore { is a function of *1 only. 
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or in terms of the stream function by 

= s l 

^ ~ m ds v Jw dr}' ^ a ds ( ~ Jmd£' 

From these results we obtain the equations (cf, 5-30), 

ty = l ty ety = Ity 
d( wdr)* drj~ m d( * 


15*51 Boundary condition satisfied by the stream function, when 
a solid of revolution moves with velocity V in the direction of its axis m a 
liquid, the normal velocities of the solid and 
w / the liquid in contact with it are the same. 

/ Thus 

1 di/r T dm 

-- — =17 cos 9 U -r* 

/ \ © os as 

, \Q \ Integrating round the boundary, we get 

i — > — & 

0 U </» = - iC/ro* + constant. 

Fig. 15-52. 

If the liquid is at rest at infinity, the 
motion there must be unaffected by the presence of the solid and therefore 
0 must tend to a constant value at infinity. Without loss of generality, the 
constant may be assumed to be zero. 


15*53. The sphere. One of the simplest applications of the foregoing 
results is to the motion of a sphere. The transformation 

Zj = x+im as c6 

gives a = cefcosq, © = c e* sin 77 , so that the surfaces £ = constant are 
spheres. For a sphere of radius a we have a = 0 e& The equation satisfied 
by the stream function is 

m If 3/1 3^ 

W sin r} d(l + drj W sin rj <hj 
while if the sphere moves forward with velocity U in the direction of the 

2HUQ8, 



(2) ^ = - m % rj at the surface ; 

(3) ^0 at infinity, where the liquid is undisturbed. 

Equation (2) suggests the trial solution $ » /(£) rin 1 ^. Substitution 
in (1) then gives successively 
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1SW] 

. |[^m-2rf/(f) = 0, 

no-m-m • o, m = b^+c«-<. 

From (3), we see that B = 0 and (2) then gives 
Cc^=4c*Pe*, 

whence ^ sin^/e* = - Ja 8 C/ sin*0/r, 

the result already obtained in 15*32. 

15*54. Stream function for a planetary ellipsoid. A planetary (or 
disc-shaped) ellipsoid is the figure obtained by rotating an ellipse abgut i 
minor axis. This figure is also known as an oblate spheroid. The figures 
the earth and of the planet Jupiter are approximately of this form. 

The transformation 

(1) Zj = xtim = csinhj 

gives x =s e sinh J cos rj, m = c cosh J sin rj, and therefore the curve J » J 9 
is an ellipse in the meridian plane whose semi-axes are 

a = c cosh J 0 , b = c sinh J 0 , 

and so J = J 0 gives a planetary ellipsoid. 

The stream {paction satisfies the equation (15*50) 

(2) *( '■ —) I - ( — -- — —) - 0. 

d( \cosh J sin i] d() drj \cosh tjmrjdrj) 

When the ellipsoid moves forward with velocity U in liquid at rest at 
infinity the conditions to be satisfied by ^ are 

(3) ^ = - JPc* cosh* Jo sin* 7j at the solid surface, 

(4) at infinity. 

Condition (3) suggests the trial solution, ^ =/(J) sin*rj. 

Substitution in (2) gives successively 

f (J) cosh J-f(J) sinh J-2/(J) cosh J = 0, 

/'(f) cosh f -2/(J) sinh f = B, 

Liim.J-, 

df \cosh*J/ cosh* J 

where B and C m constants and (4) shows that 0 * 0. 


a, s- 
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Now, by integration by parts or by direct verification, 

Iar*(=w-”*' 4 “*) +A 

and we take D = 0, since the other terms tend to zero when f-+oo , Thus 
/(f) = iBcoBh^(^/ r coHBinhf). 





Fig. 15-54. 


To verify that /(£)-* 0 when f->oo , we have, for large values of £, 

sinh cosh* £ cot -1 sinhf = sinhf-^— 

which clearly tends to zero. Thus (4) is satisfied. 

To determine B, we have from (3) 

B cosh* £ 0 - cot- 1 sinhf.j =- V<? cosh*f 0 . 


>°\cO8h*f 0 ^ *7 * 

Now a = ccosh£ 0 , b =aJl-e? = csinh f 0 . 

Therefore B = - JJ<?l(e4\-# - sin^e). 

Thus, finally, 

To find the velocity potential, we have from 15-51 
d<t> 1 

0ij “ ecoshfaiinj3f‘ 

Therefore, from (5), 


^s=-(2-2rinh{cot -1 amhf)Bnij, i = 




Z7c(l - ainh ( cot -1 sinh () 


Note that ^ is of the form 
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The kinetic energy and hence the virtual mass are then easily calculated 


from the formula 
T = 



sin^e-e^l-e*) * 


The streaming motion past a planetary ellipsoid is easily deduced by super- 
posing a stream - V on the solution found above. 


15*55. For a circular disc moving perpendicularly to its plane, we put 
e = 1, c = a in the formulae of 15*54. 

Thus on the face of the disc (f 0 = 0), we have 

,2 Ua i rr o • . 

9 = — cost], 9 =-|? 7 a 2 sm , T], 

t r 

and the kinetic energy is 

Jn-o 

15*56. Venturi tube. To find solutions of 15*54 (2) which are indepen- 
dent of { we put cty/df = 0 which leads at once to 

$ = Ac cos if, 

where A is an arbitrary constant. The streamlines, tj = constant, are hyper- 
bolas and the stream surfaces are therefore the hyperboloids (of one sheet) 


If we take a particular constant value , we get the flow of liquid through 
a tube whose wall is the corresponding hyperboloid, the smallest section, or 
throat , of the tube being a circle of radius c sin tj 0 . The taper of the tube in 
the neighbourhood of the throat can be made of any degree of fineness by 
taking rj 0 sufficiently small. 

We have thus an idealised representation of the flow through the throat 
of a Venturi tube (1*7), or the working part of a high-speed wind tunnel 

As an extreme case, taking rj 0 = w/2, we get the flow through a circular 
aperture of radius c in an infinite plane wall (a; = 0). As usual in such cases 
the speed at the edge of the aperture is infinite (cf. 6*10). 

From the definition of ^ the flux through the throat is 2#ic(l-cos%) 
which determines A in terms of the flux. 

1557, Stream function for an ovary ellipsoid. The ovary (or egg- 
shaped) ellipsoid, also called a prolate spheroid, is generated by the rotation 
of an ellipse about its major axis. The method of 15*54 can be applied to 
this case by means of the transformation 

g+t0~ccosh{. 
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Pursuing the same steps, we obtain 


[ 19*57 


* — 


IW \cosh £ fsinh* £ log tanh sm*ij 


a 6* a+6-c 

c + c 2 °^a+b+c 


for the spheroid, defined by £ = £ 0 » a = c cosh £ 0 , 6 = c sinh £ 0 , moving 
forward with velocity U in the direction of the a-am 


15*58. Paraboloid of revolution. The transformation 

x+iw = c(£+ irj) % 

gives x = m = 2c£q, 

and therefore a - c£* = - . 

4cf* 

Thus the surfaces £ = constant are paraboloids of revolution whose foci 
are at the origin. To discuss the motion of such a paraboloid progressing 
with velocity V in liquid otherwise at rest, we observe that, at the boundary 
of the paraboloid £ = £ 0 , we must have 

(1) * = 

while the stream function must satisfy 

« mn(kth°- 

We therefore put $ = /(£)ij* in (2), which gives successively 

and therefore 0 = (|5f*+C)ij*. The condition at infinity is no longer 0 = 0, 
for the paraboloid itself is of infinite extent and disturbs the fluid. This must 
therefore be replaced by the condition that the velocity vanishes at infinity 
for points not near the paraboloid. From 15*51, we have 

jW . % . 2j = 

JP BC?+C* 
f * 16c‘ + 4c*?(?+ijV 

The first term on the right does not vanish unless 5 = 0. Therefore we 
must have 5 = 0. 

Hence 0 = Cjj*. 

Comparing this with (1), we get 

<3) 0 = -2<W&y. 
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15*08] 


|«r 



Fiq. 15-68. 


The result (3) can also be deduced as a limiting case of the motion of an 
ovary ellipsoid as follows. Moving the origin to the focus, the transformation 
of 15*57 can be written 

2 +in 7 = ccosh J-c ss 2csinh*i£. 

If we write 2 fc*c for c, and J/fc for 5, this becomes 



and when oo this goes over into x+im = cf*. 

The corresponding changes in the stream function of 15*57 are as follows 
a, 6, c become respectively 

2&*c cosh-, sinh ~ , 2 k*c, 
k k 

while {, rj become £/&, ij/fe Making then gives (3). 


15*40 Comparison theorems. We consider irrotational flow of an 
inviscid incompressible fluid, bounded by streamlines, in a region R of the xy 
plane. There are no sources or sinks inside R. 

The plane may be that of two-dimensional flow or a meridian plane of 
airisymmetricai flow, the 2 -axis being the axis of symmetry. 

The velocity from right to left across an element in of normal to a stream- 
line ^ = constant will be cty/0n where e = lor 1/y according as the flow is 
plane or axisymmetrical so that € is always positive. 

A strip domain is the region bounded by two non-intersecting streamlines 
each having its end-points at 2 ±oo. 

A point P of the boundary will be called a regular point if it is not on the ■' 
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axis (in the case of axisymmetrical flow) and is on the circumference of some 
circle which touches the boundary at P and whose interior lies entirely in 
The stream function ip satisfies the differential equation 

(1) K+h* = *h 

This is an equation of elliptic type and its solutions obey a maximum 
principle , namely that a non-constant ip can achieve neither a maximum nor 
minim um inside its region of definition. j 

Physically this means that the presence of such an interior maximum or 
minimum would demand interior vorticity which contradicts the hypothesis of 
irrotational flow. 1 

If therefore tp is zero on one boundary and equal to a positive constant on 
the other, it follows that ^ > 0 in the whole region between the boundaries. 

Comparison Theorem 1. Let Z), D* be strip domains bounded respectively 
by streamlines y, T and y*, T and let D be contained in D*. 

Let two distinct axisymmetric flows through D and D* be defined by 
stream functions ip and p* such that 

\p ss 0 on y, ip* = 0 on y*, tp = Q = ip* on T, 

where Q is a positive constant ; that is the two flows have the same flux. 
These flows are not to be thought of as superposed. 

If P is a regular point common to y and y*, and if R is any regular point 
on I*, then, for the speeds at P and R of the two flows, 

(2) q(P) < q*(P), q(R) > ?*(*)• 

For either equality to hold it is necessary and sufficient that D-D* y tp~ 0*. 



Proof \ Let Q~ip*~ip and suppose the general flow is from right to left, 
fig. 15*60 (i). 

Ony, 

r, 


<ji = 0 andfls^*>0; 
^=^r* and 0s 0. 
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By the maximum principle if 0 on y t £?= 0 throughout D. 
Iffl>0ony, fl>0 throughout D. 

At P, Qp = 0. Therefore € dQjdn > 0, 

i.e. {*(P)-y(P)>0or ? *(P)> { (P). 

At R, Q r = 0. Therefore € dD/dn > 0, 

i.e. -q*(R)+q[R) > 0 or y(B) > g*(jR). 

This proves the theorem for plane or axisymmetrical flow for which €=1 or 
1/y, both of which are positive. 

Clearly for either equality to hold we must have D = D* $ = 0* q.e.d. 

If we let r recede to infinity so that Q increases indefinitely we still have 
Q = 0 on P at every stage so that finally Q = 0 at oo . The second conclusion 
concerning the velocity of the flows at R ceases to be meaningful, but the 
first subsists in the form of the following theorem. 

Comparison Theorem 2. Let D and D* be flow regions for two plane (or 
axisymmetrical) flows having the same non-zero uniform velocity at infinity. 
Let D and D* be bounded by the single streamlines y and y* extending to 
x= ±oo , If D is a part of D* and if y and y* have a regular point P in 
common, then the speeds at P follow the inequality 

(3) q(P) < q*(P). 

The equality holds only if D = D* and the two flows are identical. 

These comparison theorems seem to be originally due to Lavrentieff, but 
have been given a sharper form by Gilbarg * 

Sevan’ s under-over comparison theorem. f Let R x and R 2 be two regions 
occupied by plane or axisymmetrical irrotational flows and let S x and S 2 
denote the respective streamlines </r = 0. We assume if/ > 0 in each flow. Let 
S x and S 2 have an arc MN in common such that the direction of each flow on 
MN is from M to N . Further, suppose that the arcs QM of S x and NQ of /S 2 , 
having only the point Q in common, together with MN bound a region 

MNQ^R, 

interior both to R x and R%. Let M and N be regular boundary points, and 
let q(M t R x ) denote the boundary velocity at M for the flow R v and so on. 
Then 

(i) 9(M,R x) . q(M,R z ) 

w }M) * ?M)’ 

the equality holding if and only if the flows are geometrically s i mil a r . 

* four. Eatmal Afeetomet and Analysis, 1 (1952), 309-20. 

. t {> Swrin, Jour. Ratumal Mschank* and Analysis, 1 (1952), 563-72. 

8«rfa Qilbwg to prove various uniquenew theorwn* for plow and 

2« tt.T.I! 




Let tftif $ | be the respective stream functions and let P be a point of MN, 
Let 

(5) Qp = q{P, R 1 )<li t -q(P,R i )<li 1 . 

On QM, !ip = q(P,Ri)ifi i ^ 0; 

on MN, Sip = 0 ; 

on NQ, Si P =-q(P, 

If dm is an element of normal at P drawn into the flows, 

JBl-alP piJ „ip 
dn ~ q ^ P ’ ^ 3» ~ 9( ' P> Rti 3n 

= q(P,R 1 )q(P,R t )-q(P,R t )q(P,R l )=0. 

Hence a line Cp issues from P on which Sip = 0, fig, 45-60 (iii). 

2 


Via, 16-60 (iii) 

Consider die region D bounded by QM, MP, Cp. 



O&QM, 


Q f > 0 ; 
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on MP, Qp « 0, 

on Op, Q P = 0. 

By the maximum principle either fl P sO inD or fl/>>0 in D. The latter 
must be the case. 

Hence (e dQ P ldn) M > 0, i.e. 

Similarly in the region D' bounded by C P) PN, NQ , we find that Qp < 0 and 
(dQpjdn)y < 0 or 

(7) f (?,*«) 

and from these inequalities, (6) and (7), the theorem follows at once. QXD. 
We leave the reader to prove that the level line Op passes through Qt 


EXAMPLES XV 

1. Construct graphically the streamlines for a source and equal sink in three 
dimensions* 

2. A source of strength m is placed at the origin in a stream of incompressible 
fluid moving with velocity U in the direction of negative x. Find the equation 
of the surfaces of constant pressure, and trace roughly the shape of the meridian 
section of three such surfaces, corresponding to p=p 0 respectively, where p 0 is 
the pressure at infinity. 

In the case where p - p 0 +/wc< and #f 4 <|I7 a , prove that the plane® « . U 

touches the surface of constant pressure along a circle, and find the radius of this 
circle. (U.L.) 

8. If AB be a uniform line source, and 4, B equal sinks of such strength that 
there is no total gain or loss of fluid, show that 




where c - AB , r x and f % are distances from A, B respectively, and C is a constant 
depending on the strengths of the sources. (B.N.C.) 


4 * Two sources of strengths *», m' are placed at two points, 4, B respectively, 
in an infinite stream of velocity V parallel to AB. 

Obtain the equations of the streamlines in the form 


mcos0+m' cos d' - Ftn*/2 « constant, 


where (*v 0), (r\ 6*) are bipolar coordinates referred to A, B as poles, and AB as 
initial fine, and 0 is the perpendicular distance of any point from AB. 

Show that the mam stream, the stream issuing from 4, and that issuing from 
B t are separated by the loci 


*»/ (rm^j +m’ I (r‘ sin 
-m^(rcosg)*+m'/(r' srn ^)* 


V, 


7 . 


(B.N.C.) 
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5. A and B are a simple source and sink o f strengths ft and ft' respectively, 
in an infinite liquid. Show that the equation of the streamlines is 

ft cos 8 - ft' cos 0' - constant, 

where 8, 8 ' are the angles which AP t BP make with AB } P being any point. 

Prove also that, if /*>/*', the cone defined by the equation 

cos0 - 1 — 2ft / /ft, 

divides the streamlines issuing from A into two sets, one extending to infinity, and 
the other terminating at B. (R.N.CL) 

6. Prove that, if 0, O x , C 2 are points on the axis of x, such that 0C l « cl 
0C 2 m c 2 , and c l c 2 = a*, the function 

, f n-r ax-c. x-c,l 

L « r 2 fj J 

where r, , r 2 are the distances of any point from 0, , C 2 respectively, and 0 is \ 

the origin, gives the motion of liquid due to a simple source of strength m at C t , in 
the presence of a fixed sphere r « a. (R.N.C.) 

7. Find an expression for the potential due to a continuous distribution of 
sources and sinks along the axis of x in a perfect fluid. 

If the distribution is of constant strength s from x = 0 to x = a, show that 
the equipotential surfaces are ellipsoids of revolution with foci at the two ends of 
the line. 

If, in addition to the above, there is a sink of total equal strength at the origin, 
and a steady streaming with velocity V at infinity parallel to the axis of x, show 
that there is a closed stream surface of revolution of airship shape whose total 
length is the difference of the roots of 

x®±x*a - so 2 /(4tt7). (U.L.) 

8. Interpret the motions for which 

(i) ^ • ^ ro2 (^3“ 1 )» 

where r and r ' are measured from two fixed points 0, O' in Ox. 

9* If there is a doublet at the origin of strength p in the direction of the unit 
vector , prove that its velocity potential is 


where r is the position vector of the point at which ^ is calculated. Interpret 
the expression 

10. Determine ^ when the velocity function is 

Jn-L-X. 

\ (*»+©>)♦/ (R.N.C.) 


11. Verify tint 


iji m 
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is a possible form of Stokes’ stream function, and find the corresponding velocity 
potential, (C.L) 

12. A spherical mass of liquid, of radius b and density />, has a concentric 
spherical cavity of radius a, which contains gas at pressure p whose mass may be 
neglected. The liquid is at rest when an impulsive pressure m is applied to the 
external boundary. Show that the initial kinetic energy generated is 

2irw*ablp(b-a)' 

If, during the subsequent motion, the gas obeys Boyle’s law and there is no 
pressure on the external boundary, find the radius of the cavity when the liquid 
first comes to rest. (B.N.C.) 

13. A mass of fluid of density p is bounded by two concentric spherical free 
surfaces of radii r x and r 2 , and, the fluid being at rest, impulsive pressures to, and 
tu 2 are applied to these surfaces. Show that the surfaces begin to move with 
velocities 

grjgj f 2 «nd glllgi r l # 

x)h' p(r (R.N.C.) 

14. A mass of fluid of density p and volume 4wcP/3 is in the form of a spherical 
shell. There is a constant pressure p on the external surface, and zero pressure 
on the internal surface. Initially the fluid is at rest, and the external radius is 
2nc. Show that when the external radius becomes nc, the velocity U of the 
external surface is given by 

m „ yS 

3 P n-(n 3 -l)i (R.N.C.) 

15. A mass of fluid of density p and volume 4wc*/3 is in the form of a spherical 
shell. A constant pressure p 0 is exerted on the external surface of the shell. 
There is no pressure on the internal surface and no other forces act on the liquid. 
Initially the liquid is at rest and the internal radius of the shell is 2c. Prove that 
the velocity of the internal surface when its radius is c is 

/l4p 0 _2J_\l 
\ 3 p 2i-l/ * 

18. An infinite mass of liquid is at rest subject to a uniform pressure p 0 and 
contains a spherical cavity of radius a filled with gas at pressure mp 0 . Prove that 
if the inertia of the gas be neglected and Boyle’s law be supposed to hold through- 
out the motion, the radius of the sphere will oscillate between a and na, where n 
b determined by 

l+3mlogn-n 8 - 0. 

If p be the density of the fluid, and m be nearly equal to unity, show that the time 
of oscillation will be 27r(aty(3p 0 ))i. 

17. A quantity of fluid, self-attracting according to the law of gravitation, 
surrounds a solid sphere of radius a, the radius of the external free surface being 6. 
The solid sphere b suddenly annihilated. Show that, when the radiuB of the inner 
surface is r, the square of the velocity of any point of it is 

jfeff[3(r* - a*) - 6(*» + 2(JB» -6*)] 

i*(*-r) 

where I? - rf+P-a? and k is a constant 
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18. A volume of gravitating liquid is initially at rest in the form of a spherical 
shell of very great radius and contracts under its own attraction, there being no 
pressure on either surface of the shell Prove that, when the inner radius is *, 

*(5)' ^(y-sK^+exV+W+V). 

where « af +c?, y is the constant of gravitation and p and 4^/3 are the density 
and volume of the liquid. 

19. A sphere is moving forward in a straight line with velocity U. Find the 

force required, by direct calculation of the resultant thrust of the fluid. [ 

20. A sphere is projected under gravity at a great depth with velocity V at 

inclination 45° to the horizontal. If the density of the sphere be twice the density 
of the liquid, prove that the greatest height above the point of projection attained 
by the sphere is 5^/(8^). (K.N.C.) 

21. A sphere of radius a is placed in an infinite Btream of liquid flowing with\ 
uniform velocity 7. Show that the streamlines are given by the equation 

(a 3 - r 8 ) sin 2 0/r * constant. 

If the sphere is divided into two parts by a diametral plane perpendicular to 
the direction of motion of the stream, show that the resultant force between the 
two parts is less than it would be if the liquid were at rest, the pressure at infinity 
remaining the same, by an amount 7rpa 2 F 2 /16. 

22. A sphere of radius a is moving with constant velocity 7 through an infinite 
liquid at rest at infinity. If p 0 is the pressure at infinity, prove that the pressure p 
at any point P distant r from the centre 0 of the sphere, and such that OP makes 
an angle 8 with the velocity of the sphere, is given by 

7 8 o 8 r/ 1 a 3 \ 3*7 f « 3 Y1 

Show further that if 7 exceed Jsp Q jbp, a hollow ring is formed in the liquid round 
the equator of the sphere. (R.N.C.) 

23. A sphere of radius a is moving in an infinite liquid with variable speed 7 
in the direction of the axis of x. Show that the pressure at the surface of the 
sphere is least over the Bmail circle 

2a 3 dV 
‘"’“97**’ 

the centre of the sphere being the origin. (R.N.C.) 

21 Obtain the solution for the irrotational motion of Incompressible liquid 
in which a sphere of radius a is moving with velocity V. 

Find the equation of the streamlines in this motion, and prove that the 
equation to the path of a particle relative to the centre of the moving sphere is 

f*sin‘tf(l-£) y, 


where bisa constant depending on the particle. 

Explain why this equation is not identical with that of a streamline; and 
show that the position of the particle on its path is expressed in terms of the time 
by the equation 




(RJT.C.) 
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25. A sphere o f radius a moves with uniform velocity 7 in an infinite liquid. 
Find the velocity potential and show that the equation to the path of a particle 
in the fluid is obtained by eliminating r, 8 between the equations 


x 


reoB0 


Is/fr 8 - 


r»dr 


y ■ r sin 8, r®-o 8 - rc 2 cosec 2 0, 


where c is an arbitrary constant. 


(R.N.C.) 


26. A sphere of radius a is fixed in a liquid which is flowing past it in such a 
manner that at a great distance from the Bphere the velocity is constant. A 
coloured particle of fluid is inserted upstream at a point which lies on the axis of 
the system and its motion is observed. If, while the particle is upstream, its 
distance from the centre changes from z 1 to z % in time T, show that the maximum 
velocity of slip on the sphere is 


2 T 


f a. (s^-a’X^-o) 3 a 
[*, "** ' ' 6 ° g (*,* ■ -aty*! 8 *“ 


o( g i-g»)V3 


2 (z x z 2 +o 2 )+o(s 1 +«,)J 


: 1 < ' 
(M.T.) 


27. A stream of water of great depth is flowing with uniform speed V over a 
plane level bottom. A hemisphere of weight w in water and of radius a, rests with 
its base on the bottom. Prove that the average pressure between the base of the 
hemisphere and the bottom is less than the fluid pressure at any point of the 
bottom at a great distance from the hemisphere, if F 2 >32w/ll?ra 2 p. 

28. A uniform sphere of mass M floats half-immersed in liquid of unlimited 

extent and depth, under gravity. If a velocity V vertically downward is suddenly 
impressed upon the sphere, show that the required impulse « 3MC//2. Prove 
that the upward velocity of the fluid in contact with the sphere at the free 
surface « \V. * (R.N.C.) 

29. A sphere of radius a is moving with constant velocity U through an infinite 
liquid at rest at infinity. If % is the pressure at infinity, show that the pressure p 
at any point of the surface ot the sphere, the radius to which point makes an angle 
8 with the direction of motion, is given by 

p^Po+ipU'il-im'd). 

If the sphere be divided into two hemispheres by a plane inclined at an angle « 
to the direction of motion, show that the normal and tangential components of 
the reaction between the two hemispheres, due to the fluid pressures, are 

wo 1 jp 0 - pU 1 Si T j and fopcPU* sin a cos a respectively. (U.L.) 

20 . If two doublets of strengths p, \t! have a common axis, show that one of 
the stream sheets is a sphere. 

SL End the stream function ^ for a double source at 0 inside a fixed sphere 
of radius a whose centre is on the axis of the double source at a distance c from 0. 

Calculate the pressure at any point of the sphere in this case. (B.N.C.) 

32. A double source of unit strength with its axis parallel to the axis of * is 
placed at the point (0, Q, c) outside a fixed sphere of radius a, having its centre at 
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the origin, and immersed in liquid which is otherwise unbounded. Prove that near 
the sphere the velocity potential 0 due to the double source and its image is 


* 1 /_. n-lo 2 "-^ . fl <fP n _,(u) . 


where r, 0, <j> are spherical polar coordinates, ft - cos 0, and P«.i(ft) is the zonal 
surface harmonic of degree (n - 1). 

[The theorem — - nP n (ft) may be assumed, if necessary.] ; 

Verity the result that the x-component of the velocity of the liquid at (0, Ole), 
due to the sphere moving with a given velocity (in the absence of the double 
source), is \ 

- sJJ** 

where q 9 is the normal velocity at an element dS of the surface of the sphere, and 
the integral is taken over the surface of the sphere, (U.L.) 

88. If a double source S is placed in the presence of a fixed sphere of radius a 
whose centre 0 is distant o from S , find the stream function and show that the 
speed at a point P on the surface of the sphere is 

{3m (c* — a a ) Bin tfj/r 6 , 
where r » SP and 0 « angle SOP . 

Prove that the pressures on the sphere have a resultant 
24m 2 /wrfl 8 c/(c l -o 8 ) 4 

towards the double source. (U.L.) 


84. Determine the hydrodynamical image with respect to a sphere of a doublet 
whose axis passes through the centre of the sphere. 

Prove that, if the distance of the doublet from the centre is great compared 
with the radius, the resultant thrust on the sphere is approximately proportional 
to the inverse seventh power of the distance. 


85. A double source of strength ft is placed at the centre of a fixed hollow 
sphere of radius a, which is filled with incompressible inviscid fluid. Show how 
to obtain the pressure at any point, given the pressure p 0 at the point A of the 
sphere which lies on the axis of the double source, and show that the equation to 
one of the surfaces of equal pressure is 

(r/o) 8 « (1 + J tan 2 0)/(2 -tan*0). (B.N.C.) 


86. A solid is bounded by the exterior portions of two equal spheres of radiUB 
a which cut one another orthogonally and is surrounded by infinite fluid. If the 
solid is set in motion with velocity u in the direction of the line of oentres, show 
that the velocity potential of the resulting motion is 


Jo*u(! 


'cos 0 COS 6' COB 0 ' 


where r, r', B are the radii vectores of a point measured respectively from the 
centres of the two spheres and the point midway between them, and 0, 0*, 0 are 
the angles which these radii vectores make with the direction of motion of the 
•olid. 



mxn&s xv 


87. Find the velocity potential due to a simple source outside a fixed sphere, 
in an unlimited frictionless liquid. 

Prove that the sphere is apparently attracted towards the source and that, 
when the radius is small compared with the distance of the source, the attraction 
varies, to the first approximation, inversely as the fifth power of the distance, 

88. Prove that the velocity potential due to the image of a source of strength 
m in a sphere of radius a is the same as that due to a distribution of doublets over 
the surface of the sphere, the axes being normal to the surface and the strength 
per unit area being 



where c is the distance of the source from the centre and R is the distance from 
the inverse point. 

89. A source of strength m is situated in fluid, bounded internally by a fixed 
sphere of radius o, at a distance c from the centre of the sphere. Prove that the 
velocity potential at a point on the surface is 

2m m. r+c+o 

log , 

r o °r+c-o 


r being the distance of the point from the source. 

Find the magnitude of the velocity at any point on the surface. (U.L.) 


40. Define Stokes’ stream function for motion of incompressible fluid sym- 
metrical about an axis ; show that the following are possible Stokes’ functions, 
and give their interpretation ; r~r' and cos 9, where r « OP, r' - O'P, 6 « iW ; 
0, O' being any two fixed points on the axis of symmetry. 


Prove that 


» p {cos0+-cos0' + 


'r 1 } 


gives the motion due to a simple source S of strength p placed at a distance c from 
the centre of a fixed sphere of radius a, R being measured from the centre of the 
sphere, (r, 6) from S, and (r\ 8') from the inverse point of S with respect to the 
sphere. (UX.) 


41. A source and a sink of equal strengths are placed at the points (0, 0, ±c) 

inside a sphere of radius a with its centre at the point (0, 0, 0). Find an expression 
for the velocity potential at points within the sphere, (U.L) 

42. Find the image of a source with regard to a sphere. 0 is the centre, P, Q 
are points outside the sphere on the same radius, Q being nearer the sphere, and 
P', Q' are their inverse points. Prove that a source of strength p at Q and one of 
strength pa/OQ at Q' produoe the same radial flow at every part of the surface 
of the sphere as a line source uniformly distributed along QP of total strength p, 
together with a line source uniformly distributed along FQ' of total strength 
pajOQ. 

48. A solid sphere of radius a oscillates in an infinite liquid with simple har- 
monic displacement ccospt, where c is snail. Determine the direction and 
magnitude of the resulting oscillation at any given point of the fluid. (R.N.C.) 

44, The centre of a sphere of radius o, in an unbounded liquid, performs small 
linear oscillations, the displacement at time t beingesinnf. Prove that the mean 
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kinetic energy per unit volume of the fluid at the point (r, 0), referred to the centra 
of the sphere and its line of motion, is 

nfp to® a® 

3^ ( 5+3cob2 *)‘ 

Calculate the periodic force necessary to maintain the motion. (R.N.C.) 

45. A sphere of variable radius a moves through an infinite fluid with a variable 
velocity v in a fixed direction. Find the pressure at any point on its surface, and 
show that the resultant thrust of the fluid on the sphere is 

§7rpo a (otJ+3vd). 

46. Fluid, extending to infinity, surrounds a spherical boundary whose radius 
at time t is a+b&innt, the centre being fixed. If there are no external forces, 
show that the pressure at the boundary is 

pQ+lpbn 2 (56 cos 2 rU - 4a sin nt + 6), 

where p 0 is the pressure at infinity. (R.N.C,) 

47. A sphere of radius a is surrounded by infinite liquid which is at rest at a 
very great distance from the sphere, under a pressure p 0 . If the sphere is made 
to vibrate radially so that the radius at any time is a + 6 cos nt, and there are no 
body forces, find the pressure on the surface of the sphere at any time, and show 
that its least value is 

p 0 -n 2 pb(a+b). 

48. Show that the motion set up by impulsive pressures applied to the boundary 
of a liquid iB irrotational. 

A spherical bubble of steam in a large mass of water of density p under no 
body forces suddenly loses practically all its internal pressure by condensation of 
the steam. If at tins instant its radius is a, show that the bubble collapses in a 
time 

f p mm 

v 6ft m 

% being the pressure at a great distance, and that the energy dissipated is 
p 0 (original volume of bubble). (U.L ) 

48. An infinite mass of liquid fills up the region outside a fixed sphere of radius 
a and is attracted towards the centre of the sphere by a forceTi/r® per unit mass. 
If the pressure at infinity is m and the sphere is suddenly annihilated, show that 
the instantaneous change in the pressure at a distance r is (era + pp)jr. 

Knd the velocity of the inner boundary of the liquid at any subsequent time 
and in the particular case where the pressure at infinity is zero, find the time taken 
to fill up the cavity. (U.L.) 

50. An infinite liquid of uniform density p at rest under uniform pressure P 
contains a spherical bubble of radius a 0 , full of vapour, which carries an electric 
charge i uniformly distributed over the surface. Assuming that this charge 
always remains the same and produces an outward thrust on unit area of the 
surfaoe of amount cP/ftra 4 when the radius is a, and that the vapour suddenly 
condenses so that the internal pressure falls to zero, find the pressure at a distance 
; r from the centra of the bubble when its radius is a and prove that then 
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Hence show that, if 3e*/87ra 0 P * a^+a^+OjO® 2 , the radius of the bubble will 
oscillate between the limits a 0 and a 1 and find an expression for the period. (ILL.) 


51. Obtain the differential equation of the surfaces which move so as always 
to be made up of the same fluid particles. 

At time t « 0 a spherical bubble of gas of radius a is at rest within a large 
surrounding mass of heavy liquid of density p which is also at rest. The pressure of 
the gas is p 0 and the pressure of the liquid in the horizontal plane through the 
centre of the bubble is p. Prove that, in the initial motion, the radius of the 
bubble begins to increase with acceleration fa-p)l(pa)$ the centre of bubble 
begins to move upwards with acceleration 2g, and the bubble remains approxi- 
mately spherical, the inertia of the gas and the surface tension being neglected. ^ 

52. The equation of the meridian section of a surface of revolution is 
r - a sec $0, where 0 < 0 The surface is placed in a steady stream of velocity 
V . Show that the stream function is 

U {Jr 2 sin 2 0 - a 2 (l - cos 0)} 

and find the velocity potential. (UX.) 

58. A light thin circular disc of radius c is at rest on the surface of still liquid 
of density p f of infinite extent and depth. A vertical downward impulse 1 is 
applied to the centre of the disc. Show that the velocity communicated to the 
disc is 3Ij(ip(?). (U.L.) 

54. (Oblate) spheroidal coordinates £, /i, w are obtained from cylindrical co- 
ordinates w, x, to by the transformations 

w+ix « &sin( 0 +»r 7 ), 
f-sinhij, cos0. 


Obtain Laplace’s equation in these coordinates in the form 




+ _L** 

+ £* + l 00)*’ 


Find the boundary conditions in terms of these coordinates when an oblate 
spheroid is moving along its axis with velocity U in an unbounded fluid otherwise 
at rest. 


55. An airship in the shape of a prolate spheroid, of polar semi-axis a, equa- 
torial semi-axis 6, is moving with speed U parallel to its axis of revolution in air, 
which may be treated as an incompressible fluid. Find an expression for the 
velocity potential at any point of the fluid, and also for the pressure at any point 
of the envelope of the airship, the pressure at infinity being ir 0 . 

56. Prove that when a spheroidal disc in which a » b * 100c moves through 
water, with a velocity of 1 ft./sec,, in the direction of its smallest axis, the speed 
at the rim is about 63 ft./sec. 

57. Obtain the formula - \p JJ ^ dS 


for#e kinetic energy of a fluid, which is in a region bounded internally by a mov- 
ing surface S, and is at rest at infinite distances ; n being drawn into the fluid. 

Prove that, if 8 is a prolate spheroid, of eccentricity tanh a, moving parallel 
to its axis of symmetry with velocity 7, the kinetic energy of the fluid is 
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* sinh«cosha-V 


where M' is the mass of the displaced fluid. (U.L.) 

68. Show that in spheroidal coordinates (ft, {, a>) defined by the equations 
x**ap( f y**w coso), z»t&sinw, 
w - o(l- M *)i(£*+l)i, 


d_ 

dp 



1 d % $ 

+ l-ft* dm 2 



+ 




If a thin circular disc of radius a is moving with velocity V parallel to its axl| 
in an infinite mass of liquid, prove that the velocity potential is 

^-(M/»)/t(l-{ooH{), \ 

and show that the kinetic energy of the liquid is |pa 3 l/ 2 . (U.L.) 

59. The space bounded by the paraboloids - oz, a^+y 2 « 6(«-c) 
[where o, 6, c are positive and b>a] outside the former and inside the latter con- 
tains liquid at rest. Suddenly the bounding surfaces are made to move with 
speeds U, V respectively in the direction of the z-axis. Prove that in the motion 
instantaneously set up the surfaces over which the current function is constant 
are paraboloids of latus rectum ab(V - V)j{aU - bV). 

60 . If m+ix «/(£• show that the equation 

im.im . o 

drj\mdr}/ 

has a solution of the type $ raiUF where I/, F are respectively functions of f, tj 
provided that 

(| MD 

If (£+ iij) (w + ix) o, show that there is a solution of the type 

i/i ~{(P+vT^ e±m ^ W- 



CHAPTER XVI 

SPHERES AND ELLIPSOIDS 


16*0. The discussion of irrotational motion of a liquid in space when 
symmetry about an axis no longer exists, resolves itself into the determination 


satisfied, in other words the velocity potential must satisfy Laplace’s equation 
w = 0. Solutions of this equation are called harmonic f undims, concerning 
which a vast literature exists which it would be impossible even to summarise 
here. We shall merely investigate certain special types of solution of which 
immediate application will be made to the motion of two spheres and the 
ellipsoid. 

16*1. Spherical harmonics. Laplace’s equation in cartesian coordi- 


( 1 ) 


*+-,+ 3.01 


Any homogeneous solution of this equation is called a spherical harmonic. 
Obvious examples of solutions are 1, x, y, z, yz, &-tf. If ^ is a harmonic 


V* a» also homogeneous functions of different degrees and therefore cannot 
cancel one another identically when added together. Expressed in polar 
coordinates r, 0, a, the equation becomes, 2-72, 

The velocity potential of a simple source ^ = m/r is a spherical harmonic, 
as is also immediately obvious by substitution in (2). If the source is at a 
pant A on the axis of r distant c from the origin, fig. 16-1, we have 4 - m/S, 
where S = AP, and this, being a velocity potential, must satisfy Laplace’s 
equation, for it was derived in 16*20 from the equation of continuity. Now 

B» = r*+c , -2crcosd 

sf^i-yCOSfl+jjj =C , (i-^CO80+“ j. 
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If A<1, we have an expansion of the form 

(l-2Acosfl+A«)-i = 1+AP 1 (co8 0)+A*P s (cos 0)+..., 
where the coefficients Pi (cos 6), P, (cos 6), . . . , are independent of A. 


[16-1 



Thus, if r< e, putting A = r/c, we have 


g = ■ +^jP 1 (cos0)+^P t (cos0)+. . . , 

while, if r>c, 

£ = ; + £* , i(c°s0)+^j(c°b «)+.... 


Since the terms in r, r 1 , . . . , r' 1 , r~\ . . . of these expansions are homo- 
geneous but of different degrees, as remarked above, each must be a spherical 
harmonic. Thus we have the two sets of spherical harmonics (ignoring the 
constant c), 

1, rP 1 (cos 0), r*P t (cos 0), . . . , 

1 P 1 (CO8 0) Pj(cos 0) 
r 1 r* ’ r 8 


each of which satisfies Laplace’s equation identically. It is easily proved by 
expanding by the binomial theorem that 

P l (cos 0) = cos 0, Pg(cos 0) = $(3 cos*0- 1), 

and so on.' The functions P„ (cos 0), n = 1, 2, 3 are known as Legendre’s 

functions or zonal hamonia (of the first kind). These functions are appro- 
priate to problems dealing with spherical boundaries. Thus for streaming 
past a sphere, we have 

^ = [7^rcos0+pcos0j 
- UrPi (cos 0) + J [7a* , 

which involves the two spherical harmonics belonging to the zonal harmonic 
JVfcosfl). 
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In the case of a doublet of strength p at A, we have, from 15*26, 

, _ flQOSOL _ n(rQOBd~c) S 1 

B 1 (r a +c*-2crcosff)t ^ 3c — 2cr cos 

Thus, iff <c, 
cos 


os a /I 2rP 1 (cos 0) 3r l P 2 (cos 0) \ 

_ = .^_ + — r _ + — j, 


while if r>c, 


cosa 1 n , m 2c n/ m 3c* , m 

-%r = jiPi(cosS)+^ P,(cos0)+--P,(cos0)+ 


These expansions give the velocity potential of a doublet in terms of the 
zonal harmonics. 

We may add the following observation. If <j> is a spherical harmonic, so 
are all its partial differential coefficients of any order with respect to x, y, z. 
Thus, for example, tyjdx is a spherical harmonic, as is at once obvious by 
substitution in (1). From the spherical harmonic 1/r, we derive in this manner 
the further harmonics 

x y z 
r 8 * r 8 ’ r*‘ 


16*12 Kelvin’s inversion theorem. If </> = <£(r,0,o>) is a harmonic 


function, then ^* = 0, cuj 


is also harmonic, where a is any constant. 


Proof. Let B = a*/r. Then <j>* -Ity (fl, 0, a*). By hypothesis <£(r, 0, a>) 
satisfies Laplace’s equation 16*1 (2), and therefore <j>(R, 0, a>) satisfies the same 
equation with B written for r, namely 


( 1 ) 


a b 




dty (B, 0, o> ) 


sin* 0 0ai* 


Now 


ss~J ■ 


end therefore 

i l^*\ Md+(R, t,m)y W e,<o)_ v d 3^3,9, o>) \ 
9t\ dr r 7 9R r* MP “ « V M / 
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[16-12 


Therefore 


ia/. i ay 

jet mo.")\. i * i, ,jm 8, *)\ , i w mi „ 
- R \mr~rj + weYe( m6 —w-j + W6-i^r t 


Q.E.D. 


Note that (r, 0, w), (a £ /r, 0, to) are inverse points with respect to the spherj 
r = a, so if one is inside, the other is outside the sphere. 


16*13. Weiss’s sphere theorem. The circle theorem of 6*21 has a] 
general three-dimensional analogue, not confined to asymmetrical motion, 
as follows.* 

Weiss's sphere theorem. Let there be irrotational flow, in incompressible 
inviscid fluid with no rigid boundaries, characterised by the velocity potential 
$ (r, e, to), all of whose singularities are at a distance greater than a from the 
origin. If the sphere r = a be introduced into the flow, the velocity potential 
becomes 


1 (* nVr 

(1) $ (r, 0, cu) = ^ (r, 0, o>)+ ~ R 

a )o 




dR 


dR. 


Proof. Let the velocity potential after the introduction of the sphere 
become <£(r, 0, <o)+x( r > 0, w), so that x( r » ^ «>) is the perturbation velocity 
potential due to the introduction of the sphere. The conditions to be satisfied 
are, satisfaction of Laplace’s equation, no perturbation at infinity, zero normal 
velocity at the sphere. More precisely 

(i) = 0, and \ has no singularities outside the sphere r = o. 


(ii)x(r,9,<o) = O^J for luge r. 



Taking x to be defined by (1) it follows from 16*12 that V*X = 0, and also 
•since all the singularities of <j> are external to the sphere, all those of % are 
internal to it, since the exterior inverts into the interior. Thus (i) is satisfied. 

Again, since ^ is by hypothesis regular near the origin, we have there a 
series expansion of the form 

^ (f, 0, (a) » ilo+4xf*f , 

where A# A s , 4* are independent of r 


* P. Wei**, Proc. Cmb. Pm 8oc„ 10 (1046). 
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Inserting this in the expression for x we find easily that the terms of the lowest 
order is 


Mi 


which shows that (ii) is satisfied. 

To verify condition (iii) we have 

«) 1/ a*\( dm b »)\ 

* ar a\rV\ *R /w/r 
which vanishes when r = a, for then 5 = a. so that condition (iii) is satisfied, 

Q.E.D. 

We observe that the application of this theorem is not restricted to axisym- 
metrical motions. 


16*20. Concentric spheres. The region between a solid sphere of 
radius a and a concentric spherical envelope of internal radius b is filled with 
liquid. 

i y 



Fig. 16*20. 


Imp ulses are applied to the sphere and envelope, thereby causi n g the 
sphere to start into motion with velocity V and the envelope with velocity 7 
at an angle a to the direction of U. To discuss the initial motion (the spheres 
will only be concentric initially) take the direction of V as 8-axis, the origin 
being at the oommon centre. The boundary conditions are then as follows : 


(1) 

m 


■ ^ = I7oos0, when r = 
dr 

-SI- 


a; 


II 


F cos ft when r = 6, 


M.T.H. 
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[ 18*20 


where jS is the angle between the direction of 7 and OP, P being any point on 
the envelope. 

The cartesian coordinates of P will be boos#, b sin 0 cos w, 6 sin 0 sin w, 
and therefore the unit vector in the direction of OP is 


i cos0+jsm0coscu+kBin0sinco. 


If we take the direction of V to be in the x , y plane, the unit vector in the 
direction of 7 will be 

i cosoc-f j sin a, 

where i, j, k are unit vectors along the axes. 

The scalar product of these vectors gives (2*11) 

cosjS = co8acos0+sinasin0cosa> = - cosa-f- sin a. 

r r 


\ 


Boundary condition (1) therefore suggests that <j> will involve the harmonics 
x , zjf*, while (2) suggests further the harmonics y, yjr*. 

Hence we assume 

. . Bx Dy 

t = Ax+-^+Cy+-~ , 

or, reverting to polar coordinates, 

^ as + COS 0+ + ® COS U), 

which gives 

^ + ^ CO s0 + (-C+^)sin0cos ( o. 

Equations (1) and (2) then give 


cos0+^-C+-~j sin 0 cos cu as V cos 0, 
^-4+^jcos0+^-C+^jsin0cosw = 7(cos«cos0+sm«sin0oofl<t»). 


These equations must be satisfied for all values of 0 and w and therefore < 

- 0 ^ 0 , 

,2 B „ „ ffl „ . 

-4+y =7oofla, -C+^j- = Fan*. 


* I'hwe portion, ou bededaMd by putting tin torn tqnltoO and */2. 
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»vity, <? = b*~ a 1 , we get at once 

„ o*6* rr T a’P-Wcosa 

°~'%£ (U-Voosct), A j3 , 


D = -^-Fsm«, 


C = 


6 8 F sin c 


and therefore 

. cos 5 
9 = 1 


[(a*P -6 8 F cos (P- F cos a)J 

6 8 Fsinar a 8 *] . 


c 8 


sin 0 cos o). 


It must be emphasised that this velocity potential only represent/ the 
motion at the instant the boundaries are concentric. 


16-21. Concentric spheres moving in the same direction. In the 

result of 16-20, if a = 0, U and F are in the same direction, and then 

In this case the impulsive pressures on the boundaries when the motion is 
started from rest, namely fxj> (see 3-64), are 

= P-y f], on the inner, 

(*+(.) y], .lb Mr. 

The impulsive thrust on the inner boundary is therefore 
/ x = | ® 1 cos02fffl*sin0<l0 

- *-^o[(» , +^) "-T '']/«■• 

Similarly, on the outer boundary the impulsive thrust is 

]/* 

the directions of these thrusts bong shown in fig. 16-21. 
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If we reverse the impulsive thrusts I x and I % , we get the impulsive thrusts 
exerted on the liquid by the boundaries, and their resultant is equal to the 
momentum set up in the liquid, which is 
therefore, in the direction of Ox } 

h-h =t*p(W-«W) = JfgT- M t % 
where Mi are respectively the masses 
of the liquid which the inner and outer 
boundaries could contain. This result is true 
not only of spheres but of any two surfaces 
moving in any manner. For the momentum 
of the liquid is independent of the density of 
the inner body. Thus if we imagine the inner 
body to have the same density as the liquid, 
the centre of mass 0 of this body and the 

liquid is fixed with respect to the envelope and moves with the velocity V of 
the envelope. Therefore the total momentum of the liquid and inner body is 
M 2 'V. Thus the momentum of the liquid alone is M/V-Af/U. 

To find the impulse J required to start the inner sphere, we have, by the 


J-I t = M x l 7, 



Fig. 10-21. 


where M x is the mass of the sphere. 


16*21 If the outer envelope is at rest, 7 = 0, and then 


so that the apparent added mass of the sphere, when a fixed outer boundary 
is present, is 




which tends to \Mi when &-*<» (cf. 15-32). 

The kinetic energy of the liquid can be found by integration or inferred 
directly from the added man in the form 


1 -**» 26*— 2o * U ' 


If tine outer envelope it at rest and the inner sphere is accelerated from 
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rest by a force F which produces the acceleration f, in time 8 1 the impulse is 
J - Fit, and the velocity is U = /St, and therefore 




16*30. Two spheres moving in the line of centres. Consider two 
spheres, centres A, B, radii a, 6, moving towards one another with velocities 
17, F, fig. 16*30. 


P 



Fig. 16-30. 


The position of a point P is fixed in a meridian plane by its polar coordi- 
nates (r, 0) referred to A and (/, 0') referred to B. The velocity potential ^ 



and therefore we can write 


(1) ^=ltyi+F^ a> 


where ^ and each satisfy Laplace’s equation and the boundary conditions 



towards £, the latter being at rest 

If B were absent, ^ would be the velocity potential due to a doublet at A 
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in the direction AS of strength /i 0 = $a 8 . The presence of B, however, causes 
the first boundary condition of (3) to be violated. 

To satisfy this, we introduce the image of /x 0 in B, which is a doublet, , 
directed along BA at Ax , the inverse point of A with respect to B. This image 
requires an image fi 2 at A t , the inverse point of A x with respect to 4, and so on. 
Thus we have an infinite series of images at points A lt 4 a , 4 a , . . ., of strengths 
P\> IH ip s > • • • , where the odd suffixes refer to points within B and the even 
suffixes to points within 4. Let /„ = AA n . Then, if AB = c, 



The equations for the f n lead to a difference equation of Riccati’s form ,* 
which can be in this case completely solved and the value of /z n can then be 
written down. 

With the notations of the figure, we then have 


& = 


jig cos # /ij cos0j jig cos # a 
— _ — (- — + — - — + 

r* fi* r,‘ 


This is an exact solution of the problem, but in an unwieldy form. 

To obtain an approximate solution correct to the term in c~*, we observe 
that if B were absent, ^ would be 

, 0 * 008 # 

* j * 


Using the expansion of 16-1, we get, near the sphere £, when B is taken 
as origin, 

, o* cos# _ j «• t aVP 1 (cos# / ) ( 

which gives over B the normal velocity 

a 8 cos#' 


This can be cancelled by adding a term to the first approximation, which 
gives the second approximation, 


( 6 ) 


4i ** i 


G 8 cosfl 

r 8 ** c 8 r* 1 1 


* Mik^Thomton, Calculus of Finite Diffmnm, 11-8. 
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and the normal velocity over B now vanishes to the order c~* at least. Simi- 
larly, 

/(yx . , 6* cos 6 f , a z V cos 6 

( 7 ) <h = t— 


to the Bame order of approximation. 
Near A, the same expansion gives 


cos S' 1 2r cos 6 

~?r-0 + — #-+■■•> 


and therefore, when r = o, 

(8) ^ = Jo cos 0, *, = l£+i^cos 0. 

To find the kinetic energy of the liquid, we have 

taken over the spheres A and B. Thus, using (2) and (3), 

T-MPJJ'HQt+QJVV+Ptn 

where P t = -J^dS B , 

4 

From Green’s theorem (or by direct calculation) we have Q x = Q P Also 
on A, tyjdn = -co&6 t dS A = WsinfltWand 

| cos a 08in0<J0 = |. 

Therefore, correct to terms in c” 8 , 

P 1 = !*»*■ Qi = <?. = ^-- P.-W 

and therefore 

where If,' are the muses of liquid displaced by the respective spheres. 



504 


SPHERE MOVING PERPENDICULARLY TO A WALL 


[16*31 

16*31. Sphere moving perpendicularly to a wall. If in the problem 
considered in 16*30 we put F = P, 6 * a, it is evident that the plane which 

bisects AB at right angles is a 



The sphere moves as if the fluid were unbounded and another sphere were 
moving with the optical image of the first in the wall. 

If the sphere is moving towards the wall and there are no extraneous forces, 
die total energy remains constant, i.e. 


J (w + Jf'+f V « = constant. 


As the sphere approaches the wall A decreases, and therefore 1/A 8 increases. 
Hence U must decrease and the sphere is repelled from the wall. Similarly, 
if the velocity is away from the wall, as A increases 1/A 8 decreases and therefore 
V increases. Thus in either case the sphere is repelled from the wall. 

It follows that two equal spheres moving with the same speed in opposite 
directions along the line of centres will appear to repel one another whether 
die distance between them is increasing or decreasing. Observe that only 
the relative velocity of approach is concerned in this result, so that the spheres 
may have any velocities along the line of centres. This phenomenon minimises 
the prospects of head-on collision between floating bodies. 

16*40. Two spheres moving at right angles to the line of centres. 

If spheres, centres 4, B, radii a, 6, move with velocities 17, F parallel in direc- 
tion and at right angles to AB , the velocity potential will be of die form 
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Subject to the boundary conditions, fig. 16*40, 



Fio. 16-40. 


If the distance c between the centres is very great, each sphere will be 
almost unaffected by the presence of the other and we shall have, as a first 
approximation to <f > x , the potential 

a 8 cos 6 

Now when c is large, at points near B we shall have approximately r = o, 
and therefore 

dPcos 6 a*r cos 0 aV cos 0' . 

y— -- 5T 2 ? ’ 

This gives over B the normal velocity 


2c* 

instead of zero, as demanded by (1). This normal velocity will be cancelled 
if we take 

... , o* cos 6 a*b * cos O' 

W « * 2 r> r 4c» r'» ’ 


On A, the same method of approximation gives 
tyi . o*6» . 

— Jl* — A/tfl H - firm H 


to that, if cr* is neglected, (2) gives an approximation to tire required velocity 
potential. 

Near B, we have 

j _ oVcosO' ( a’McosO' 

"* 2c» “ + 4? r'* ’ 

and therefore, when r -a, 
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(3) fa = £acos0, 

and, when r* = 6, 

(4) & = -jjCos0', 

provided terms containing and higher powers are negligible. 

The kinetic energy of the liquid is then given, as in 16*30, by 

T=bbi 


where ft = - 



?i = - 

ft ““| 

*1**' 

and, from Greeks theorem, q x = g a . 


On the surface of A, 

tyjdn = — cos d f 


and on the surface of B, 

tytldn = - cos 



We therefore get, as in 16-30, 

# a a*b* La 

ft = !"»*, ?l = ?,=JT^-. ft = !*&*. 

and therefore T = 

where M/, M 2 ' are the masses of liquid displaced by the spheres. 

16*41. Sphere moving parallel to a wall. Putting V - U,b = am 

the results of 16*40, we get the case of a sphere moving parallel to a fixed rigid 
plane wall, for the plane bisecting AB at right angles being a plane across 
which there is no flow may be taken as a boundary. If c = 2 A, so that h is 
the distance of the centre from the wall, we have 

The sphere moves as if the fluid were unbounded, and another equal sphere 
moved with the optical image of the first in the wall. 

16*5Q. Ellipsoidal coordinates. The equation 

X 1 V 1 Z* _ 

(1) ?+« + 5M + oM“ 1 ’ 

where a, b, e are fixed and 6 is a parameter, represents for any constant value 
of 0 a central quadric of a confocal system.* In particular, if 0 = 0, we have 
an ellipsoid. Equation (1) leads to 

(2) /(fi) = a0(6‘+0)(c*+0)+y‘(c‘+0)(o‘+ff)+s‘(d , +®)(6 , +fl) 

,jS. -(o*+0)(6*+0)(c*+0) = O, 

.* Sm for txaatpte, R. J. T. Boll, CoorinaU Qvmtsrt of Tkm Dirntmm (1826), Ch.pttt X. 
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which is a cubic equation inland has therefore throe roots, say A, /i,v. This 
shows that, given the point P (®, y, z), there are three central quadrics which 
pass through P. These are in fact an ellipsoid, a hyperboloid of one sheet, 
and a hyperboloid of two sheets. Moreover, these quadricB cut orthogonally 
at P. For a proof of these statements the reader is referred to works on solid 
geometry. We shall assume their truth. 

Since A, p } v are the roots of the equation (2), the identity 

(3) /(*) = ( A-0)(M)M) 

follows, for the function on the right vanishes when 8 = A, p t v t and the 
coefficients of 0* agree. 

If we put in turn 8 = - o 1 , - 6*, - c 2 , we get, from this identity, 

_ (a , +A)(a > +^)(q > +v) 

~ (o*-fe*)(o*-c*) ’ 

m f . P+W+rW+v) 

w T (6*-c>)(6‘-a ! ) 

(c*+A)(c l +/t)(c > +v) 

which give the values of x, y, z when A, p> v are known. Thus A, p, v can be 
used to fix the position of a point in space, and we take them as a system of 
orthogonal curvilinear Coordinates called ellipsoidal coordinates. The surfaces 
A = constant, p = constant, v = constant are the confocai quadrics, and in 
particular we shall always suppose that A = constant gives the ellipsoids. 

In order to make hydrodynamical applications of these coordinates we 
must find the appropriate expression for VV- Reference to 2*72 shows that 
we must first calculate , A, , where 

(*)» = (<fo) 2 +(dy) 2 +(&) 2 = VW+ VW+VW*. 


Since efo = ^<IA +^dp+~dv } 

dA dp dv 

putting dp as 0, dv = 0, we get 



From equations (i) we get by logarithmic differentiation 


( 6 ) 



s dy 
a*+A* 3A 


V+A* aA“^^+A* 
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and therefore, bom (5), 


1 1 a* y* ± 

Hp+W'+pW 1 (c‘+WJ 


(7) 


, [ (o>+p)(a‘+r) , (P+f t)(P+W 

* {(o’ + A) (o« - 6 ! ) (o ! - c 2 ) (6 s + A) (6 s - a*) (4* - e 2 ) 

(c 8 +ft)(c l ’hy) \ 

(c 8 +A)(c*-a*)(c*-6 l )J ’ 

i (A-ft)(A-v) 

* (a* -h A) (6 2 4 - A) (c 2 -h A) f 




the second line being obtained by using equations (4) and then observing tb^t 
this results from putting the third line into partial fractions by the usual 
method of substituting - a 2 , - b\ - c 2 for A. The values of h t , ^ can be 
written down from symmetry. 



If we regard (a>, y, z) as functions of A and proceed from a point P on the 
surface A = constant along the normal at P to a point Q on the surface 
A+dA = constant, we shall have PQ = A* dA and 

(8) I^co.8. 

where 0 t is the angle between PQ and the axis of x. If, on the other hand, 
we regard A as a function of ®, y, z, and, if we proceed in the ^direction a 
distance da keeping y, z constant, we shall arrive at the point 8 of the surface 
A+dA ~ constant, and then 

M A 

ftp 


COS 0 , 
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If we put 


(») 

(*»)’ = (a*+A)(6»+A)(c»+A), 

we get from (7), 


(SMa)’ = (A-/*)(A- 

■v). (2A,AJ* = (p,-v)( /x -A), (2A,k,)* = (i»-A)(v-p). 

Therefore 



* "A ' n>/ 

and h t L)» - 

* 64fc A *VV ' 

Observing that fc„ , 4„ are independent of A, the operation V* gives, from 
2*72 (3), 

,io > 

Equating this to zero we have Laplace’s equation expressed in alU pani^l 
coordinates. Solutions of this equation are called ellipsoidal harmonics. 

I6-5L Ellipsoidal harmonics. With the notations of 16-50, Laplace’s 
equation in ellipsoidal coordinates can be written in the form 

(1) ^ _,,, ( fc 4) ^ + ( v - A )(*4)V+(A-/*)(iv^)V = 0. 

Let * be a vahte of <j> which satisfies this equation, and let us seek solutions 
of the form 

^ = «X. 

where x is a function of A only. We get at once 



Substitution in (1), remembering that a is a solution of (1), gives S = 0. 
which can be written in the form 



Sinoe the left side is a function of A only, the right side must be fade* 
Pendent of p, v, and therefore a solution of the proposed form is only possible 
if « be such that this condition is satisfied. This means that a must be of 
the form 

( 4 ) 


“ = “JV. v), 
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where a* is independent of ft, v and /(ft, v) is independent of A. In this case 
(3) becomes 


d . [,d x \ 

iM k 4) = 


i 

! «7 


which, on integration, gives 




A 


+5, 


where A and B are arbitrary constants. 

Thus if a is an ellipsoidal harmonic having the postulated properties, 
also are 


(5) 



dX 

V 


the second being obtained by taking a = 1, which is obviously a solution 
of(l). 

Now (1) is merely Laplace’s equation VV = 0 expressed in a particular 


Therefore x, y, z, xy, yz , zx, and in fact any spherical harmonic, are solutions 
of(l). 

The values of x, y, z are given in 16-50 (4), so that we may take 
a = (a* 4- A)^ (a* H- /x)^ (a* -f v)^, corresponding to x, 
ot « = (6* + A)t (6* + (6* + V)t + A)* (c* + (c* + »-)*, 

corresponding to yz, which both obviously satisfy (4). 

Therefore the ellipsoidal harmonics given by the first function of (5) are 


(6) k- C *[ (oS+A )i/ +" = (6»+A)(e»+A)t/ 

where C is an arbitrary constant, and x, y, z are supposed expressed in terms 
of A, ft, v by means of 16*50 (4). The limits have been adjusted to make the 
integrals vanish at A = « . These are the only forms of which we shall make 
applications. 

All functions of the type (6) are included in the forms V7, r A (V 7), 
where 


r = b+jy+lu, 

n.A + _!L + J!__ x A. 

J, w+a>+aV+a Ik 

16-52. Translatory motion of an ellipooid. Conadet the ellipsoid 
m , 
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which corresponds to X = 0, moving in the direction of the x-axis with 
velocity U. The boundary condition is 

» -bo** 1 - » §=-4 »-* 

since in = JljdA, cos S M = dxfad A, where 0 a is the angle between the normal 
and the 2 -axis (16*50 (8)). 

Thus when A = 0, = - Ux, and when A-»*oo , <£->0. These conditions 

are satisfied by the function <j> x of 16*51 (6). We therefore take 

Ja (o*+X)i A 

Condition (2) then gives 

rr 0® _0zf” dX Ga , . . 

“ P ax -C 0AJ O (i*TpTo*.ate’ wten A “ °' 

Prom 16*50 (6), <to/0A = £r/a 2 , when A = 0, and therefore 
„ obcV _ f r dA 


V = r — , where 
2-00 


poo 


(a 8 +A)fc A 


The constant depends solely on the semi-axes a, 6, c of the ellipsoid. 
Its numerical evaluation requires the use of elliptic integrals. 

Thus, finally, 

_ abcUx r d\ 

* = 2 -“o J» (o‘+X)t(6*+X)*(c*+X)i ’ 

and on the ellipsoid^ we have, from (3), 

* = “» aP . 

9 2 -«, 

The kinetic energy of the liquid is 






Since cos ^ AS is the projection on the plane x = 0 of the area AS of the 
surface, fig. 16*52, the last integral gives the volume of the ellipsoid 4orabe/$ 
and 

where M' is the mass of liquid 



Flo. 18-82. 


The case of the sphere is 
obtained by puttings = 6 = c, 
when all the integrals can 


When the ellipsoid has in 
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addition velocity components F, IF parallel to the y- and z-axes, we get, by 
superposing the results analogous to (4), the velocity potential 


abcVxr dX , abcVy f® dX , abcWz f* 

o I /_« , \ \ 7. ' o a I lie , wt a I i 


dX 


2-«,Ja (a‘+A)* A T 2-j8 0 J A (6»+A)V 2-y, J A (c*+A)i/ 
where /?„, y # are defined by writing 5*+A, c*+A for o*+A in the integrand 
of (3). 

The ovary and planetary ellipsoids can be regarded as special cases of jhe 
above. 

16-53. Rotating ellipsoid. When the ellipsoid rotates with ang 
velocity u> = the velocity of the point r = xi+y\+zk Ipf 

the boundary isw A r. If a> y = co g = 0, the velocity is therefore - }oj x z+ ka^y. 

If ff v , 6 t are the angles between the normal to the ellipsoid and the y - 1 
e-axes, the boundary condition is 


-S-(. 


or 


dn 
dX 


z C08 0 y + t/CO 8 Sg)w x , 




The function <j> vt of 16*51 (6) can be adapted to this form of boundary 
condition. Thus taking 

(i) 

we get, when A = 0, 

hy yz\ _ Cyz 
W ~2 <?r* ~V#.abt 


+C 


(S.+SL\i 

W + 2*) ’ 


where we have put dy/dX = Jy/6 1 , dz/dX = Je/c*, and 


Since 
we get 


r_jA_ 

J, (h»+A)(c*+A; )K 

i— lL/j m 

(h*+A)(c , +A) “ (M-W+A c*+A/' 

r _ -(Po-Yt) 

~ (V-c>)abc’ 


where j3,,y, have the same meanings as in the last section. Thus 

(P-cy 

° = 2{6*-<i‘)+(6‘+C)(i5 0 -y,) O “"'’ 

and the required velocity potential is obtained by substituting this value 
of C in (1). The kinetic energy of the liquid can be calculated by the same 
method at before. 
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When the ellipsoid has angular velocity components w t , w % in addition, 
tie complete velocity potential is found by superposing the results obtained 
by symmetry from the above. 

16*54. Rotating ellipsoidal shell. If the interior of the ellipsoid 

a* + c* ~ 1 

is filled with liquid and rotates about the x-axis with angular velocity oj m , 
the boundary condition is 

x dj> y z <kj> y z 
a 8 dx b* dy c? dz ~~ b 2 w * 3 + c 2 

0 

We can satisfy this by taking <f> = Ayz, for this is a spherical harmonic. 




which determines A. If, in addition, the shell has a velocity u 0 along the 
x-axis, we must have <j> = - xu*. Thus if the shell moves in any manner, 

6*-c* c 2 -® 2 a*-h* 


EXAMPLES XVI 

1. If <j> «* r n $ is a spherical harmonic, prove that, S being independent of r, 

S90l( Binfl i) + 5?9S +S ' n+1) "- 0 ’ 

and deduoe that 5/r n+1 is also a spherical harmonic. 

2. If ^ - r*# is a spherical harmonic, symmetrical about the axis of x, and S 
is independent of r, show that 

where y - cos 6. Show that solutions of this equation corresponding to » - 0, 
n m 1 are P 0 (ft), P t {p i), and also 

QM- Jjihgjifi-l. 

Show that the velocity potential of a line source along the axis from 0 to o is 
m WeM*"CoOO)/ a » where m is the total strength and y! - cos 0", where 6' is the 
polar angle at the end a. 

2k 
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8, The motion of fluid is given by the velocity potential 

in whioh C is constant, and r and $ are spherical polar coordinates. Determine 
the stream function. (U.L.) 

4. A sphere of radiuB a is surrounded by a concentric spherical shell of radius 
6, and the space between is filled with liquid. If the sphere be moving with velocity 
F, show that 



and find the current function. 

6. A thin spherical shell whose mass may be neglected surrounds a conceAtric 
sphere of mass m and density o, the intervening space being filled with a mass m' 
of liquid of density p. Prove that, if the outer sphere be given a normal impmse, 
the momentum is divided between the sphere and the liquid in the ratio 
3mp/[m' (2a +/>)]. 

6. The space between two concentric spheres, radii a, 6, is filled with liquid. 
The spheres have velocities 17, F in the same direction. Find the velocity potential. 
Prove that the kinetic energy of the liquid is 

Deduce the impulse required to set the outer sphere in motion with velocity F, # 
the masses of the spheres being , M v 


7« The space between a solid sphere, of radius a, and a concentric spherical 
shell, of radius 2a, is filled with homogeneous liquid, and, the system being at rest, 
an impulse is applied to the shell, causing it to start with velocity F ; given that 
the velocity function of the initial fluid motion is of the form (Ar+B/r*) cos 8, 
show that the sphere starts with velocity 


12 pV 

Mp 


where or, p are, respectively, the densities of the sphere and the liquid. 

Show also that, if the mass of the shell is negligible, the magnitude of the applied 

im pnlflfl is 

41W7 p 
7 7o+5p MV ' 


where if is the mass of the liquid. 


(R.N.C.) 


8. A hollow spherical shell of inner radius a contains a concentric solid uniform 
sphere of radius b and density <r, and the space between the two is filled with liquid 
of density p. If the shell is suddenly made to move with speed % prove that a 
speed « is imparted to the inner sphere, where 

3u«* 

2^-P)+B»+2i» (BJTXl) 
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9. Find the values of 4 and fl for which 

^4r+^cos0 

is the velocity function of the motion of an incompressible fluid which fills the 
space between a solid sphere of radius a and a concentric spherical shell of radius 
2a, when the sphere has a velocity U and the shell is at rest. Prove that the 
kinetic energy of the fluid of density p is IQnpcPlPfil. 

If the sphere, of density o, is initially at rest in contact with the shell at the 
highest point and falls down under gravity, show that the velocity in the concen- 
tric position is given by 

m 14 ^( g ~P) 

7cr+5p ’ (R.N.C.) 

10. The space between a solid sphere, of mass M and radius a, and a fixed 
concentric spherical shell of inner radius b is filled with liquid. An impulse I acts 
directly on the sphere. Prove that the sphere starts with velocity 

where M' is the mass of liquid displaced by the sphere. 

Find the initial value of Stokes’ current function for the motion. (R.N.C.) 

11. Liquid of density p fills the space between a Bolid sphere of radius a and 
density u and a fixed concentric spherical envelope of radius 6. Prove that the 
work done by an impulse which starts the solid sphere with velocity V is 

H*»Sr7')' 

Calculate the initial momentum of the liquid. (R.N.C.) 

12. A sphere, of radius a and density a, is surrounded by a concentric spherical 
shell of radius 6, and the space between the sphere and shell is filled with fluid of 
density p. The whole system is moving with a velocity v when the shell is suddenly 
stopped. Find the velocity of the sphere immediately after the impact. (R.N.C.) 

13. The space between two concentric spheres, radii a, 6, of which the outer is 
fixed, is filled with fluid of density p. Show that, if the inner starts from rest with 
acceleration/, the initial resultant thrust on the outer is 

14. Homogeneous liquid occupies the simply connected region bounded 
internally by a surface S x and externally by a fixed surface S Q . Irrotational 
motion is set up by moving in any way without ohange of volume. Prove that 
the kinetic energy of the fluid is greater than it would be if there were no external 
boundary. 

Verify the theorem by calculating the kinetic energy when S 1 and S 0 are 
instantaneously concentric spheres and S x is set in motion as a rigid boundary. 

15. A sphere of radius a is moving with speed v along a diameter of a fixed 

? )here of radius 6, the space between the two surfaces being filled with fluid, 
rove that, when the distance between the centres is x , the kinetic energy of the 
fluid motion is 


wh«# 

and 
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16. A sphere, of mass M and radios a, is at rest with its centre at a distance h 
from a plane boundary. Show that the magnitude of the impulse necessary to 
start the sphere with a velocity F directly towards the boundary is 

very nearly, where M' is the mass of the displaced fluid. Find also the impulse on 
the plane boundary. (R.N.C.) 

17. A sphere of radius a moves in a semi-infinite liquid of density p bounded 
by a plane wall, its centre being at a great distance h from the wall. Show that the 
approximate kinetic energy of the fluid is 

|l+~jjp(l+sin , ci)j i | 

the sphere moving at an angle a with the wall at a speed V. (U.L.) 

18. An infinite rigid plane separates liquid otherwise unbounded into twp 
parts. A sphere moves in a direction perpendicular to the plane. Explain by 
general reasoning the effect of making a circular opening in the plane with its 
centre on the line along which the sphere is moving, (a) when its velocity is towards 
the plane ; (6) when its velocity is away from the plane. 

19. Two equal spheres, radius a, distance between centres d } are fixed in a 
stream U perpendicular to the line of centres. Show that the velocity halfway 
between them is approximately 



Find the velocity when the stream is parallel to the line of centres. 

80. Two spheres, radii a, 6, distance c apart, are surrounded by fluid. The first 
is made to move with velocity U towards the second. Show that the second 
starts with velocity AjB approximately where 

4-jJwr, jujf+|jr{i+2j£}. 

81. A sphere, of radius a , immersed in liquid of density p, whose only boundary 
is an infinite plane wall, is moving with velocity V directly towards this wall, 
which is at a distance c from the centre of the sphere, c being large compared with 
0 . Neglecting a 4 /c*, prove that the velocity potential in the immediate neighbour- 
hood of the sphere is given by 

* iw [( i+ S/ f,+ 

where r is the radius vector of a point, measured from the centre of the sphere, 
and 6 is the angle r makes with the direction of motion of the sphere. 

Calculate approximately the kinetic energy of the liquid. (R.N.C.) 

88. A sphere of radius a is moving with speed V parallel to a fixed plane wall, 
the wall being at a distance c from the centre of the sphere. Show that, in the 
neighbourhood of the sphere, the velocity potential is approximately given by 

i - 7 j jf[(I +a , /16^)/f* + 1/r*], 

where r and r' are distances from the oentre of the sphere and its image in the 
: wall respectively, and y is measured parallel to the direction of motion. 

Calculate to tire same approximation the pressure on the sphere. 
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28. A mine at a distance a from a plane infinite wall and at a depth b below 
the surface of still water, which extends to infinity in depth and away from the 
wall, explodes symmetrically. If E is the total energy generated by the mine, 
calculate the normal velocity at any point of the free surface immediately after the 
explosion, and also the normal impulsive pressure at any point of the wall. 

24. A sphere of radius a moves with velocity u directly towards a fixed plane, 
which bounds a region occupied by homogeneous frictionless liquid. Show how 
to determine the velocity potential of the motion when the centre of the sphere is 
at a distance e from the plane. 

Prove that the kinetic energy of the liquid is 

where M' is the mass of liquid displaced by the sphere, and 

H.-W. ft.-n.-iWj.)*. 

$Jq n being the nth convergent to the continued fraction 

2^ 2^2 TT? 

in which all the partial quotients after the first are equal to - a 2 /2c. (U.L.) 

25. Two equal circular cylinders, of radius a, with their centres d apart, are 
fixed in a uniform stream of velocity F perpendicular to the line of centres. Obtain 
an approximate value for the velocity function, assuming that ajd is small. Show 

that the velocity midway between the centres is F^l-fS^j very nearly. (R.N.C.) 

26. The space between a long solid cylinder, radius a, and a concentric cylin- 
drical shell, radius 6, is filled with homogeneous liquid. Find the velocity function 
for the fluid motion when the cylinder and shell have velocities U and F, respec- 
tively, perpendicular to their common axis and in the same direction. 

If, when the system is at rest, an impulse applied to the shell causes it to start 
with a velocity F, find the initial velocity of the cylinder, and show that the 
velocity function for the initial fluid motion is 

VWp(a*-r*)-o(a*+r*)_ 0 

'r + ’ 

where p, a are, respectively, the densities of the liquid and cylinder. (R.N.C.) 

27. A circular aperture of radius a in the wall of a large tank filled with liquid 
of density p is closed by a piston with a plane end flush with the wall. The piston 
is suddenly pushed inwards with velocity V. Show that the impulsive pressure P 
on the wall is given by 

„ „/lo* 1* o*. 1 2 .3* . . . (2k-3) 4 o“ , \ 

V ■ pV \2 7 + 2‘.4 ? + - ■ ' + 2U* . . . (2* - 2)» V* 

where r is die distance of the point considered from the centre of the aperture^ ^ 

28. An ellipsoid of semi-axes a, b, c moves with velocity V through an infinite 
liquid at rest at infinity in the direction of the axis of length 2a. Find the velocity 
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potential of the motion and show that at a great distance the motion approximates 
to that due to a doublet at the centre of the ellipsoid, of axis and strength given by 


where 


32-oeo 

■ abc f* — - 
Jo (o a 


abcV, 
du 


1 +u)$(& a +u)*(c a +u)* 


(U.L.) 


29, The ellipsoid a c l /o*+y l /6 l +« a /c l - 1 is placed in a uniform stream parallel 
to the s-axis. Prove that the lines of equal pressure on the ellipsoid are its curves 
of intersection with the cones ^/b 2 + s*/c* - where h is an arbitrary constant. 

80. A Btream of infinite depth, whose bed is the plane z * 0, flows with velocity 
V parallel to the z-axis and is disturbed only by an obstacle in the shape of the 
upper half of an ellipsoid. If A is the positive root of 

** , y* * a i 
a a +A + 6 2 +A T c*+A * 

and the ellipsoid is given by A 0, show that the velocity potential of the motioi 
of the stream is 


where 

Prove also that the slip velocity at all points over the section by x - 0 is 
2P/(2 -«*,). (U ' L) 

*L A rigid ellipsoid, semi-axes a, b, c, is moving with velocities V,Y parallel 
to the axes o, 6 respectively. Show that to maintain the motion a couple is required 

about the axis c of moment , 

torpaboifa-aJUV 
3(2-«o)(2-W * 

reckoned positive from the axis a to axis 6. ( u,Ij -) 

82. The region outside the ellipsoid 

is occupied bv liquid which is at rest at infinity. The ellipsoid rotates with angular 
velocity <u about the axis of *. Find the velocity potential and show that the 

.. . ... 


'* du 




where 


102(i l -c»)-(J«+c‘Ky 0 -W 
/?, -oicj (o* + A)"d (fi* + A)“f (c 1 + AH dX, 

y, »o6cJ* (a 1 + A)”^ (fA + A) - ^ (c* + A)“t dA, 


and If is the mass of liquid displaced by the ellipsoid. Henoe find die effect™ 
moment of inertia of the ellipsoid. _ ' ' 

H. Show that when a circnlar disc of radius a rotates about a diameterin 
Squid at rest at infinity, the kinetic energjr of the liquid u 8pa‘ at bang the 
velocity of the disc and p the density of the liquid. 
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81 Find the only solutions of Laplace’s equation in ellipsoidal coordinate! 
A, /*, v which are independent of ja and v. 

The axes of an ellipsoid which is surrounded by an unlimited liquid vary with 
the time in such a manner that the ellipsoid always remains similar to itself. 
Prove that 

85. Prove that if a solution of Laplace’s equations in ellipsoidal coordinates 
A, p, v is of the product form L . M . S, then a possible value of L satisfying the 
equation is of the form 

(»*+A)l(4>+A)i(c»+A)l. 

Find a second solution in A which satisfies the differential equation for A in 
this case, and hence obtain three solutions of Laplace’s equations in the form 

xyz.F, 

where F is a function of either A alone, or p alone, or v alone. 

86. Show that if A is a root of the equation 

m 1, 

then L * (o 2 +A)i is a solution of the equation 

is-** 

where da « dA/V(o a + A)(6*+A)(c*+A) and A and B have certain values. 

Prove also that for certain other values of A and £, (fe*+A)i, (c*+A)l are also 
solutions, but that it is impossible to obtain a solution of the form 

L « p^+Aji+j^+Aji+f (<£+A)i, 
where no two of p, and r are zero, if a, 6, c are all different. 

87. An ellipsoidal vessel of semi-axes a, 6, c is filled with frictionless liquid of 
density p, and is rotating about the axis of x with angular velocity w. Prove that 
the velocities at any point of the liquid are given by 

« « 0, v m Cz t w « Cy, 

and determine the constant C. 

88. An ellipsoid is filled with fluid and has velocity components U , 7, W, 

<!>! , , w s , the axes of reference being principal axes. Show that relative to the 

ellipsoid the paths of the particles are ellipses, the period being 2 w/ro, where 

m “ 2060 + C*)* + + O 8 )* + c*(a* + 6*^1 ' 

89. An ellipsoidal thin shell of semi-axes a, 6, c is filled with liquid of density p 
and rotates about the ax i s e with spin u>. Find the velocity potential of the motion, 
and show that the kinetic energy is 

2 wpahcltfi-Wf | 
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40. An ellipsoidal shell is iwcu mw* “ 7,7'T, v . • » , L «, w 
diameter. Prove that the path of every particle of liquid relative to the ellipsoid 
will be an ellipse whose plane is conjugate to the given diameter, and that every 
particle will sweep out, about the centre of its elliptic path, equal areas in equal 
times. 


41. The axes of an ellipsoid which is filled with liquid vary with the time in 
such a manner that the volume of the ellipsoid remains constant. Prove that 
the velocity potential of the liquid is 


<f> « (a tfla+btflb+cz*lc)l2. 


42. Given that x ■ a (cosh a + cos j3- coshy), y « 4o cosh Ja cos sinh Jy, 
% « 4a sinh sin cosh $y, transform the equation of continuity into / 


Ml Ml 

(cos j9 + cosh y)^~ + (cosh y + cosh a) (cosh o 


co6 ftp-°> l 


and show that the surfaces for which a, |3, y are constant are confocal paraboloids. 

Hence show that the velocity potential for infinite liquid streaming pastfthe 
fixed hyperbolic paraboloid j8 = j8 0 , with speed F, parallel at infinity to the axis 
of Xy is given by ^ * V(x-<xP sin £ 0 ), and write down the corresponding values 
of <j> when the fixed surface is the elliptic paraboloid a * oq , or y » y 0 . 


48. An infinite mass of liquid has the plane z = 0 for free surface. If on the 
surface an impulsive pressure w « m 0 sin mx sin my is applied, show that the initial 
motion is given by p<j) = w 0 exp (-z(m 2 + n 2 )i), z being the position in the fluid. 


44. A right circular cone of height h has a base radius of hj 2. A mass of 
fluid of this form is moving parallel to the axis and base first with velocity F, 
when the base strikes against a fixed plane. Taking the fixed plane as the 
plane xy and the centre of the base as origin, prove that the velocity function 
just after impact is F (2 z l - x 2 - f)j(ih) } that the impulsive pressure of the fluid is 
Fp(2(2-h) 2 -a^-^ a )/(4A), and that the impulse on the plane is 3/4 of what it 
would have been had the cone been solid and of the same mass. 


45* Show that any irrotational motion of homogeneous liquid moving in a 
simply connected region bounded internally by a closed surface, and at rest at 
infinite distances, can be regarded as due to sources and doublets distributed over 
the surface. Proceed to explain what must be done in order to dispense with 
either the sources or the doublets. 

In the case of a sphere of radius a, which is being deformed so that after a small 
interval of time t the equation of the surface is r « a 4 - Vt P t (cos 0), determine a 
distribution (i) of sources, (ii) of doublets, on the surface which will give rise to 
the same velocity potential. 


40 . Irrotational motion of homogeneous incompressible frictionless fluid out* 
aide a closed surface S is due to the motion of 8 with outward normal velocity q f 
of given magnitude at any point of S. The velocity potential due to a double 
source, of unit strength, and having its axis parallel to the axis of x t situated at a 
point P outride 8 (supposed fixed), is denoted by 0. Prove that the component 
of the velocity at r , due to the motion q , , is 

-clH- TO) 



CHAPTER XVH 

SOLID MOVING THROUGH A LIQUID 


1710. Motion of a solid through a liquid. Consider a solid 8 
immersed and at rest within an unbounded liquid which is also at rest. If 
the solid be set in motion in any manner, the resulting motion of the liquid 
will be irrotational and acyclic. Moreover, such a motion once established 
will instantly cease (3-77 (VI)) if the solid be brought to rest. We shall con* 
aider only motions of the liquid which are due solely to the motion of the solid 
in the sense just described. In such a motion the pressure of the liquid at 
the surface of the solid is finite, and therefore to generate a given motion of 
the solid requires only a finite amount of energy, which is shared between the 
solid and the liquid. The kinetic energy of the liquid is therefore finite, and so 
the velocity at infinity must be zero. Thus the velocity potential <j> must 
satisfy the conditions 

( 1 ) Y<t> = 0 everywhere, V ^ = 0 at infinity. 

To describe the conditions to be satisfied at the boundary of the solid, 
take a frame of reference R fixed relatively to the solid, say an origin O' and 
three cartesian axes 0's), O'y, O'z. The motion of the solid is then specified by 
a velocity u of the origin and an angular velocity w. Thus at the point r of 
the boundary the velocity is u+« A r, and if n is the unit outward normal 
vector at this point to the surface of the solid, the boundary condition is 


(2) ~ * n(u+w A r) = un+w(r A n), 

using the triple scalar product (2*13). This condition may be satisfied by 
writing 

(3) <£ = iKp+wx. 

where 9 , x are vectors whose components along cartesian axes, say, are solu- 
tions of Laplace’s equation whose gradient tends to zero at infinity, and which 



so thet 9 , x depend solely on the shape of the solid and not on its motion. 
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tn*to 

Several special cases of the determination of <f> have already been dis- 
cussed, for example, the sphere and ellipsoid* We now proceed to investigate 
the motion of the solid by a method which depends essentially on considering 
the solid and liquid to form a single system. The pressure thrusts at the 
boundary then become internal forces and their evaluation is unnecessary. 

17*20. Kinetic energy of the liquid. This is given by 

(1) T x = -*p f = (u«p+wx)(n[u+» A r])iS, 

J (S) On Jos) 

using the boundary conditions 17*10 (2), (3), the integral being taken over tl|e 
boundary of the solid. ^ 

This expression shows that T L is a homogeneous quadratic function <ff 
the vectors u, w. For, if A is any scalar, the effect of changing u, u> into 
Au, Aco is merely to change T L into A *T L . Therefore by Euler's theorem on 
homogeneous functions (2*71) we have 

m u ^ + " 8w =2Ti 

Again, from 17*10 (2), (3), we get 

k[+>i) •-"*** iJ, - 1 

S-*'L**-‘'L*2* 

But since the components of 9 satisfy Laplace's equation, Green’s theorem, 
2*62 ( 2 ), gives 

f &iS = -\n4,dS 

J (S) on J is) on J 

from 17*10 (4). Therefore we get the first of the Mowing results, and the 
second by a similar argument, 

( 8 ) ZTl = p[ n 4>d3, j^ = p\ n)fdS. 

J(« J<« 

Were, the motion started by impulses (see 17*31), thelntegrals on the right 
of ( 3 ) would be the linear impulse and impulsive moment applied by the solid 
8 to the boundary of the liquid in contact with it, 

When written in M fox, say, cartesian coordinates, the above expression 
(1) for the kinetic energy will be found to consist of 21 terms containing the 
quadratic combinations two at a time of the six components of u and u>. 

If in (3) we write Au, Aw for u and < 0 , these expressions beoome multiplied 
^ by X Thus the partial derivatives of the kinetic energy are homogeneous 
linear functions of the vectors u, < 0 . 


ffltXM, 
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In cartesian coordinates, we have 

u = iug+juj+ktc, , 
w = i<ti,+j( l ),+k(ii >1 


and therefore (2*71) 


d l 

0U 


1 - i^+s *lkj,v vl1 
~ Su, +i 


.Ml 

0U, 


a.,S +l S* k “4 

Silt Silly duly Silly 

17*21. The kinetic energy of the solid is given by 

(1) r S = l[ a[U+(u A r)]«dr, 

Jm 

taken throughout the volume V enclosed by the solid, a being the density 
which may be constant or variable. In cartesian coordinates this expression 
contains 10 independent coefficients. By Euler’s theorem 

02V ST s 
0u Siit 

From (1) we get at once 

0 T s 

Su 

STs 
Su 


( 2 ) 

Froi 

(3) 

( 4 ) 


u-—+w~ = 2T S . 


' = or(u+w A r)dr = M s> 
J(F) 

'=[ or A (u + w A r)ifr= H s , 
J(F> 


If I = T i + T$is the total kinetic energy of the system, combining (2) with 
17-20 (2) gives 

(5) u^+w^ = 2T. 

8u aw 


17*30. Thn wrench. A system of forces represented by localised vectors, 
acting at given points, has for resultant a single force F acting through any 
chosen base-point 0 and a couple L. The force F is then the vector, localised 
in a line through 0, obtained by drawing through 0 vectors equal and parallel 
to the given forces and taking their vector sum. Thus the magnitude and 
direction of F do not depend on the position of O. On the other hand, Lis the 
sum of the moments about 0 of the given localised forces, and consequently 
its magnitude and direction depend on the position of 0, but L is a free vector. 
The vector pur (F, L) is called a force wrench. For two force wrenches to be 
equal, both force and couple components must be equal when referred to the 
same base-point. By suitable choice of 0 it is possible to arrange that the axis 
of the couple shall be parallel to F. The line in which F is then localised is 
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called the central am, If the corresponding couple is T, this reduction is 
unique and F A T = 0. 

In exactly the same way a system of localised impulses gives rise to an 
impulse wrench (§, X), where \ is the vector sum of the impulses and X is the 
sum of their vector moments about the base-point. Again, a momentum wrench 
(M, H) arises when we compound localised linear momenta into a single 
localised linear momentum vector M, and an angular momentum vector H. 

17*31. The impulse. When a solid S moves in a given manner in un- 
bounded liquid, the motion of the liquid being due solely to the motion of the 
solid, the motion of the liquid is uniquely determinate and the velocity 
potential <j> is likewise determinate, see 3-77 (VII), (save for an irrelevant adqed 
constant). The motion of the liquid which actually exists at time t could pe 
generated instantaneously from rest by applying to the solid a suitable impulse 
wrench. This impulse wrench must be so adjusted as to produce instantane- 
ously in the solid the momentum wrench which actually exists at time t and 
also to overcome the perfectly definite impulse wrench exerted on the boundary 


The impulse wrench on the solid which would thus generate the motion 
from rest is called the impulse of the system at the instant considered. 


17*31 Rate of change of the impulse. Instead of the moving frame 
R of origin O' fixed relatively to the solid S, we consider in this section a frame 
of reference R , origin 0, fixed in 
space (see 3*55). We shall denote 
time rate of change with respect 
to this frame R by djdt. We shall 
prove that if & X) is the impulse 
wrench, as defined in 17*31, and 
(F, L) the external force wrench 
on the solid, referred to the same 
base-point 0, then 

B-m 

dt ~ ’ dt~ 



(1) 


rue 17-32. 


Proof. Let us imagine a closed surface E, fixed in space, to enclose the 
solid iS. This surface is merely geometrical and is not a material barrier to the 
motion. Let(Mj, H,) be tlw momentum of the system ^consisting of the 
solid and the liquid within E at time t. If we suppose the motion of the solid 
and unbounded liquid which actually exists at time t to be generated instan- 
taneously from met as described in 17*31 by the impulse (?, X) applied to the 
solid, there will be an impulsive pressure pf> throughout the Squid, and then* 
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fore the external impulse acting on the system Z E will consist solely and entirely 
of (5, A) and an impulsive pressure f4 over the surface E. These impulses 
therefore generate the momentum (M# , H*). Thus, if it is the unit outward 
normal to US, 

(2) 5-( = A-f (r^dS-H*, 

m Um) 

the second integral being the moment about 0 of the impulsive pressure thrust. 
Again, the pressure equation gives 

f = -W+p^+c, 

and a pressure C, uniform over the boundary, has no resultant. Therefore the 
equations of motion of the system S E are 

the integrals on the right expressing the flux of linear and angular momentum 
through E (see 3*40, 3*42). Eliminating M £ , H# by means of equations (2), 
we get 

(3) 

(4) F -pL[i( r .n)^-(„ q) (r A q ) ] ^ 

Since the left sides of these equations are independent of E, these equations 
show that the integrals on the right are independent of our particular choice 
of the envelope E.* We shall prove, by taking all points of the envelope to be 
infinitely distant from the solid, that these integrals are zero.f The result (1) 
will then follow. 

Now, from 3*75 (3), we have at any point P of the liquid 



where r is the distance of P from the element dS of the surface of the solid 
over which the integrals are taken. 

For points P at a great distance R from 0 we can write r = fl+s, where 
$jR is infinitesimal and therefore approximately 

1 1 9 1 l 2s 

? = R*~R*' 

* This independence alto follows from 3*60. 

t Observe tbit we tie not stating that these integrals are sero in the limit hut that they have 
a constant value. That this constant value is zero is then inferred from their limiting behaviour 
•A infinity. 
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Noting that f ^ iS = 0 by the equation of continuity, we see that to 
J <s)dw 

the above ordei of approximation 

4>e = C+jp+... , 

where A m independent of R. It follows that the Bpeed q is of order R~*. 
Also for points on the envelope E> dS = R*dw, where dcu is an elementary 
solid angle. Thus in (3) and (4) the magnitudes are of the order 

f do) f du) 

L*’ L®’ 

and these clearly tend to zero when R -* oo . q.e.d.( 

17*40. Moving origin. It is convenient to refer the motion not to the 
frame R, origin 0, fixed in space, but to the frame R, origin O', fixed in the 
solid (17*10). At time t the frame R! occupies a certain position in space. We 
choose the frame R so that it coincides with R' at this instant. Let the motion 
of R! be described by the velocity u of the origin 0' and an angular velocity co, 
both relative to the fixed frame R. We consider the changes in 5, X in a short 
interval (ft. Since the interval iB infinitesimal we can consider separately the 
effects of the translation u (ft of the origin, the rotation u> (ft of the frame, and 
the changes in the vectors in the interval it as estimated by an observer moving 
with R\ and then add the results. 

To consider the effect of the translation we ignore the rotation, and suppose 
the vectors 5, X to remain unchanged with respect to an observer moving with 
the frame R!. 

Since the localised vector % is merely moved parallel to itself it undergoes 
no change. On the other hand, the moment of the impulse with respect to 




Fxo. 17*40. 

the fixed origin 0 is increased by the moment about O of 5 in its new position 
at O', fig. 17*40 (i), namely by u (ft K \, Thus, due to the translation of the 
origin, X increases at the rate u A l». 
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Now consider the rotation wif, the origin remaining fixed and the im- 
pulses remaining unchanged with respect to an observer moving with the 
frame#. 

If 04, OB, fig. 17*40 (ii), represent $, X at time t they will be represented 
by 04', OB' at time t+dt, where 


44' = «<ft A 04, BB' = «(ft A OB, 

and therefore with regard to the fixed frame R the rates of increase are co A £ 
and « A X respectively. 

Lastly, to an observer moving with the frame R\ $, X appear to vary with 
the time at the rates which we shall denote by d %jdt, d\jdt. 

Thus the rates of change of $, X with respect to the fixed frame R with 
which the moving frame R! instantaneously coincides, are respectively 


dt~ dl 


+«■>*?> 


ax ix 

¥ - ¥ +-aX+u a |. 


17*41. Equations of motion. Since the rate of change of the impulse 
is equal to the external force, 17*32, we have 


dt 


+ »a? = F, 


d\ . 

* +w *x+u a s = l. 

These are the equations of motion in the form suitable for resolution along 
axes fixed in the moving solid. 

17*41 Impulse derived from the kinetic energy. If ($, X) are the 

components of the impulse at the base-point 0, a force wrench applied to the 
body for an infinitesimal time, U, will increase the velocity from (u, w) to 
(u+8u, w+8«), and the corresponding impulse will then be (5+8$, X+8X), 
all the increments being infinitesimal. The work done is, by the definition 
of an impulse,* u 8§+ w 8X, and this must be equal to the increase in total 
kinetic energy 

r = r 5 +r x . 

Therefore 

(1) u8§+«8X = ^8u+^8« = 8r. 

If we take Su = Xu, 8u = ha, where X is an infinitesimal scalar constant, 

* If (P» U)ath» font wrenoh is qoMitoa the work don.il 

P(«#)+l(»«) «M(P«)+w(l*) = a85+w». 
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once the ™ pnlm is a homogeneous linear function of the velocities, we must 

have also 8§ = ig, SX = hi, and therefore 

u 5 + wX =i u+ I w=2T - 

6om 17-21 (5). Taking an infinitesimal variation of this equation, we get 
u8§+58u+e>8X+XSw = 28T, 
and therefore, from (1), 

jm pjfP 

?8u+X8« = ^8u+j-8w. j 


Since Su, 8« are independent, this gives 

_ _ dT d T 

*~du *~du 

which eipresseB the impulse in terms of the partial derivatives of the total 
kinetic energy.* 

17-41 Equations in terms of kinetic energy. The equations of 
motion, 17-41, now become 



+ « 


ar 

A 3u 


= F, 


dt\dj 


“ A au +U ' 


dT 

l au 


These are KirchhofFs equations in vector form. 

If we observe that T = T s + T L , these equations can be written 



d lj 

A au 







dTi 
A di» 


"«A 


dT, 

du 


Now, if tiie liquid had been absent (T L = 0), the right side of these 
equations would have contained only F and L. The action of the liquid 
pressures on the body must therefore be represented bfthe remaining terms 
on the right. Thus the action of the liquid is represented by the force and 



*XUi molt ms state intend by combining 17-10 (I) with 17-21 (I). (4). Tbi.ii left « 
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17*50* Permanent translation* If the motion is steady and the solid 
does not rotate, the action of the liquid on the solid reduces to zero force, 
d'Alembert’s paradox, and a couple 


This couple (cf. 642) will tend to rotate the solid. The couple, however, 
vanishes if, and only if, the above vector product vanishes, which means that 
the vectors u and dT L /d u are parallel. 

Therefore in this case the velocity u is in the direction of the normal to 
the ellipsoid 



= c, 


where c is a constant * From 17-20 (2), since w = 0, the equation of this 
ellipsoid is also 

( 2 ) = 

and is analogous to the momental ellipsoid of a rigid body. The direction of u 
can only be parallel to the normal if u is along one of the principal axes of the 
ellipsoid. 

Since there are three principal axes, it follows that there are three directions 
in space, mutually perpendicular, such that, if the solid is set moving along 
one of them without rotation, it will continue so to move. These directions 


When the solid is moving in a direction of permanent translation with 
velocity u, a small disturbance is effected by changing u to ii+ v and giving 
the body an angular velocity <*>, where v, w are initially infinitesimal so that, 
when their quadratic terms are neglected, Kirchhoff’s equations become linear. 
The discussion of the stability entails the solution of these equations and is, 
except in certain cases of symmetry, rather complicated. We can however 
obtain a general idea of the stability from the following argument in which 
the effect of w is ignored. Taking our solid to be itself an ellipsoid, the expres- 
sion for Tjr is obtained from 16-52. It appears from numerical calculation that 
the greatest axis of the ellipsoid (2) is in the direction of the least axis of the 
solid and vice versa, fig. 17-50. 

The sense of the couple (1) is also shown in the figure. Thus, if S moves 
in the direction OB of its least axis, the couple (1) tends to cancel any slight 
deviation therefrom. On the other hand, if the direction of motion is that of 
the greatest axis OA of S, any deviation is increased by the couple. If the 
Action of motion be that of the intermediate axis, the couple is restorative 


* See Bx. H, 27. The ellipsoid here mentioned is en ellipsoid in the velocity ««paoe in which 
tte.TOoofy component* («, c, 10 ) tftfce the plaoe of the oerteeiin ooordiaetee (*, y, *). 
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or not according to the direction of the deviated velocity. Thus when a body 
<rf this general shape moves through a liquid, the motion is stable only when 
it moves broadside on. 





There are many well-known phenomena which are explained in principle 
by this remark. Thus a ship has to be kept on her course by the helmsman ; 
mi elongated airship requires similar attention. A sailing ship will not sail 
permanently before the wind with the helm lashed, but tends to set itself at 

* . ..iiv _• 12 : J aitiV witli its Inmrftst, 


Lastly, we may remark that, to hold a body at rest in a uniform stream u, 
requires a couple 

dT L 
U to 

where is the kinetic energy of the fluid when it is reduced to rest at infinity 
and the solid moves with velocity u. 

This may be regarded as supplementing d’Alemberts paradox by the 
statement that a solid in a uniform stream is acted upon by a couple except 
when presented to the stream in any of the three orientations corresponding 
to the dir ections of permanent translation. 

17-51. Permanent rotation. When the solid rotates steadily without 
translation, we have u - 0, and the body is aoted upon by the couple 

Mi 

This oouple vanishes when the vectors m and BTi/d w awjparallel^tbat i 
to say, when the axis of rotation is ] 

ofiec or ft* Je. 
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Thus there are also three axes of permanent rotation mutually perpen- 


the directions and not the position of the axes. 

17*52* Solid of revolution. When the solid has three perpendicular 
planes of symmetry, the total kinetic energy referred to their intersections 
as axes must assume the form 

2 T = Putf+Quyi+Ruf+Acjf+Bwf+Ca)*, 

for the reversal of any velocity component must leave the kinetic energy 
unaltered, and therefore no product terms can occur. When the solid is one 
of revolution about the 2-axis, T will be unaltered when u„ , u t or w v , are 
interchanged. Therefore Q = fi, B = C. If, in addition, the axis of revolu- 
tion moves always in the ay-plane and there is no rotation about that axis, 
we must have u, = 0, a> v = w* = 0. Thus, in this case, 

T = \{Pu z '+Qa v '+Cu> t '). 

The equations of motion are then, if there are no external forces, 

lPu u +\Qu y +Pu)tU x \-Qu) t u v \ = 0 . 

(1) Cci f k+(Q-P)ku,u f = 0, 

where i, j, k are unit vectors along the axes. 



Since there are no external forces, 17*32 (1) shows that the impulse com- 
ponents are constant. In the present case the angular component X is per- 
pendicular to the plane of the motion and therefore the impulse reduces to a 
single linear resultant % localised in the line OV say. Then 

(8) Pu g = { cos 0, Qu, = -fsind, o» g «0, 
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where 6 is the inclination to the a?'-axis of the line OL fixed in the solid and 
coinciding with the *-axi is. 

From (1), 

(3) C6+^y~^Bmd cos# = 0. 

Writing x = 20, this becomes 

(4) Cx+ ^~^ -Bm x = 0- 

If P>Q, this is the equation of motion of a pendulum. The value o ffc 
given by (4) is therefore periodic, and hence so also is the value of 6 give 
by (3). 

If (x' } y’) are the coordinates of the centre of the solid, we get, from (2), 

(5) x f = t* e cos 9-u y sm 6 = { + yj , 

C l 1 \ cs 

p-Qj sinflcosfl = y> 

from (3). 

Equation (5) shows that x' is never negative, so that the centre always 
moves forwards, the path having no loops. From (6), we get * 

y' = C6l(, 



* No arfcteary constant it added since the moment of the impulse abort tbs centos n&fcb*a 
with 
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so that yf is periodic, since 6 is periodic, and therefore the path of the centre 
is a sinuous curve. This equation shows that y* is proportional to i. 

Two main cases can arise according as the solid performs complete revolu- 
tions or oscillates between the positions given by 8 » a, $ = -a. These are 
illustrated in fig. 17 <52 (ii). In the first case 6 has a fixed sign, so that the path 
does not intersect the line of the impulse. When the solid oscillates, however, 
6 (and therefore y 1 ) vanishes in the extreme positions and the path lies 
symmetrically about the line of the impulse. 

17*53. Stability due to rotation. In the case of a solid of revolution 
the kinetic energy can be put in the form 

I » \ [Auf + Bu* +Bu*+ Pat* + Qrn* + Ocu, 1 ]. 

If the solid moves with velocity in, iw, we shall have % = u, o* = ta 
and, in a slight disturbance, w, , , u, , w, will be infinitesimal. Now 

dT ' 

^ = \A%+\Bu,+kBu,, 

dT 

^ = \Pw,+}Qu,+kQu,. 

Therefore, neglecting products of the infinitesimals, the equations of 
motion parallel to the 25-axis become 

dUm 

¥=°> T mt 

Thus, to the first order, u a = «, = o>. 

To the same order of approximation, the remaining equations are 

= 0 , B^+B<i)u,-Au(ti v = 0 , 

Q^+(P-Q)<*».+(A-B)w, o, 


Q^-(P-Q)uu t -(A-B)uv, = Q. 


To solve these put u, = 6 e"', u, = ae at , u, - ft «**. 

This gives the four equations : 

tBXa -Bub +Avfl = 0, 

Bua +iBM> -Aua =0, 

(i-B)u6+0»A« +(P-Q)wJ} = 0, 

-(P-Q)uet +Q&fl =0. 
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The elimination of a, 6, a, j5 leads to the determinant 


iBA 

-Bw 

0 

Au 

-Bw 

-iBA 

Au 

0 

0 

(A-B)u 

iQ\ 

(P-0< 

(A-B)u 

0 

(P-C)w 

-iQX 


or, on expanding, 

[BQ\* -(P-Q) Bw 2 - A (A -B) u 2 ] 2 - [B (P - 2Q) Ao>] 2 = 0. 

This gives for A the two quadratic equations 

B§A 2 -B(P-2$)Aw-B(P-e)w 2 -A(A-B)tf = 0, 
BQA 2 +B(P-2e)Aw-B(P-G)w 2 - A(A-B)n 2 *= 0. 

Now the condition for stability is that A should be real, for then e M is\ 
periodic and therefore a disturbance, if once small, remains small. 1 

The roots of both the above quadratics are real if 

B 2 (P - 2Q) i (o t > - 4BQ[B (P~Q)o)*+A(A~ B) u 2 ], 
that is to say, if B 2 P 2 eo a +4ABQ(A-B)u 2 >0. 

This condition is always satisfied if A^B, and can be satisfied in any case 
by taking w large enough. 

A familiar example of this principle is the stability given to a projectile 
by rifling the gun barrel. 

17*54. Solid containing a cavity. When a solid has a cavity filled with 
liquid in acyclic motion, the total energy of the system is equal to that of 
the solid plus that of the liquid. The kinetic energy of the latter is clearly a 
homogeneous quadratic function of the velocity (u, w) of the solid, for the 
previous argument shows that the velocity potential is a homogeneous linear 
function of (u, w). Thus the effect of the liquid in the cavity is merely to 
alter the apparent constants of inertia of the solid, and the motion of the 
system is the same as that of the solid with these altered constants of inertia. 

17*60. Lagrange's equations. The configuration of a dynamical system 
is known when the coordinates of every point in the system are known, or at 
least ascertainable from known quantities. These coordinates may be the 
1 ordinary cartesian x, y, z, or any other quantities in terms of which these may 
be expressed. Thus, in the case of a top spinning under gravity about a fixed 
point on its axis of revolution, it is sufficient to know the inclination 0 of the 
axis to the vertical, and the angle w which the vertical plane through this 
axis makes with a fixed vertical plane. Given 6 and w as functions of the 
time and the initial configuration and motion of the top, the position at time t 
of any point of the top can be ascertained. These quantities 0, w are called 
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gemalised coordinates . Extending this idea, we can conceive the position of 
any specified dynamical system to be determinable in terms of a certain number 
of generalised coordinates Ji , j a » • • • > J r 

When the position vector r of every point of the system is given explicitly 
by a relation of the type 


(1) r= r(fc,ft q n ), 

the system is said to be holonmic. As a direct consequence, the velocity is 

(2) v = r = 

where the subscript i in E t denotes summation from % = 1 to i = n, and where 

(3) a i = drldq { , so that from (2) 

W 


3r _ _ dr 


For a non-holonomic system, we have (2) without however (3), so that the 
non-integrable equation dr = 2’ t a { dq t takes the place of (1) ; and equation (4) 


Consider now a system of solids S moving in inviscid liquid I, which may 
be either unbounded or contained within a fixed enveloping surface E. We 
shall assume that the solids form a holonomic system, and that the motion 
of the liquid is due entirely to the motion of the solids and would instantly 
cease, were the solids brought simultaneously to rest. The motion will then be 
irrotational and acyclic. 

We cannot assume that the liquid is a holonomic system, for if the solids 
are moved through a cycle of positions returning each to its original position, 
we have no evidence that the fluid particles are then each in their original 
positions, indeed examples can be constructed which seem to point to the con- 
trary conclusion. Therefore we cannot assume (1) to hold for the fluid 
particles. 

At the boundary of a solid we have the condition 

» 

where <j> is the velocity potential and F* is the normal component of the velocity 
of the solid. At the envelope E we have F n = 0. But by hypothesis F* is a 
Kneor function of the generalised velocities g lf q t> . . . ,g n , so that the boundary 
conditions (5) together with Laplace's equation determine (j> uniquely as a 
Unear function of the generalised velocities. Thus we can write 
( 6 ) 4 - Eifabi , 

where the ^ are functions of the generalised coordinates, but not of the 
velocities, and satisfy Laplace's equation. Therefore taking the gradient it 
appears that (2) holds also for the liquid, 
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Now consider the rate at which work is being done by all the forces on the 
system in an imagined or virtual motion in which the generalised virtual velo- 
cities, which we dull denote by DqJDt, are geometrically possible so that for 
a point of a solid 

( 7 ) 


p 

Dt ~ ‘ dj, Dt 


and for die motion of the liquid 

( 8 ) 


^ = I?' 


For brevity we shall term the rate of doing work by any system of fo| 
their pom, and denote it by DWIDt for the virtual displacements. 

Consider the solids only. If F s is the total force, internal and external, \on 
the typical particle of mass m at the point P, the virtual power of the forte 
acting on the solids is 

/« DW S v (c Dr \ r 

® ~W~ Sp t Fs Dt) ~ Sr - { l Fs dqj Dt ~ SiQs>i Dt 

on using (7), where 

( 10 ) Q,M = Zr[ f a%[ ( 

is the generalised force corresponding with the generalised coordinate q t . The 
equation of motion of the particle at P is F$ = mir, and therefore (10) gives 

Q Sli { £ p mir 

At this stage we use the holonomic property (4). Replacing drjdq { by 
drjdqi and noting that the kinetic energy of the solid is T$ = \Lpinr r, we get 
Lagrange's equations for the solids, namely 

< u) Qs ' l= i^)~w 1 = 1,2 n- 

Consider (he liquid. To avoid confusion with the generalised coordinates 

we shall denote the fluid velocity by v instead of the customary q. Then 

dr n . 

< 12 ) y ~dt = ~dr = ~ 2< 3r qt ’ 

on using (6), and therefore 

dv di{ 

(18) Ir 

, The kinetic energy of the liquid is J j pv v dr, and therefore 
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we 


Inavirtual 


(15) V - — - - E fWv„ ia\ 

' ; Dt~ £i lfDt bom(S) ‘ 


Since d/dt and D/Dt are independent operators, (12) and (15) give 

(16) — = — . 

Dt di 

Let Fjj be the total force, including pressure thrust, per unit mass on a 
fluid particle. Then the equation of motion is 

(17) F, = v, 

and the virtual power of the forces on the liquid is 


Qj 




(19) 

Now consider 

from (14). Operate on this equation with d/dt. Then 

(20) \pirV<k+\pv%<k = 2 t y(^)!%i+zM%i. 

T y dt “‘dtUqJ Dt 

But from (16) 

Combining this with (17), (18), (20) we get 

Since the Dq^Dt are independent we may put all but one equal to zero, and 
so we get Lagrange’s equations for the liquid, namely, 

(21) ’ =u "• 

If we write T = T a +T a and add (11) and (21), we get 

m *-*©-?• 

Which constitute Lagrange’s equations for the whole system of solids and liquid. 
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The generalised forces Q { are the coefficients of DqJDt in the combination 
of virtual powers arising from (9) and (18), namely D(W s +Wi)/Dt. In this 
expression the only forces which contribute to the virtual power are the external 
forces on the system (third law of motion), the only possible exception being 
pressure thrusts on the fixed envelope E, These, however, do no work, once 
the normal component of the velocity at E vanishes. In calculating the Q ( 
from (23) f s and Fj may therefore be taken as the external forces on the solids 
and liquid. In the absence of external forces the Q { are zero. 


17*61. Sphere in the presence of a wall. When a sphere moves in 
liquid bounded by an infinite fixed rigid wall, the kinetic energy is given tol a 
first approximation from the results of 16-31, 16-41 in the form \ 

T = \(Ax*+By*) 9 

where (a, y) are the coordinates of the centre referred to axes perpendicular to 
and along the wall, fig. 17-61, and 

A = M+\M'( l+fi*), B = ’l+*J), 

M being the mass of the sphere and M! the mass of the displaced liquid. 

Then, by Lagrange’s equations, if X, Y are the components of the external 
force acting on the sphere, 

v d /A 

x = dt {Ax) -l x Tx~ iy Tx’ 

If the forces are so adjusted that x, y remain constant, these equations give 
v 9Af'o* a . t v 

I = lEr ( - w+A r — 



Hus if the sphere is moving directly towards or array torn the wall ($ * 0), 
X is negative, and therefore a force towards the mil is required to maintain 
h constant. The sphere is therefore apparently repelled from the wail. On 
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lie other hand, when moving parallel to the wall (i = 0), X is positive, and 
therefore a force away from the wall is required to maintain y constant. Thus 
the sphere is apparently attracted towards the wall. 

Analogous results in the case of the motion of two spheres may easily be 
obtained by the application of Lagrange’s equations. 

1770. Solid of revolution athwart an invisdd stream. Consider 
a stream V disturbed by a solid of revolution held with its axis perpendicular 
to the stream. 

Let II be the plane which contains the axis of the solid and the direction 
of the stream. Let y be the circumference of the cross-section of the solid by 
a plane at distance x from a fixed point on the axis of the solid. Then any 
point P of the surface 8 of the solid is defined by coordinates (x, w) where a> 
is the azimuth of the meridian plane through P measured from the plane 17. 

The fluid velocity at P may be regarded as compounded of a componenf % 
tangential to y and a component q m tangential to the meridian curve through 
P, It is then evident that we can write 

(1) <*>) = Vf[x, a)), q u (x, w) = Ug(x, o>), 

where the functions / and g are independent of U. We shall prove that * 

(2) q m (x , <o) = g m (x, 0) cos to, g w (x, to) » g*(x, w/2) sin to. 



(a) (b) (c) 

Fig. 17*70 (i) 


Proof, Consider fig. 17*70 (i), which shows the point P on the circle y, its 
centre 0, and the point C of y which in (a) is the point where the radius in the 
direction of the stream V meets y. In (b) the radius in the direction of the 
stream V meets y in Q, where OQ and OC are equally inclined to OP* In (c) 
tiie intensity of the stream is considered to be 227 cos to, and its direction is 
along OP. 

* These elegant rerolti are due to L J. Campbell, QJ.M. and AM*, ix (1956), MO-2. 
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From (1) the meridional components of velocity are Vf{x, w),Vf(x t -a) 
and 2 Vf(x, 0) cos m in (a), (b), (c) respectively. Now the stream in (e) is the 
resultant of the superposition of those in (a) and (6). Therefore 
Vf(x, a>) + Uf(x, - w) = 217 cos «/(*, 0). 

But from the circular symmetry /(z, - m) =/(*, u>). Therefore 
Vf(x, u>) = Uf (x, 0) cob w, 


?»(*. «) = ?m(*. 0) COS ft). 





Now consider fig. 17-70 (ii) where the points C, P, Q are as before. In (d) 
the stream V is directed along OC, in (e) along QO. In (/) the stream is 2D sin «, 
and is directed along RO, where OR is derived from OP by clockwise rotation 
through a right angle. From (1) the components of velocity tangential to y 
are V g(x,m), Ug(x, *-*>), 2Umu>g{x, w/2) in (d), (e), (f) respectively, and 
since by superposition of (d) and (e) we get (/) it follows that 
Vg (z, w ) + Ug (z, w - <o) = 2P sin u g (z, w/2). 

Now g{x,ir-u)=g{x, to), as is seen by reversing the stream, and therefore 


we have proved that 

j„(z, w) = g.(x, ir/2) sin o). _ 


Q.E.D. 


EXAMPLES XVII 


. 1. If f f are the velocity potentials of two possible 
p r«MiM« fluid in a simply connected region, prove that 



motions of an incom- 


taknovex the boundary. 
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A solid ifl surrounded by liquid enclosed in a fixed envelope, If tie solid be 
set in motion with velocity v, prove that the momentum given to the fluid is — flfv, 
where M is the mass of fluid displaced by the solid. 


2. Define the impulse wrench I of a rigid body on a surrounding infinite 
liquid, where there are no irreducible circuits in the liquid, and show that it is not 
in general identical with the wrench of momentum of the fluid. 

Prove that the force wrench applied by the solid to the liquid is equivalent to 

where denotes a “ wrench-integral ”, V is the velocity at any point P of a 

large fixed surface 2 enclosing the solid, and v is the unit vector in the direction 
of the outwards normal to 2. 

What conditions must be satisfied if the last wrench-integral is to be null in 
the limit, when all the points of the surface 2 are removed to infini ty? 

[A wrench-integral is the limit of the sum of infinitesimal localised vectors ] - 

(U.L.) 


3. Obtain the velocity potential due to a sphere of centre 0 and radius o, 
moving with velocity V in the direction Ox } in an infinite liquid of density p. 


concentric sphere is zero, but that the ^-momentum of the fluid contained between 
the sphere and any infinitely long circular cylinder of axis Ox is Jrotf, where m is 
the mass of fluid displaced by the sphere. (R.N.C.) 


4. A rigid body is moving without rotation in an infinite liquid, the resolutes 
of its velocity parallel to the axes being (U, F, W) and its volume being v. Assum- 
ing the velocity potential <f> of the flow produced to be given, at large distances 
from the body, by the development 


* 


ax+by+cz S t S 2 
? + 7s + ^« + 



where the origin is some point of the body and S n is a surface spherical harmonic 
of degree m, prove that the kinetic energy T of the moving liquid is given by 

2Tjp - *ir(aV+b7+cW)-v(U*+V*+W*). (OX.) 

5. Obtain the equations of motion of a body, moving through unbounded 
liquid, in the form 



if dT\ dT st ar ar 


L, 


of 17*43, u - («,«,»), u - (a> 1( F - (X, 7,Z), 
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6* Assuming that the velocity potential of the motion set up in a liquid by 
the motion of an ellipsoid of semi-axes a, 6, c with velocity u parallel to the direc- 
tion of the axis of length 2a is of the form 


where C is a constant, determine C. 

Find the kinetic energy of the fluid and the “ impulse ” of the motion. (U.L.) 

7. A prolate ellipsoid of revolution, of semi-axes a, b, is held in a stream of 

general velocity 7, flowing in a direction which makes an angle 0 with the m^jor 
axis. Determine the couple, arising from the fluid pressure, which tends to; set 
the major axis transverse to the stream. i 

[The fluid is homogeneous, incompressible, and frictionless, and has no external 
boundary.] (U.L.) 

8. Show that if a solid of revolution moves through a liquid, then the form of 
the kinetic energy T is given by 

2f « A(u 2 +v 2 ) + Cf^+P(w i 2 +w 8 8 )+i^<u3^ 
and prove that the steady motion given by 

« - v m 0, w - V ; oji * «i » 0, £u 3 « Q 
is stable, provided 4F*PC (A - C)/A2P. (U.L.) 

9. A solid of revolution, of uniform density and free from holes, immersed 

in an infinite liquid, is such that, when its motion is given by the velocity (u, v, w) 
of its centre of mass and the angular velocity (w 1 , , a>j), the kinetic energy of 

the system is 

$ { Att * + B (v 2 + tc 2 ) + Cwf + D (a>j 2 + wj 2 )}. 

The solid is initially at rest under gravity in an infinite liquid. Show that the 
equation determining the inclination 0 of its axis to the vertical at any time is 

- 0 , 

where M is the mass of the solid less the mass of the fluid displaced. (UX.) 

10. A solid of revolution with a plane of symmetry perpendicular to its axis 
moves through a fluid with the velocity («, u). Show that for such a solid there 
is a possible steady motion in which u 9 w t -u t u) 9 » 0, whew the s-axis is the axis 
of revolution, and determine the character of the motion. 

U. The kinetic energy of a solid moving two-dimensionaliy in an infinite liquid 
is given by the expression 

2T « Jrf+JM+tV, 

whew (u t e) is the velocity of the centre of mass referred to two axes, &s, 
in the body, and m is its angular velocity about the perpendicular axis Ot. Show 


(a 2 +^(6 2 +0)*(c 2 +0)i 
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that if the solid is initially moving with velocity U in the diieotion Ox , and without 
rotation, the motion will be stable if slightly disturbed, provided A >B. (U.L.) 

18. If A , or B, and G are the force components and couple required to act per 
unit time in order to generate unit velocity perpendicular, or parallel, to the axis 
of a spheroid and unit angular velocity about a perpendicular axis, and C is the 
effective moment of inertia about the axis when the body moves in infinite liquid 
at rest at infinity, prove that the total kinetic energy T with the usual notation 
is given by 

2 T ** A{tP +v*) +Bvfl +Cf*. 

Express T in terms of Lagrange's coordinates x, y, z, $, <f> t iji, and show that, if 
the impressed impulse is F parallel to Oz, then 

8m , 9)+Cr*+f ! ( 8m!9 + C ^-j IT, 

Qiji sin* d+Cr cos 6 » E } a constant, ^+^rcos0«r, 
i - -jQ-j^sindcoBdcos^, 


S «-F(^-j)sindcos^sin^ t * F (—p + . 


13. A pendulum consists of a rigid bar, free to turn about a fixed horizontal 
axis at its upper end, and a bob, in the form of a thin elliptic cylindrical shell filled 
with liquid. The generators of the cylinder are parallel to the fixed axis, the 
cylinder has plane ends at right angles to its generators, the central line of the bar 
(produced) lies along the minor axis of the middle cross-Bection, the whole mass, 
including the liquid, of the pendulum is M, its centre of mass is at a distance h 
from the fixed axis, the mass of the liquid is m, the major and minor semi-axes of 
a cross-section are a and 6, the length of the simple equivalent pendulum is L, and 
this would become L' if the liquid solidified. Prove that 

(U-L)Mh(a'+P) = mW. 


14. An anchor ring is immersed in fluid which is moving so that the circulation 
in any circuit which threads the ring once is constant. Prove that the motion is 
necessarily irrotational and that the circulation in any reducible circuit is zero. 


15. A cylinder of negligible mass whose cross-section is an ellipse of axes 2a, 26 
is filled with water and placed at rest on a table with the major axis, 2a, of the 
sections vertical and allowed to roll over. Find the angular speed when the 
major axis is horizontal in the cases (i) where the table is perfectly rough ; (ii) 
where it is perfectly smooth ; and show that the squares of these angular speeds 
are in the ratio 

(a*-6*)*: (a*-6*)*+46*(a*+6*). 

U. A simple dosed surface contains liquid and a solid. The surface is set in 
motion in any given manner, 2\ is the kinetic energy of the fluid when the solid 
is free, and T, when the solid u fixed ; while T is the kinetic energy of the Add 
when, the boundary bring held fixed, the solid is moved as in the first case ; show 
that 

r.cvr. <&L) 
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17. Any number of spheres are moving in infinite liquid. Show that the 
" impulse " is compounded of impulses through the centre of each sphere and, if 7 
is the total kinetic energy of all the solids and the liquid, then the impulse at the 
centre of the sphere whose position vector is r, is 

07/3 r,. 

18. Two circular cylinders of unit length are placed between two parallel 
planes at unit distance apart. The cylinders can slide without friction between 
the planes and the intervening space is filled with liquid. If the cylinders are 
simultaneously projected at right angles to the plane of their axes, prove that 
they experience a mutual repulsion or attraction according as the directions of 
projection are in the opposite or the same sense. 

19. Two spheres are moving in their line of centres at distance c apart, greht 

compared with their radii a, b. Calculate the approximate value of the kinetic 
energy of the motion and write down the equations of motion. I 

If the spheres perform small oscillations about fixed positions, show that thfe 
mean value of the force acting on each is 9*p((W/^)ity , cosc l where k, k' are 
the amplitudes of the oscillations, 2 njp the period, t the phase difference. (U.L.) 
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18*10. Poisson’s equation. Let Jq be a continuous function whose 
value is defined at every point Q of a certain volume V. Let 



where P is a point of F, and dr Q is an element of volume at Q. The* <f> P 


( 1 ) 


-jipj = Wp= -Wp, 


which is known as Poisson’s equation. 

Proof. Consider a closed surface S enclosing P, containing the volume y, 
and situated entirely within F. We can regard <j>p as the velocity potential 
due to a continuous distribution of sources of strength Jq per unit volume, so 
that the element of volume dr q behaves as a source of strength Jq Htq and 
therefore of outppt &nfq drq. Then the outward normal flux across 8 is 
simply the sum of the outputs of all the sources within S and is therefore 

f Q dr Q = hr \ fpdrp. 
i (r) J (v) 

Again, by Gauss’s theorem, the outward normal flux is 


Thus 


J (y) 

[ (Wp+brfpjdTp 
JM 


= 0 , 


»nd, since (y) is arbitrary, we have (1). gm , 

Poisson’s equation is also applicable, when and/ are replaced by vectors, 
in the form 

d’tpp/aP' = V*q»P = -Mp, 

vectors can be resolved along three fixed vectors and the formula (1) 
is then applioable to eaoh resolved part. 
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18*20. Velocity expressed in terms of vorticity. Consider liquid 
enclosed within a fixed envelope E f and suppose the vorticity ? to be given 
at every point. In those parts 
of the fluid, if any, where the 
motion is irrotational we shall 
have ? = 0. 

If n is the unit inward normal 
at the element dS of £, the 
boundary condition is 

(1) nq = 0 on E. 

Take a point P within the 
fluid and regard Pas fixed. The 
velocity at P will be denoted by 
q? , the velocity at Q by q Q , where Q is any other point in the fluid. Let us 
consider the vector 

|a| -cUh 

where the integral is taken through the volume V enclosed by E, the point P 
remaining fixed. 

As we shall have to differentiate sometimes regarding P as fixed and Q as 
variable and sometimes Q as fixed and P as variable, we use temporarily djd Q 
or djd P for V according to which case is considered. The volume element dr 



Then by Poisson's equation (18*10), 


a»A P 

TW"-*' 


and therefore, from 2*32 (V), 

151 , ' , = ap‘{sp 




Now Cfo is independent of the position of P, and therefore 

u the velocity at Q due to a unit rink at P, sad ^ (^j is the 

velocity at P due to a unit sink at Q. These an equal bat opposite vectors. 
Also, from 2*34 (VI), 
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ls- 80 ] mocmr expressed in terms op vobticot 
sad aqa/00 = 0, from the equation of continuity. Thus 

= ~^L)3Q (Jj) * = 48 = 0> 

from(l). Therefore (3) gives 


M 

where B ? is 



d_ 

a?* 


Bp, 



Aj. 


The velocity is obtained as the curl of the vector potential, just as in irrota- 
taonal motion it is obtained as the gradient of the scalar velocity potential, 
lo find Bp , we have from its definition and 2-34 (VII), 




the fourth statement being obtained by a second application of 2-34 (VII) 
and the last by Gauss’s theorem in the form 2-61 (2). This result expresses 
he vector P 0 * 6 ”*" 1 m terms of the vorticity and the velocity at the boundary 


18 21. Flux through a circuit The flux through a circuit C can be 

expressed, 111 temB of vector potential as follows. If we dose the circuit 
by a diaphragm S, the flux is 




^ 8Calar product n (V*B) = (n A V)B, and therefore, by 
otokes theorem, the flux through C is 


[ B*, 

J(0 

^ken ronnd the circuit. The direction of the flux is related to the sense of 
description by the right-handed screw rule. 
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18*22. Unbounded fluid. When the fluid is unbounded and the speed 
q at a great distance is of order l/r a at least, where r = PQ, the surface 
integral in 18*20 (5) tends to zero, since dS = r*da), where io> is an elementary 
solid angle, and therefore 

Br = y^r, q? = V a Bp 

and the velocity is therefore a function of the vorticity only. 

Thus we have, using 2*34 (VII), 


qp = - 


4 ? t 



dr, 


where r is the position vector of P with respect to Q (not vice versa). 
The above result means that the 



Fig. 18 * 22 . 

where a is the angle between and r. 

This fictitious elementary velocity may be referred to as the velocity induced 


18*23. Vortex filament Let the vorticity be concentrated in a single 
vortex filament. It has been proved, 3*52, that the product of the magnitude 
of the vorticity and the (infinitesimal) area of the cross-section of such a 
filament is constant. Calling this product k, the strength of the filament, 
tiie velocity induced at P by the length is of the filament, fig. 18*23 (i), will 


be 


teds 


(*!*«•)> 


where tj is a unit vector in the direction of the tangent to tire filament. 

In the case of a re-entrant or closed filament C (vortex ring of infinitesimal 
cpMection), we shall have 


q? = 



it. 
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Applying Stokes* theorem in the form 2*51 (3), we get 



over any diaphragm S which has C for boundary. 



Fig. 18-23 (i). 

Now, by the triple vector product, 



and the last term vanishes, since 1/r is a spherical harmonic. 
Hence, since n3/3Q = djdn, 



It follows that the velocity at P is derived from the velocity potential * 



Now 3(l/r)/3n = cos 0/r 2 , where 6 is the angle between dn and the line 
joining dS to P. This is shown in fig. 18-23 (i), (Observe that in the figure 
as drawn dr is negative.) Also, dS cos 6 is the projection of the area dS on 
the plane perpendicular to r, and therefore dS cos 0/r* = dco, the elementary 
solid angle subtended at P by the area dS. Thus, finally, we get 



where is the solid angle subtended at P by any diaphragm which closes 
the filament C. 

This is illustrated in fig. 18-23 (ii), which shows a sphere of unit radius, 
centre P, on whose surface the solid angle is measured. It may be observed 

* Comparing with 15-28 we see that this ii also the velocity potential of a sheet of doublets, 
wrmally over A of strength per unit area cfc 15-2$. 
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that the value of <j> just found is equal to the flux through the aperture pie- 
sauted by the vortex ring C, due to a point source at P of strength k/(4tt). If 
we take P round a closed circuit which threads the ring once, the solid angle 



Fig. 1823 (ii). 


increases or diminishes by 4 tr, according to the sense of description. Thin 
is many valued. This is, of course, in agreement with the fact that the presence 
of the vortex ring renders the Bpace doubly connected. 

The momentum M of the fluid being assumed to be dS over both sides 
of S (cf. 17*20 (3)) , we have J 

M = */>[ dS 

i(S) 

taken over one side of S, which is the same for all diaphragms, since j dS over 

a closed surface vanishes. If the vortex ring is a plane curve of area A and 
normal n, we have M = KpAn. 

18*24. Electrical analogy. There is an exact correspondence between 
the formulae concerning vortex motion and those concerning certain electro- 
magnetic phenomena. In this analogy a vortex filament corresponds to an 
electric circuit, the strength to the electric current, and the fluid velocity to 
magnetic force. Thus the formula for induced velocity corresponds exactly 
to the formula of Biot and Savart for the magnetic effect of a current. The 
analogy is still further extended by observing that sources and sinks corre- 
spond to positive and negative magnetic poles. 

18*30. Kinetic energy. This is given by 

T = i/>\fdr. 

U B is the vector potential, 

q-v A B. ?* = q(V*B) - V(B A q)+Bii, 

from 2-34 (I). Applying G&au’a theorem, 

r-Jpf B{n A q)«W, 

<J(F) JCS) 
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takes throughout the volume 7 enclosed by the bounding surface S. If the 
liquid is unbounded and the first integral converges, we have 




where ?p , are the vorticities at P and Q and dr P , drq elements of volume 
at these points. 

Another expression for the kinetic energy is 

T = p\ q^A^+pf {(nq)(qr)-i(nr)j^dS, 

J<*> J<5) 


taken throughout the volume V contained by the boundary S. 

To prove this result we have, by the triple scalar product and 2-34 (IV), 


qM) = -■’[qA(VAq)] = r[(q V)qHrVs* 

= (q V)(qr)-q[(q V)r]+k‘ V r-iVW- ' 

Now, V = 3, (q V)r = q. 

Therefore q (r A Q = i?*+V[q(qr)]-(qr) V q-iV (*<?)■ 


Integrating and applying Gauss’s theorem, the result follows, since 
V q = 0. In the case of a fixed boundary, nq = 0. If the liquid extends 
to infinity and the velocity at a great distance is of order r~\ the energy is 
represented by the first integral alone. 


18*40. Axisymmetrical motions. When the motion is symmetrical 
about the a-axis, the vortex lines must be circles whose centres are upon this 
axis and whose planes are perpendicular thereto. Such motions are con- 
veniently discussed with the aid of Stokes’ stream function, whose existence 
does not depend on the motion being irrotational. 



Fig. 18-40. 


To obtain the form of the stream function, consider a point P, coordinates 
(a, ©), in a meridian plane. Draw the circle, centre 3f, perpendicular to the 
fi^axie, on which P lies. 
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Let B be the vector potential at P. Since q = y A B, and since the com- 
ponents of q lie in the meridian plane, it is at once evident that B must be 
perpendicular to the meridian plane. It also follows from the symmetry that 
B has the same magnitude B at every point of the circle. Since the flux 
through the circle is measured by the circulation of B round it (18*21), it 
follows that this flux is 2 irwB. If we take the vorticity on a vortex line C to 
be related by the right-handed rule to the direction of the axis, this flux is 
from left to right. Hence, if ^ is the stream function, 


2mji = - 277*3, </r = - wB, 

This gives the stream function in terms of the magnitude of the vector 
potential. \ 

18*41. Circular vortex filament Consider the circular vortex filament 
C, fig. 18*40, of very small cross-section a. Then the strength of the filament 
is {or = 4ttk, say. If Q is any point of C, whose centre is A, where OA = 
draw MR equal and parallel to AQ. Let the angle PMR be 0, and let AQ = tj. 
Then the element of arc at Q is t] <20, and the vorticity vector at Q is a tangent 
to C. Thus the vorticity at Q is { cos 0 . i u - { sin 0 . i w , where \ 9 and \ w are 
unit vectors parallel to the axis of © and perpendicular to the meridian plane 
respectively. Thus, from 18*22 


cos0-i. sin 3 

Jo PQ 


pgt = r a s (®-f)*+i7*+m*-2i}tcrco8 0. 


The coefficient of i a vanishes for the reason already explained, and the fact 
is indeed obvious in this case on performing the integration. The coefficient 
of i« is the magnitude of B, and therefore the stream function is 

, f 2,, cos0<M 

* 

A discussion of the details of the motion requires the use of elliptic func- 
tions. We may, however, observe that for points in the plane of the ring 
(considered as of infinitesimal cross-section) there is no radial velocity. This 
follows .at once from the Biot and Savart principle, explained in 18*23. It 
therefore follows that the radius of the ring remains constant, and the ring 
moves forward with a velocity which must be constant since the motion must 
be steady relatively to the ring. 

When two such rings follow one another with the same axis and sense of 
rotation, the effect of the induced velocity will be to enlarge the diameter of 
the leading ring and diminish that of the other, which may eventually pass 
right through the leader when the r61es become interchanged. 

If two equal zings of opposite rotations approach one another, the induced 
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velocity will tend to enlarge each, and on the plane midway between them the 
velocity will be perpendicular to the axis. Thus as a ling moves towards a 
wall to which its plane is parallel, the diameter will continually increase, and 


1*50. Equation satisfied by the stream function. Taking the core 
of 343 (3) we have 

(1) |-V A (q A C = 0. 

In the case of asymmetrical motion 

q = *»?*+■•?•> ? = U, 

where i* , i w , i w are unit vectors in the meridian plane and perpendicular to 
that plane. Thus q = i*?.£“ i«?*?> and therefore, from 2-72 (4), taking 
= h t = 1, ^ = w, we { 


and therefore (1) gives 


m) , m)\ 

, dx 

KJbJQJiuQ 




dt + dx + dm 


0 . 


Using the equation of continuity (15*1), 


d(M | d(q 9 m) _ 0 
dx + dm ’ 


this becomes : 


# 


Thus, in terms of the stream function, 

( 2 ) 

When the motion is steady this gives 


dt \m) mdmdx \m) m dx dm \m) 


dx 

lie 

dx\m, 


dm 


= 0 , 


which implies that C/or is a function of t/t, say, 

(3) £-<#). 

Equation (3) shows the relation which must be satisfied by the vorticity 
for the motion to be steady (cf. 441). Now 

* If Iw ©\3r I® 1 mdm) sino> v \ © / 



(5) j (*»*)+• 


dx 


sO*) »(?") 
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Therefore the equation satisfied by the stream function is, from (2), , 
di/t Sift 

as 0. 

Jl JW./A 

0W \C 

When the motion is steady, (3) and (4) yield the simpler equation 

( 6 ) = 

Taking the value of f( = tzr 1 # 2 ^) in polar coordinates, from 2*72 (j>), 

sGejS wU.*3) "*”»» ' 

By attributing forms to /($ we have a differential equation to determine 
iji. The simplest assumption of this nature is to take / (^r) = 4, a constant. 


we 


iji - F(r) sin 2 0, 

which gives r l F" (r) - 2 F (r) = Ar*. 

To find the complementary function, put A = 0, F(r) = Kr n , which gives 
n = 2, or - L The same substitution gives for the particular integral n = 4, 
K as 4/10. 

Thus iff = Cr*+~ **) 


18*51* Hill’s spherical vortex. The stream function just found will 
represent the motion within a fixed sphere of radius a, if the value of 0 is 
finite at all points within the sphere and the normal velocity vanishes at the 
boundary. These conditions give 5 = 0, and 

whence C = -Aa, % jl0. Thus 


(1) ^ = “ («* - »V em‘0, r<a, 

fulfils the required conditions, whatever the value of A. 

The vorticity, given by direct calculation or by 18*50 (3), is f = Ar eia6. 
The vortex lines an circles perpendicular to the axis of symmetry. On all 
such codes of the same radius the vorticity has the same value. 

There are stagnation points in the meridian plane given by the solutions °f 
the simultaneous equation q f = 0, q, = 0, ie. by 

(2a , -4f J )sintf = 0, 2(a‘-r*)co«0 = 0, 



^ hill’s spherical vortex 665 

whence 6 = ±w/2, t » ajj 2. Thus there is a ring of stagnation points of 
radius r = a/^/2. 

The stream surfaces are given by 

(a*-r 2 )r 2 sin a 0 = c 4 , 

where o is a constant. These include the sphere and the axis of symmetry on 
which the stream divides. The principle of the dividing streamline then 

enables us to draw the form of the 
streamlines in the meridian plane, fig. 
18-51, which shrink to zero at the 
stagnation points. 

Taking advantage of the arbitrary 
constant A, the remarkable fact emerges 
that such a vortex can exist at rest in 
surrounding fluid which streams past it. 
The stream function for streaming past 
a sphere is, 15-30, 

(2) 

^ = i0r*sm‘0(l-£), r>«. 

When r = a, (1) and (2) give^ = 0, 
and the normal velocity is zero at the boundary. In order that the motion 
may exist, we must also have continuity of the tangential velocity, which 
gives, on equating the values of <ty/dr, 

15U 



0 = •— (c^-rVsin 1 #. 

If we ira prftfts on the whole system a velocity V from left to right, we have 
a spherical vortex of radius a moving forward with velocity V in fluid at rest 
at infinity. The motion of the fluid external to the vortex is irrotational and 
the mm* as t ha t produced by the motion of a solid sphere of the same radius* 

18‘tt, Aerofoil of finite span. The Joukowski aerofoil considered in 
Chapter Til was a cylinder of infinite length of which we merely considered 
a unit segment. The aerofoils actually in use being of finite length or span, the 
motion cannot be considered as entirely two-dimensional. 

Consider an aerofoil of span 26 symmetrical with regard to the central 
lection perpendicular to the span, fig. 18*60 (a). In this figure the aerofoil a 
considered to be at rest and the wind stream to impinge on the leading edge, 
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the wind direction at infinity upstream being that of the s-am Tie ass 
of y is taken vertically upwards and the axis of x along the span, the origin 



Fra. I8 60 (a). 


being in the central section. In fig. 18-60 (6), which is purely schematic to show 
the principle, each streamline which impinges on the leading edge divides into 
two streamlines, the upper s going over the top of the aerofoil and the other a 



Fra. I860 (6). 

These lines a, s' do not necessarily follow tie transverse section 
of He ae rofoil, and therefore do not leave it at the same point of the trailing 

*The locus of the lines s will be a surface 8, and the locus of He lines s' will 
be a second surface S'. We shall assume Hat immediately behind He 
trailing edge Hese surfaces coincide and form a single surface Z across which 
He velocity is discontinuous in direction but has the same magni- 

tude. Since He pressure equation contains only He square of He magnitude 
4 the velocity, He pressure will Hen be continuous. The surface 17 is a 
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vortex sheet of the kind described in 13*70, and can be considered as con- 
sisting of vortices spread over it. Since the speeds above and below are equal 
at any point of £, the vortex lines will bisect the angles between the directions 
of the velocities. 

In order to obtain a simple problem we shall suppose that these vortex 
lines are all straight and parallel to Oz, As a further simplification we shall 
take the trailing edge to be straight and the surface S to begin at that edge. 
These assumptions are not so restrictive as might appear at first view. 



To evaluate the resistance or drag,* it is more convenient to consider the 
aerofoil as in motion with velocity V and the air to be otherwise at rest. We 
consider two fixed infinite planes P, P x drawn perpendicular to the direction 
of motion, P a great distance ahead and P x a great distance astern. See 
fig. 18*60 (c), where P is not shown. If we draw a second plane P x parallel 
to P x and at a distance V behind it, the increase in energy per unit time of the 
fluid between P and P x will be due to the transference of that part of the 
vortex sheet S which lies between P x and P x into the region between P 
and P x , for the inotational parts of the motion ahead and astern will make no 
contribution, on account of the quasi-steady character of the motion between 
P and Pj. Thus, if ^ is the velocity potential and jR is the drag, by equating 
the rate of working of R to the rate of increase in kinetic energy, we get 


( 1 ) 

• tte ling 1 mm MMidmt k the initctd drag «*tu#d by th. induwd wkwMy of tktmUu 
*9&*. It fajfesthtt tike oWred ting '-’hich issciude. iSsin fetation nod .tint effiscM. 
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Transforming this by Green’s theorem, we get 




where </> refers to the upper side of S and to the lower side. Since the normal 
velocity - dfydy is continuous, this gives 

( 2 ) R = b\[tt-<nf y dx. 

Now consider the section of the aerofoil at distance x from 0. Let K(jx) 
be the circulation round this section. As we go through the vortex sheet IT 
from above to below, the velocity potential decreases by the circulation. Thus 
= K (a). Therefore, finally, ; 


R = \p^K{x)Qdx. 


To calculate the lift Y, we have by the theorem of Kutta and Joukowski 
for the section of the aerofoil between x and x+dx the lift pUK(x)dx. Thus 


.pul* K(x)fo. 
J H 


1861 . Aerofoil of minimum induced drag. We are now in a position 
to inquire what distribution of circulation K (x) along the aerofoil will give the 
least resistance when the lift is given. With the notations of the preceding 
section we have to make R a minimum, subject to the condition that Y is 
given. Using the method of undetermined multipliers,* we must have 

8fl-A8r = 0 

for any variation in K (x). Now, from 18-60 (1), 

SB = p JJ V 4>- V to 4y = P J* t (ty-Sf ) 

using the same transformation as before. Also 8^-8^' = 8 K(x). Therefore 

^ SK(x)Qdx-W^ m{x)dx = 

and if this is to hold for any arbitrary variation SK(z), we most have 
jU 

~ = XU = constant - V, say. 

°y 

The wake therefore behaves like a flat plate of breadth 26, moving with 
velocity Fin a direction perpendicular to its length. Superposing a velocity 
- F on the solution given in 6-34, we have the complex potential 
» = -iV[z- iai+i 


♦ 8m fcr axunpb, Edwwto'i DijftrmM Oahmhu. 
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And therefore on the plane y » 0, we have 


the upper sign being taken on the upper side. 

Thus, the circulation being given by the decrease in ^ on passing round 
the plate, 

K(x) = 2FV(& 2 -a>*). 


£ 0 = 27 &, 

and therefore K(x) = y J( 6* - &*). 

This can also be written in the form 

v m 2 g _ 

which is the equation of an ellipse described by the point of coordinates 

MW).t 


EXAMPLES XVIII 

1. If S is a surface bounded by a curve C t prove that 

[F A ds] « {n div F - grad (Fn )}dS, 

n denoting the normal to S . (Stokes’ theorem may be assumed, if necessary.) 

An infinite liqujd is at rest at infinity and the motion is due to a closed vortex 
filament of boundary C and strength k ; show that the velocity at a point P is 

where r is the distance between P and the element ds. 

Hence Bhow that q » -k grad 0/4w, where Q is the solid angle subtended by 
the dosed filament at P, (TJX.) 


2. If the vorticity w is given at all points within a fluid, prove that the correct 
values of the vorticity are given if 

v * curl A, 


where 


A 


1 fcodr 

sJt’ 


and the integrals extend through the fluid. 

If the velocity has also a known divergence 6, 
by adding to v a portion 


-V 


4irJ r ' 


show that this can be allowed for 


t of the vortex sheets connected with aerofoils see Mfine-Thonwott’a 

Wswi&al London (1958). 
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If the circulation k is zero about all paths in the fluid except such as enclose a 
thin vortex, prove that the circulation is the same about all circuits that enclose 
this vortex and that the vortex cannot end within the fluid. Prove also that 

k fds 

4ttJ r' 

where the integral is taken vectorially along the vortex. (U.L.) 

3. If the components of rate of pure strain are (a, 6, c,/,y, h), show that 

exp f (oA 2 + tyi 2 + cv 2 + 2//iv + 2yvA + 2hty)dt, 

P Po Jo j 

where A, p, v are the direction cosines of the element to of a vortex filament. ! 

Interpret this result physically and discuss its connection with Kelvin’s theoiem 
as to the permanence of the circulation in a circuit moving with the fluid. (U.Jj.) 

4. Show that the velocity due to a rectilinear segment AB of a vortex filament 
is perpendicular to the plane PAB and equal to 


— (cos PAB + cos PBA) f 

where p is the perpendicular from P on AB. 

Calculate the velocity at any point due to a rectangular vortex filament, the 
sides of the rectangle being given by z = 0 and x * ±a, y » ±6. (U.L.) 

5. A cylinder of any cross-section containing fluid rotates with given angular 
velocity about its axis and the fluid possesses constant vorticity J. Show that 
the kinetic energy per unit length of the cylinder of this motion exceeds the kinetic 
energy of the irrotational motion by 

i/tf/Jctf Vldz)*+(dVldy)*]dxdy, 

where V is the solution of V a V - 1, which is finite and continuous at all internal 
points and is constant on the boundary. 

6 . liquid moves in two-dimensions within an elliptic cylinder whose axes 
are 2o, 26. If the vorticity has the constant value <u at every point, prove that the 
streamlines are similar ellipses described in the periodic time 2rr(a*+6*)/(o6a»). 

7. Prove that a stream function of type 0 » AiP+Btf can represent steady 
motion of perfect fluid, with uniform vorticity ^ , taking place inside a cylinder 
bounded by an ellipse of Bemi-axes (a, 6) which is rotating round its axis with 
uniform angular velocity a» 0 , to be determined in terms of £*. Show that the paths 
of particles of liquid relative to the boundary are similar ellipses. 

By transforming to elliptic coordinates given by 

a c cosh £ cos rj f y « c sinh { sin rj, 

show that if the very thin rigid cylindrical boundary has infinite liquid outride it 
moving irrotationaily, then, provided it is of the same density as the liquid outride, 
this rigid interface between them may be supposed dissolved without disturbing 
the steady state of motion. 

1 Prove that in a steady two-dimenrional motion of a liquid of uniform 
vorticity 2 under no body-force, 
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liquid is flowing past a fixed circular cylinder of radius «. The vorticity is 
constant and equal to 2£, and, if the origin is at the centre of a section of the cylinder, 
the motion at infinity is the shearing motion 

e-0. 

The circulation immediately around the cylinder is K. Find the form of and 
prove that the resultant force on the cylinder exerted by the fluid pressure is 
pU (K + 2wa , {) along the axis of y. (U.L.) 

9* The motion of an incompressible fluid in two dimensions is such that the 
vorticity 2{ is uniform ; show that the stream function \fs is given by 

^ * K (®*+y*)+/(*+*y)+/(*-*y)i 

where / is an arbitrary function. 

The space between two confocal elliptic cylinders, with semi-axes c cosh a, 
c sinh a, and c cosh 0, c sinh j8 respectively, where a > 0, is filled with liquid of 
uniform vorticity J. Determine the stream function, and prove that the kinetic 
energy per unit length is equal to 

fjjTrpPc^sinh 4a - sinh 4/5-4 tanh (a - j8)}. (U.L.) 

10. A cylindrical vortex Bbeet is such that the vortex lines are generators of 
the cylinder and the vorticity at any point is 2(7 sin 0, where 0 is the angle 
measured from a fixed plane through the axis of the cylinder. Prove that the 
vortex sheet moves through the liquid with velocity U parallel to the fixed plane. 

(M.T.) 

11. Homogeneous liquid is circulating irrotationally in two dimensions round 
a hollow cylindrical vortex of radius o and circulation 2™. Prove that the pressure 
at a great distance must be />**/( 2o*). 

Prove that the system can oscillate freely in a mode in which the boundary of 
the cross-section of the vortex becomes a sinuous curve with n wave-lengths to 
the circumference and that the period has one or other of the values 

* 27T0 2 

lA(f&±l)K 

12. A mass of liquid, whose outer boundary is an infinitely long cylinder of 
radius 6, is in a state of cyclic irrotational motion and is under the action of a 
uniform pressure P over the external surface. Prove that there must be a con- 
oentric cylindrical hollow whose radius a is determined by the equation 

fcrWP-Afic*, 

where M is the mass of unit length of the liquid and k is the circulation. 

If the liquid receive a small symmetrical displacement, prove that the time of 
a small oscillation is 

Pog(6/«)/(6»-a«)]K 

18. The motion of fluid in an unbounded region is due to a thin vortex ring, 
the circulation through which is h Prove that the velocity at any point, not m 
the subetance of the ring, can be expressed by either of the formulae 

-grad^ and curl A. 

Obtain expressions for 4 and the components of A, and verify that the values 
of the components of velocity are the same whether they are derived from the one 
formula or tho other. (U.L.) 


M.T.H. 
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14. Show that the velocity q at a point P in an incompressible non-visoons 
fluid) extending to infinity) where it is at rest, and containing a dosed vortex fila- 

k f dt 

ment of boundary C and strength misgiven by q » curl where ¥ « — * — . 

w J t 

If the boundary 0 is a circle, find the relation between V and Stokes’ stream 
function for the problem. Hence, or otherwise, show that the velocity resolutes 
parallel and perpendicular to the axis of a circular vortex filament, at a point P 
near the axis, are respectively given by 

u « ko , /2t 8 , v ■ S/ca^^-o^i/^r 5 , 

where w and r are the distances of P from the nearest points of the axis and the 
vortex filament respectively. (1J.L.) 

15. Prove that the velocity at the centre of a circular vortex ring of st] 
m and radius a is m/2a, and find the velocity at any point on the axis of the i 

16. Prove that the effect of a circular vortex ring at a great distance fym 

itself is approximately the same as that of a double source of strength ma*/i, whpre 
m is the strength of the vortex and a its radius. \ 

17. Obtain the approximate formula (K/brb) (log (86/o) — 1/4} for the velocity 
of advance of a thin circular vortex ring, b being the radius oi the line of centres 
of the cross-sections, a the radius of any cross-section, and K the circulation. 

16. If q, q' are the velocities of the liquid due to a thin circular vortex ring of 
strength m and radius a at two points in the plane of the ring at distances r, r' 
from its centre, where rr' « a 1 and r>r\ prove that 




sin- 




19. Prove that for a single thin vortex ring of radius a the stream function at 
a point near the ring and distant x from its plane is approximately equal to 

~4(a*+**)i* 

where k is the circulation through the ring. 

90. Prove that the velocity due to a thin circular vortex ring of radius a and 
strength K, at a point P of its plane distant r from the centre of the ring, is 

KV, 3r*/l\* 5r^ /1 . 3\* 7r»/1.3.5\* 1 

2aL* + a* \2/ + a* \2 . 4/ + o*( 2. 4. ft) 
where r<«, and calculate the velocity when r>o. 

91, A circular line vortex of strength k lies on a sphere of radius / and centre 
0 ; prove that the vortex has an image in a concentric sphere of radius a, and that 
it lies on a concentric sphere of radius/, its strength is k', and its radius and that 
of the given vortex subtend the same angle a at 0, provided that 

*Jf- -K’Jf. 

Prove that, at a point P on Ox, the axis of the first vortex, outride a rigid 
sphere, centre 0 and radius «(</)» the velocity is along Oz and is equal to 
* 

£« 

where P^coi*) - rin*« iP { (<x>ta)ldlcot a), ?, being the zonal harmonic of aider »• 

• ■ (UX.) 


1 ^ ft ¥ V 

• fM+l-rtW+l 
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2& If the vorticity is given at all points within an incompressible fluid, prove 
that a possible value of the velocity v is given by 


v - curl A, 


where, if (£, 17 , {) are the components of the vorticity, the components of A are 

and the integrals extend throughout the fluid. 

For a single circular vortex filament of Tadius a and strength K, with the axis of 
x as axis of symmetry, prove that, at any point P, A is at right angles to the axis 
of x and to the perpendicular from P on to the axis of a?, and that its magnitude is 


where 


4ar 

* * x* + (r+af 


F(k)m fVirTT E{k)m . 

Jo (1-A*sm 2 u)i Jo 

r is the distance of P from the axis of x, and x the distance of P from the plane of 
the vortex ring. (U.L.) 


23. Prove that the force and couple components of the impulse (F, L) and 
the kinetic energy of a vortex system are given by 

F i» = />|(/+* ! )WT, T = ipJr(? A q)tfr ) 

subject to certain conditions which should be stated. 

Deduce that for a circular vortex filament of strength k and radius w, with its 
axis along Ox , 

T a ~7rpK\jl a llTpmfou - XV), F g = irpKtil\ 

where «, v are the velocities along and perpendicular to Ox and i/r is Stokes’ current 
function. Deduct also that for a circular vortex ring, whose section is a circle of 
radius a small compared with the radius to 0 of its circular axis, at a distance i 
from the centre of the normal section 




24. Assuming the law of vorticity w/w * in a thin vortex ring in steady 
translatory motion, prove that, if the axial section of the ring iB a circle of radius o 
with its centre at a distance cr 0 from the axis of symmetry, the velocity of advance 
of the ring is 

,2L rr ff — 

**®oJo U J {tu® + m 0 *- 2trrm 0 cos <x + (c ~ sc) 2 }* J 
the integration with respect to m and x being taken over an axial section, where 
w is the resultant vorticity and the ring is supposed to move with constant speed 
in the direction of the z-axis. (U.L) 

tt. Show that, for an aerofoil of finite span, the induced drag is a minimum 
for a given lift, when the distribution of lift across the span is elliptical. 

If 7 is the speed of the aerofoil relative to the air, L the lift, D the induced 
drag, p the density of the air, and 2s the span of the aerofoil, prove that when 
B )S a lajittramy t 

D«I*/2*ps*F*. (UJM 



CHAPTER XIX 
VISCOSITY 


19*01. The stress tensor of a perfect fluid. In an ideal or perfect 
fluid the force exerted by the surrounding fluid on an element iS of the surface 
of a fluid particle is a normal thrust - pn dS, where n is the unit outward normal 
and p is the pressure. We can therefore regard the stress (or force per iit 
area) as obtained from the stress tensor 

(1) 

where / is the idemfactor (2-16), by scalar multiplication by n, that is to say, 
stress = nW = -pnl = -pn. 

In terms of three mutually perpendicular unit vectors i, j, k we have 
I = i ; i+j ; j+k ; k. If therefore in (1) we replace dyadic by scalar multi- 
plication we obtain the first scalar invariant of the stress tensor denoted by 

(2) W, = -*>(»+ jj+kk) = -3p, 

and we could use (2) to define the pressure p when W is given. 

The stress tensor (1) possesses all-round or spherical symmetry ; that is to 
say, the direction of the stress is normal to, and its intensity is independent of 
the orientation of, dS. 

19-01 The viscosity hypothesis. In the case of a viscous fluid, that is 
to say, a fluid which is subject to internal friction, the stress on the element dS 
of the surface of a fluid particle is not necessarily normal to dS, and so the 
stress tensor, assuming one to exist, will be of the form 

W. <*=-J >'I+S, “ 

where the tensor -p'l has all-round symmetry as in the case of no viscosity, 
while the tensor S depends directly on the viscosity. The stress on AS will 
then be 

■ (2) ikP — -p'n+aS. 

In 2-40 we analysed the motion of a fluid particle into a movement of the 
particle as a whole, like a rigid body, compounded with a rate of pure strain 
Vin which the direction of motion of each point of the particle is normal to & 
certain quadric, If we regard viscosity as manifesting kseU through action of 



the viscosity hypothesis 585 

• fictional character on the surface of our fluid particle by the 
fluid, it is clear that rigid body movements, since they cause no relative motion, 
can have no effect in producing forces of a Motional character. The natural 

hypothesis is to attribute the stress n S of 
(2) solely to the pure strain. 

Consider a spherical particle, centre P, 
of infinitesimal radius k } fig. 19*02. 

If n is the unit outward normal at the 
area dS of this particle, the pure strain is 
causing dS to move relatively to the centre 
of the sphere with velocity (2*40), 

/(fen) = i(nV)q+Jta A (V A q). 

The viscosity hypothesis is that n S is pro- 
portional to/(n), more precisely that 

(3) n S = *./(■>) = 2/*(n V)q+f*n A (V A q), 

where y is called the comment of viscosity. The physical dimensions of/* are 
expressed by ML~ l T~ l in terms of measnre-ratios of mass length and time. 
Now from 2*16 we have 

(4) /(n) = (nV)q+in(-V;q+q;V) = in(V;q+q;V). 

Here q ; V is the dyadic product conjugate* to y ; q. 

It then follows from (3) that 

£ = MV; q+q;V)» 

and therefore (l) becomes 

# = -p7+^(V;q+q;V). 

The pressure p is now defined by (cf. 19*01) the scalar invariant of this, 
namely, 

-3p - 3p'+2/i(Vq), 

and so finally the stress tensor is the symmetric tensor 

(5) !f*(Vq)J+/*(V;q+q;V)- 

Thus tire stress on dS is 

(6) ntf =-pn-}iv*(Vq)+(n2/*V)q+n A /r?, 
where 5 « V A q is the vortidty. 

To interpret and explain q ; y explicitly we write oat y ; q in full and then mem the 
<w»r of the eeeton in each dyadic product, Thus in cartesian coordinates {*,, x,, *,) if 
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The stress on this hypothesis is a linear function of the direction of the 
normal to the area across which it is supposed to act. By choosing different 
elements on the surface of the sphere, we obtain the corresponding viscous 
stress. For an inviscid fluid, /x = 0. Also when the fluid is at rest, q » 0. In 
both these cases the viscous stress vanishes. That the above hypothesis 
applies generally is an assumption whose justification requires an investigation 
into the transfer of momentum due to random motions of the molecules to 
which the stress must ultimately owe its existence. To enter into these 
considerations is beyond the scope of this work, and it will therefore be 
assumed that (5) represents the effect of internal friction in a fluid. ( 

19*03. The equation of motion. In the case of a viscous fluid the 
equation of motion is derived at once on the model of 3*41. 1 

Thus, considering the volume of fluid V within a surface S imagined 
drawn in a fluid, we have 



which gives on the application of Gauss’s theorem 

(1) /»f = />F+V<P. 

To calculate V 0 the simplest procedure is to write V for n in 19*02 (6), i.e. 
to use Gauss’s theorem. We then get 

pf = pf- VjHV WVq)MV(*» V)]q+V A 0*0 

Writing a = Vm this readily reduces * to 

( 2 ) = P F- Vp-p V A S+if* V(V q)+2(« V)q+d *M«(V q). 

In the case of constant viscosity , a = 0, and 

( 5 ) p^ = V(Vq) 

while for. incompressible fluid V q = 0, and 

(4) ^ = />F-Vi>-mVa?- 

Alternatively, using 2*32 (V), we can write this as 

(B) -Vf+.V. 



THU EQUATION OF MOTION 


For some purposes it is convenient to use the kinematic coefficient of 
vitoostiy v =b ji/p of dimensions I 2 ! 7 - 1 , whose value for water at 15° 0. is 
1*23 xl(H ft. 2 /sec. and for air 1*59 x 10~ 4 . Judged by this standard, air is 
more viscous than water. 

In the case of conservative forces, using the methods of 3*44, we can write 
the equation of motion (5) in the following forms. 

< 6) §=-v(j» + vV*q, 

(7) |-qA? = -v(^+k , +fi)+''V , q. 

(8) fj-q^—Vx-’V*?. 

where X = 

From this equation it appears that for steady irrotational motion V = 0, 
and therefore x has the same constant value throughout the fluid. 

The form (8) is convenient for transformation to any system of orthogonal 
curvilinear coordinates by the methods of 2*72. 

In particular, for two-dimensional motion in terms of cartesian coordinates, 
we have, from (8), 

He h 3 

dt ?vS ~ ft v dy’ 




XX 

dy fa 


In these equations £ and x we unaffected by change of coordinates, and 
we may therefore regard x,y&& any orthogonal curvilinear coordinates. Thus, 
in the case of plane polar coordinates (r, 0), 

Hi !L 

at q,l ~ dr rdd’ 


at +3rt “ rdd + dr 

The expression for £ in terms of the velocity components is 

r-ty'Jl Ok 

4 “ ar + r~rd6' 

19-04. Steady motion ; no external forces. In this case 194)3 (1) 
becomes 

V ♦ = 0>q V)q = V(pq ; q) - q[V(pq)3 

from 2-34 (X). But the equation of continuity is V (pq) = 0, and therefore 
(i) V(*-pq;q)=o. 

Uia equation is valid even when p and p are functions of position. 
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19*05. Boundary conditions in a viscous fluid. The kinematical con- 
dition that the normal velocity of the fluid in contact with a moving boundary 
is equal to the normal velocity of the boundary holds for fluids whether viscous 
or not. 

When a viscous fluid is in contact with a solid, the tangential velocity is 
the same for both. This assertion is of a physical character founded on 
experiment. 

Thus there is no relative motion of a solid and the fluid in contact with it. 

At an interface separating two fluids the normal pressure and the viscous 
stress are continuous, provided surface tension is neglected. f 

19* 1 1 . Equation satisfied by the vorticity. Taking the curl of 19*0$ (7) 
and observing that the curl of a gradient is zero (2*32), we get, as in 3*53, . 

§ = (?V)q+vVA(V*q)- 

Now V A (V* q) = ■ - V A (VaQ = V*?. from 2-32 (V), 
noting that V C = 0 (3*52). Therefore 

0 , 

If we start a viscous liquid into motion from rest, initially ? = 0, and 
therefore (1) becomes initially 

» f-w 

Since £ does not in general vanish at the boundaries, it follows that vorticity 
may ultimately be generated by spreading inwards from the boundaries in 
accordance with the above equation. 

In two-dimensional motion the vorticity is always perpendicular to the 
plane of the motion and therefore (2) applies at all times. 

That in actual fluids the vorticity exists to any marked extent only in 
those parts of the fluid which have passed near to rigid boundaries is a fact 
well supported by observation, and is strikingly exhibited in the case of the 
wake behind a mlmg vessel which arises solely from the water which has 
passed near to the ship’s hull. The same observation shows that the eddy 
disturbance in the wake is damped out by friction. 

Another illustration is of some interest. A discussion arises from time to 
time aa to whether the sense of rotation of the vortex which is often seen 
when water runs out of a bath is different in the Northern and Southern 
hemispheres. It is not difficult to prove by experiment that either sense of 
rotation can be obtained according as the bath is filled with the hot or the 
edid tap, the fluid from one or the other acquiring opposite vortimties as it 
moves near the boundary. 
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19*11 Decay of vortidty. When the motion is in circles about the 
*-axis, the velocity being a function of the distance r from that axis, we get, 
from 19*11 (1), 



This equation is identical with that for the radial flow of heat in two dimen- 
sions. 41 Thus, in the case of an isolated rectilinear vortex of strength #c, initially 
concentrated along the axis of z, we get the solution 



which is easily verified by differentiation to satisfy (1). The circulation in a 
circle of radius r is then 

When t-+0 this is 2wc, while when it tends to zero. This shows 
how rapidly vorticity is damped out by the viscosity to which it owes its origin.t 

19-13* Circulation in a viscous liquid. If C is the circulation in a 
closed circuit moving with the fluid, then 

C = jqir, 

taken round the circuit. 

From 3*51 (2) and 19-03 (6) we get, for a liquid, 

|[- V +»■ V* q] * = •’I v* «i • <* r = -* 1 ! (V A ?)<* r - 

Thus as the circuit moves with the liquid the rate of change of circulation 
depends only on the vorticity in the neighbourhood of the circuit. Hence, if 
the liquid is originally at rest ({ = 0), circulation can only arise by the diffusion 
of vorticity inwards from the boundary (cf. 19*11). 

19*21* Dissipation of energy* Consider a surface S which moves with 
the fluid and therefore always encloses the same fluid particles. The kinetic 
and internal energies are 

* Curia*, CmivUon a{ But, Cunbridge, 1921. 
t H Bi* whirl, h.rs little whirl, which fowl on their velocity ; 
little whirl, ban hhUw whirl, and to on to TiMority." 

Attributed to L. t. Biriaadioa. 
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taken through the volume 7 enclosed by S. Here E is the internal energy per 
unit mass (of. 1-6 and 20-01). 

The time rates of increase of T* and J are, from 3-20 (2), 


( 1 ) 



iE, 

p Tt* r ’ 


(2) pa = pF+y$. 

In order to keep the discussion general we introduce the second i 
viscosity A, related to the “ bulk modulus ” k (cf. elasticity theory) by 

(3) k = A-hf/x. 

If k-0 we have the case discussed in 19-02, Further, we introduce 1 e 
rate< 



W D = l(V;q+q;V), 

and we note that the first scalar invariant (2-16) is 

(5) D, = Vq. 

With these notations the stress tensor of 19-02 (5) in its generalised form 
becomes 

(6) 0 = - pi + (k - f/x) ID 1 4- 2/iZ). 

We then have the following energy balance. 

The rate of increase of kinetic and internal energy =rate of working of the 
stress forces on the boundary Z+rate of working of the body forces + the rate 
at which heat is supplied ; in symbols 

(7) iir + T, = \ -(«*)«!<**• ( pRi^+f Q dr - 

m <tt J (r) J<n J<n 

Here Q is the rate per unit volume at which heat is supplied, for example by 
conduction through or by radiation from sources external to F. 

Using (1) and Gauss’s theorem, (7) gives 

(8) ' J (r) {paq^Fq-VW^^}<l T = 0 

Now V (*q) = (V#) q + ($V) q> 

and if we put this in (8) and remember (2), we get 

Since the volume of integration is arbitrary, the integrand vanishes and we 
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(10) pf = e+(*V)q. 

Nowfrom(4)V;<| =-D+i(V; q~q; V) &&d the tensor in the brackets 
is skew symmetric, whereas $ and D are symmetric. Therefore from 2*16 

($V)q>0"(V; q) = # “ D 

and therefore (10) becomes 

( 11 ) P j = 9--D+Q. 

Now if T is the absolute temperature and S is the entropy, we have from 
20-01 (4), (9), 

(12) TdS =dE+pd(\lp), 

Therefore T dS\di is the rate of gain of heat per unit mass, so that thejate 
of gain of heat per unit volume is 

„dS dE dll\ dE _ 

(13) pT H =p H +Pp dt\-pl = PA + P Dl ’ 

since, from 3*20 (5), Dj = Vq = - (1 Ip) dpjdt. Therefore (11) and (13) give for 
the rate of gain of heat per unit volume 

(14) P T^ = <P-D+pD I+ Q. 

Now Q is the rate at which heat is supplied by conduction and other external 
causes. Therefore 

(15) w i -$ t 'D+pl) I 

is the rate per unit volume at which a fluid element gains heat at the expense 
of other forms of energy. Therefore w ( is the rate of dissipation of energy due 
to internal friction and for that reason is known as the dissipation function. 
Now use (6) and note that £>*•/= 2>/. Then 

(16) w ( ~2il{(D-D)-W)}+kDj*. 

For a spherically symmetrical expansion or contraction the term in curled 
brackets vanishes. The last term will vanish if either 

* = 0 or Dj =0. 

For a liquid Dj « 0 in any oase so that k does not enter here or in (6). 

For a gas Dj ^ 0 and the question whether k = 0 remains open. 

In cartesian coordinates, using the footnote of 19*02 we can write 
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Then 

W i = 2/4 {2(628* + ^81* + e 18 2 ) + i( e 22 ~ + $ faa3 * C ll)* + $ fall ~ %)*} 

+k fan+ejj-fejj)*, 

which is essentially non-negative and can vanish only if the fluid moves like a 
rigid body implying that e n = e n = e 83 = 623 = hi = hi ~ 0. 

Observe that for a liquid 

Wi = 2/t(Z) * * D) s= 2/4 fan* + 6 8 2 * “be 33 2 -f 2^23^ *f 2635 ® -f- 
In the case of liquid within a fixed closed envelope S we find by similar 
steps that the rate of dissipation of energy is j 

Wi = L / ‘ i!<lT+ 2 ' t L{n ( \ 

But q = 0 at the fixed surface. Therefore W ( = | fit} dr, and we pan 
suppose energy to be dissipated at the rate /a£* per unit volume. 

19*21 The flow of heat in a fluid. The question of dissipation of energy 
is bound up with the rate of flow of heat. 

Consider liquid within a fixed closed geometrical surface S as in fig. 3*40. 
Let n be a unit normal at the element dS. If we consider a time interval ht 
the amount of heat within S will have increased by the heat imported by the 
flow of matter through the boundary. If T is the temperature, this will be 

(1) f (nq&)/>TcdS, 

J(S) 

where c is the specific heat of the liquid. 

Heat will also be gained by conduction through the boundary. If £ is 
the thermal conductivity, this will amount to 

(2) [ -K(nV)TiSfo 

J(S) 

The liquid will also gain heat from the liberation of energy by friction, the 
amount being, (19*21), 

(3) I w ( d r8t. 

J(F) 

The increase of heat within the surface Swill be 

( 4) |j frdyr* 

Hence (4) = (l)+(2)+(S), Thus 

|f (peT)<Jr-f (nq)pcriS = [ Mr-( K(nV)TiS. 

m hn m 



m 


19*22} THE FLOW OF HEAT IN A FLUID 

Now, by Gauss’s theorem, 

( (n<\)(pcT)dS = - [ t(f»r> V q + (q V) (pcT)]^, 

MS) J(F) 

and here V q - 0, djdt = 0/0H(q V)» (3*10). 

Therefore (pcT) - w, - V (£ V T) j * = 0, 

and, since this holds for an arbitrary volume, 

|(f> cT) = w i+ V(KVT). 

This equation together with the equation of motion and the equation of 
continuity serve to determine the three quantities p, q, T which characterise 
the general motion of a viscous liquid. In the case of a gas it would also be 
necessary to take account of the equation of state connecting the pressure, 
density, and entropy. 

19*31. Flow between parallel plates. Consider liquid forced under 
pressure to move between two fixed parallel plates at the distance h apart, 
fig. 19*31. 



Fig. 19*31. 


Take one plate to be in the x, y plane and the other to be i = k 
Suppose, first, that the motion is in the ^direction only, so that if 


q s iu+jo+kw, 

then v a 0, w = 0 . The equation of continuity is du/dx = 0, so that u is 
independent of x. When the motion is steady, u will therefore be a function 
of i only and independent of the time. Thus the equations of motion are 


0p 0*u 
02 * * 


dp 


02 


Therefore - dpjdx = P is independent of x, y, x, and henoe 

. P 
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Since u = 0 when * = 0 and t - h, we get 

The average value of u across a section perpendicular to » is 



and u = 6tt 0 s(A-z)/A*, the velocity midway between the plates being 3vo/2. 

The velocity across a section follows the “ parabolic law ”, namely! if at 
each point of a line parallel to Oz we draw the velocity vector, the extremities 
of these vectors will lie on a parabola, fig. 1*0 (6), 

The motion is not irrotational, for the vorticity vector is \ 

r .9tt_.6u 0 (ft-2z) ' 

^ i dz~ i ¥~‘ 

The viscous traction exerted by the upper plate on the fluid is 
d du 

V(nW9+f0 A C-^ s q+|* A C = ipfe =-6l/t«o/A. 

Thus there is a traction of amount 6^/A per unit area in the direction of 
flow exerted by the fluid on each plate. 

The rate of dissipation of energy per unit volume is 

/iJ 8 = ^x36V(A-22)VA 4 , 

and therefore, considering a column of height A, the rate of dissipation per 
unit area of plate is 

j ' i£di = 12 piflh 

To discuss the rate of flow of heat, let us make the hypothesis that each 
plate is maintained at the same constant temperature T 0 . Then dTjdx = 0, 
and we get from 19*22 

0 = tf+KVT = tf+K^. 

If we farther assume the viscosity ft to be independent of the temperature 
distribution, which will be nearly true if the plates are dose together, this gives 

«7’ = -^- , (h-2e)‘+4e+B. 

Since T s= T« when t m 0 and when h, we get 



HlOW BETWEEN PARALLEL PLATES 

J’J* W T n UPP08e *“* tke flw “ two-dimensional, i. e . w = 0 
everywhere. We shall suppose the plates to be very close Wher Then 
« and e vary from their maximum values midwav Hat m +v ’ Taen 

in the short distance A/2 UnaTJ! ™7™w« the P ht “ to aero 
£ wmon usance A/2. Thus the rate of variation of these components in 
*>^mclion mat b, ™, p,., ^, 1 , ^ nt(i k P 


/.3 ! u . a»w\ 

dx hy & +/ 1 l l &« +, < frs) = 0> 
Hence dp/dz = 0 , and p is a function of a, y only. 


Thus Pu dj 

02 2 dx* 

Therefore we get, as above, 


3 2 v 3® 

’ '‘feS-fy 1 


<M*-A) 

A 8 


where «o . «« are the mean values of u, ti as before. 

Consequently, ^=_l?£ u l ?/ 4 

dx A* u< " fa" !*'’'" 

and therefore u,, are the components of a two-dimensional motion of an 
inviflcid liquid in which the velocity potential is 

« ' * = !*!. 

? 12p 

Thus when a portion of the region between the plates is obstructed by a 
cylinder of thickness A, the mean flow will be the same as that of an inviscid 
aid flowing past a cylinder of the same cross-section, with the reservation 
that the analogy must break down at distances from the obstacle comparable 
with A. Since A can be made as email as we please this restriction is insignifi- 
saat This has enabled Hele-Shaw and others to malm very beautiful experi- 
mental models of two-dimensional flow of an ideal liquid by injecting colouring 


trough a pipe. When viscous liquid flows steadily through 
* cylindrical pipe of any cross-section whose axis is in the direction of the 
tf aquation of continuity shows that the velocity is independent of z 
tf tiiere are no components of velocity at right angles to the axis. Then we can 


q = k?. 
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where q is a function of x and y only. The equation of motion is then 




whence -| = 0, -| = 0, -| +M (g+p)= 0 . 

Let P = - dpjdz denote the pressure gradient along the pipe in the direction 
of flow. This is constant since d^/dz 2 = 0. Writing 


( 1 ) 

the last equation gives 

( 2 ) 


s = ^- 4^ (**+?*). 


V*^ = o. 


Since q- 0 at the boundary, (1) and (2) show that if/ is the stream function 
for inviscid liquid filling a cylinder of the same cross-section as the pipe, and 
rotating about its axis with angular velocity P/(2/x). Thus the problem 
becomes the same as that of 9*70. 

Taking the case of a pipe whose cross-section is the ellipse 


(3) 

we have, from 9*71, 


-+^=i 
o* + 6‘ ’ 


. P a 2 -6 2 . # . 

^ = 7- “TTw (® 2 -y 2 )+ constant. 


So that 


4/i a 2 +6* 

"~ A ~ 2f t \a* + 6*/a*+6*‘ 

Therefore q = 0 on (3), if we take 

t P o»6* iL A P o*6* /, * 

A ~ % o*+6* ’ 80 that ? = 2/* o*+6* l 1 “o' “ 6*J ' 

The rate of discharge is R = || q dx dy, over the cross-section of the pipe. 

To evaluate the integral, observe that on the ellipse given by * » tocos#, 
y = Aisind, the integrand is ^4(1 — A*), and the area between this ellipse and 
that corresponding to A+dA is 2jto6A dA. Thus 


and 


j 1 2«6A( 1 -A*)(ft 

n_P *W . ? o*6« . 

~4fto*+6* ~4po*+6* 


m6 
; 2 ’ 


where fib the area of the section. 
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16 - 32 ] 

Hence the mean velocity across the section is 

P a* 6® / i/*\ 

= andtherefore 7 = 2?o( 1 -^ 5 -g)- 

For a pipe whose cross-section is a circle of radius c, we have 



where r is the distance from the axis. 

If we take 0 * 2=06 and write 6 = oa, so that the elliptical and circ ular 
sections have the same area, the ratio of the rates of discharge is 2 a : (1 + a*), 
which is less than unity. Thus a circular pipe discharges at a greater rate 
than an elliptic one of the same cross-sectional area. 

Measurements of the rate of discharge from circular pipes provide evidence 
that the assumption of no slip at the wall is justified, for slip would increase 
the discharge by an amount which would destroy the validity of the law, 
found above, that the rate varies as the fourth power of the diameter. 

The above results also furnish a method of measuring \i. 

19-41. Components of stress. If u x , u 2 , u z are orthogonal coordinates, 
we denote the components of stress in the directions across a plane 

perpendicular to h by the notations 

6 % , , 6 %. 

Thus in cartesian coordinates we have nine components across planes 
perpendicular to z, namely 

B,$y,xz', yh, yy, yz ; 3, zy , zz. 

Taking n = i in the formula giving the stress, we have, for a liquid, 
ifi+ ja$+k3 a 2 /i(i 

and* fi ^ = f )’ 

It Mows from this that Sy « yx, 3 = 3, yz = zy, bo that the nine 
components actually reduce to six, namely 25, yy, zz ; Sy, §5, 3. 

This result can also be obtained by equating to zero the moments about 
lines parallel to the edges through the oentre of an infinitesimal parallelepiped, 
end the same method shows that the result is true for any system of coordinates. 

More generally, for any orthogonal system of coordinates (2-72), we have 

VC«i+i*«5i*i+ -pii+V(iiV)<i+**OiAC* 

to 


M.TJl 
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Now, &om 2-84 (IV), 

»0iV)q+li*?-VM-VA(li*4)-^*(V*W-q(Vl«)+li(y^’ 

and i|q = q x , i 1A q = - i ,q,+ 1 t q r Hence using the method of 2-72, we get 


wfl a *_w. - k?2l + k d ± + \l d ± 

V ' l ^) “ V 0« 1 + h, 0u, + h, 0 m,’ 




-W. 


3(7 A), 

9% 


uM}, 


Bk 


n m w- j 

' h \h l h t du t + h l h t BuJ + h 1 h t du t + h 1 h t du t ’ 

i » - bfi 3(&A) jth 3(AA) , *»?» 3(h,^) 
q ' V U "MA 3^ AM* do, AM. Bu l 
, m „, <i f3(?A*») . 3(?AW . 3(?A^1 

Thus, omitting terms winch cancel, we get 

«!«! -y |gu 1 + h | ait J + A j au J J ’ 

JL?h Ji 

1,-/4 A 3% M«,~AA3«i'AA3uJ' 

1,1 * ~ ** A3ttj + h|3tt| hiAjdttj Ajhjdu,] 

The remaining stress components can be written down at once. It is 
evident from the above that u^u % = C^h , = t£ui , for the relations are 

not altered by an interchange of suffixes. 

In the case of cylindrical coordinates (2-72), = x f u, - 0 , u, = w, we 

getix = 1,A, = 1,A, = w, 


s =-?+v|-'> 

J0 

90 


0(1) 


<35 


[00 0 00) 0J 

=u k + m 

Adas wdwj* 




ao. 

: He ebon result* apply to a liquid. Tot a compressible fluid 19-02 (5) 
shows that y should be replaced by p+ { p V % where V «j a given by 2-72 (2)- 
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I ML Steady rotatory motion. When the motion is two-dimensional, 
consisting of rotation about the axis of x with an angular velocity n which is 
a function only of the distance m from the axis of rotation, it appears that 
the only velocity component is wu perpendicular to the radius vector. Thus 
the viscous stress components (19*41) all vanish except 65, which is equal to 

n[d[mn)ldm-n] = pm dnjdm. 

Therefore the moment about the axis of the viscous drag on a circular 
cylindrical surface of radius m and of unit length is m pm(dnldm)2m. 

When the motion is steady, there is no change in the an g ula r momentum 
of the fluid contained between two such cylinders, and therefore the above 
moment has the same value (but opposite signs) at the innur outer surfaces. 
Hence 



where A is independent of m. Thus 



If the fluid is bounded internally by a cylindrical surface of radius a moving 
with angular velocity Wj and externally by a concentric cylinder of radius b 
moving with angular velocity », , we must have 


and therefore 
( 1 ) 


n^-Wta* oWK-w,) 


In this argument % and n, are not restricted to have the same sign. If 
we suppose n s = - n, , where Wjandn, have the same sign, the angular velocity 
» will vanish when 

. o'^K+n,) 

o*» l +6 , », ’ 


and the fluid on the two sides of the " stagnation ” cylinder so defined will he 
rotating in opposite senses. 

Again, if in ( 1 ) we put 6 = ® , n, = 0 , we get n/% = o*/®*, which gives the 
velocity distribution when the fluid is bounded internally only. 

If the fluid is bounded externally but not internally, we have o = 0 and 
therefore ft = * 4 , so that the whole system rotates (in steady motion) like a 
rigid body. 

If the inner cylinder is at rest, we get 


« 


6 * 
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This steady motion has been shown by G, 1. Taylor to be stable for all 
values of n 2 . The Motion couple on the outer cylinder is then 


( fJL . 





When the outer cylinder is fixed and the inner one rotates, Taylor * has 
shown that the motion is stable only for sufficiently small angular velocities 
of the inner. 

In a later paper Taylor f has shown that, while the motion remains stable 
in the above sense when the inner cylinder is at rest, turbulence sets in ^hen 
the angular velocity n t is sufficiently large. I 

19-51. Effect of viscosity on water waves. When waves of small height 

rj as a sin (mx-nt) 


are propagated on deep water in the absence of viscosity, the complex potential 
(14-17) is w = ac so that the velocity i&u-iv = imac giving 

u = rrme ny sin (mx-nt), v =-mace mv cos (mx-nt). 

If the liquid is viscous, the surface stresses due to these velocity com- 
ponents are (19-41), when y = 0, 


dv 

yy = -p+2/ir- = -p-2/iW , aecos (mx-nt), 




'dv du\ . . . . . 

— + ~ = 2iim ! ac sin (mx-nt), 
oyl 


and if these forces are applied to the surface by an external agency the wave 
as given above will persist even when the fluid is viscous. 

The rate at which the forces do work is 


yyv+yxu = pmac cos (mx-rU)+ 2jm l a , c l , 
and the mean value of this is 

Now the total energy of the wave (per unit surface area) is (14*21) 

\a l gp = |a 2 mcV, 

and, in the absence of the external agency mentioned above, the rate of dissi- 
pation of energy in the wave must be equal to the mean rate of working of the 
viscous forces. Thus 

~ (|a*mc*p) a= - 2 or -g »- 2m*o. 

Hence a ~ a$exp{-2 m*t), where a 0 is the initial value of a, and so the 
wave at time t has the profile given by 

s=a ft exp (~2n»S) sin (ma?-fif), 


1 Taylor, m Tm$. {A), 223 (1922). j Pm. toy. 6 ol (A), W (1996). 
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taken for the index of the exponential to attain the value - 1 is 
a = _ L,_# 

2vm* 8tp 8 v 

and after the lapse of this time the amplitude of the wave will be 
V 1 = 0-37 xo 0 . 

Taking v = (H)178 cm.‘/sec. for water, we get h = 0-711A*sec when A is 
measured in centimetres. 1 wnen A “ 

twn “ = 1 ?’ h “ 1688 thaD 1 8ec - wMe * * = m < 1 » about 
two hours. Thus capillary waves are suppressed by viscosity almost immedi- 
ately while gravity waves are affected very little. 

7? “ t i e f dkecti0n of the ™ d > but with less velocity, 
the crest shelters the eeward face, while the windward face from trough to 

era* receives the full l force of the wind. The part of the wave on whichthe 

Zi whlhTT 7 i8 ’ 0Wbg to tb receding from the 

wmd which therefore pushes m the direction in which the water is already 

“TJf J“ the 6eWard faCe the W8ter U ' owin 8 to the propagation, rising, 
and the sheltering prevents the wind from opposing this motion; it Z 

even be helped by the back eddy which often exists on the lee side of 1 
obstacle. Thus the wmd always urges in the direction in which the water is 

dissipate^ " *"* * 111016886 ^ ^ ™ C ° sity tends to 

19-61. Axisymmetrical motion. Resuming the argument and nota- 
tions of 18-60, we see that, to allow for viscosity, the left side of equation (6) 
must be modified by the addition of the term corresponding to mv V * (V , 0 
Prom 2*72 (4) f we have successively 

*» t-sS+S-iM-!** 

W \<Wr OW* tff OwJ W T 

stream function becomes 


a) 




an 


ia known as the Jacobian or functional determinant, and its 

ai 
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We note that the motion represented by (1) is not reversible, for a change 
of sign of ijj alters the signs of the first and last terms, but not that of the 
middle term. 

19-62. Slow motions. The general equation of motion of a viscous 
liquid, not being linear, has so far proved intractable when applied to all but 
a few special problems. Attempts have therefore been made to obtain 
approximate solutions by replacing this equation by modified forms which 
are linear. From 19-03 (6), we have 

5j+(qV)q— v(j+fl)+vWq. ^ 

This would be a linear equation if the quadratic terms (q V)q were absent. 
This supposition leads to the modified equation 

M £="V(H+'Vq. 

To obtain some idea of the approximation involved, we observe that the 
physical dimensions of the neglected quadratic terms are measured by U l ja, 
where V is a typical velocity and a a typical length ; for example, we might 
consider a sphere of radius a moving with velocity V. Again, the dimensions 
of the term due to viscosity are those of vVja *. The neglect of the quadratic 
terms therefore amounts to the statement that the Reynolds number 



is small. 

Again, if we use the form 19-03 (7) and neglect the quadratic term -q A £, 
the modified equation becomes 

(3) ^ = -v(*+*«*+fl)+vV*q. 

The order of approximation it here the same as before. In the case of 
steady motion, both (1) and (3) are inclnded in the equation 

(4) vV*q = VP, 

where the scalar ? can be replaced by p/p, p/p+A, pjp+tf+Q, according 
as we neglect external forces and adopt the basis of (1) or (3). It is evident 
that the problem involved in neglect of the external foroes differs in no essential 
particular from that in which they am retained, for both oases involve the 
sotntionof an equation of type (4). 

Another and completely different method of attack is due to Oseen, who 
pots 



1M*3 SLOW MOTIONS 683 

where I is a unit vector in the direction of the typical velocity U, and ™gM s 
the quadratic terms (q' V) q'. 

lie general equation of motion then reduces to 

^+P(iV)q'=-v(2+fl)+vV‘q', 

or, in the case of steady motion, 

(5) 

Compared with (4), this equation does in some measure take account of 
the quadratic terms, The method of application of this approximation will 
be gathered from exercises 31-34 at the end of this chapter. 


I M3. Slow streaming past a sphere. Let a solid sphere of radius a 
be held fixed in a uniform stream V flowing steadily in the negative direction 
of the axis of x. K we neglect the quadratic terms in the equation of motion, 
the stream function satisfies the equation (19-61) 

(1) jy = 0. 

The boundary conditions are 


M BJt 

(2) — = 0, ~ = 0, at the surface of the sphere, 

(3) ^->1 Pro 2 , at infinity. 

Transforming to polar coordinates, & = r cos 0, ro = r sin 0, we get 


dx 


D d . 0 d . .8 * d 

=Mn 0 +C08 fl 

Of TOO OW Of f 00 


and (1) becomes 

... [P sind 9/1 0\f. . 

(4) U» + r» adlsindadJj^ 0, 

The boundary condition at infinity, iji = JPr'sin’d, suggests the trial 


ifi = f(r) taa*6. 

Substitution in (4) gives successively 


We can satisfy this linear homogeneous equation of tiie fourth order by 


a sum of terms of the form Ai*, provided that 

((*-2){h-S)-2][»(»-1)-2] = 0, 
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whence « = — 1, 1, 2, 4, and therefore 

f(r ) = j+Br+Cr'+Dr *. 

Condition (8) shows that C = \V, D = 0, and therefore 

^ = (y+Br+fl7r»)sin*0. 

The velocity components are 

q = — --—=-[/ cos0-2 cos#, 

?f rsin0rd0 Vf 8 f/ 

g ,= — r-s^ = P sin d- (4--) sind. 

** rsinddr Vr» r/ 

Putting r = fl, (2) gives a4 = \Ua* f B — - lUa, and bo 

j, = \u(t*- for + \ y*) sin*0 =\V ( f ~ a ^ 2f+a) gin* 0. 

which vanishes when t — a. From 2*72 (4) and (7), the vorticity is 

(5, 13H)_^ = 3o . 

W 4 - dr rd$ 2 r* 


19-64. Drag on a slowly moving sphere. In the problem just dis- 
cussed the liquid is reduced to rest and the sphere moves forward with velocity 
U, if we impress on the system a velocity V in the direction of as increasing. 
The corresponding stream function is then 

^ = \V (-3 or+^j sin‘0. 

If P is the drag, the rate of doing work is PD, and this must just balance 


The vorticity is still given by 19*63 (5), and therefore 

PD = pj" (fr|' , ^l7 , sin , d.2«r*sind(fd = 6jr^P*o, 

and so P = fa/tUa, a formula due to Stokes. 

This is also the force which must be applied to_the sphere to hold it at 
rest in a steady stream U. 

It must be remembered that the foregoing analysis applies only to motions 
in which the Reynolds number Vajv is small. Thus for a sphere of one milli- 
metre radius moving in water the velocity must be less than 0-2 cm./seo. The 
main ap r^"" this formula occurs in studying the motion of minute 

To find the terminal velocity (or velocity when the resultant force is sero) 
of a sphere of density a falling in a liquid of density p, we haws, on equating 
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im 

ivoaPg = V = \lZ£-a*g. 

r~ 

19*70. Vector circulation. Let C be a curve in the plane of a two- 
dimensional motion, and let k be the unit vector normal to the plane. Let 

(1) ’=[ q dr. 

J (O) 

When C is a dosed curve, enclosing the area Z, the scalar K is the circulation 
(242) in this curve, and by Stokes’s theorem 

*»[ k(V A q)^ = k[ CU 
JW J(2?) 

If, as is usual in two-dimensional motion, we conceive the fluid to have unit 
thickness, we can call £ dS the (vector) amount of vorticity in the volume dS of 
a cylinder of unit thickness, and then, since £ ~ kj, the circulation K jfl the 
(scalar) amount of vorticity in the cylinder Z of unit thickness. 

More generally, we can extend the definition (1) to an open curve C (plane 
or twisted) by defining the circulation in C as the scalar K. 

Now consider the vector 

(2) '= f n A q 4S, 

J{S) 

where the integral is taken over a surface S . If 8 is a dosed surface which 
encloses the volume V, Gauss’s theorem gives, taking n as the outward normal, 

(3) r = [ Vaq**[ ?*• 

J(V) J(F) 

Thus T mealures the (vector) amount of vorticity in the volume 7. It is 
left as a simple exercise to show that for the two-dimensional motion just con- 
sidered, in which S will now denote the whole surface of the cylinder Z, we 
have K = kT. 

Definition. The vector T defined by (2) is called the vector circulation over 
the closed or open surface S . 

There is a useful alternative expression for the vector circulation over a 
dosed surface 8 , namely 

(4) r= [ r(n QJ& 

m 

Proof, If X is any continuous function of position, it follows from Stokes*! 
theorem that 

W [ (i A V)Z«- 0, 

J(S) 

far any dosed curve C drawn on S divides it into two diaphragms &i and S», 
each closing 0 and the surface integrals over these diaphragms are equal line 
fnt^ralst&ken in opposite senses round C, and therefore cancel when added. 
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Using the dyadic notation and the fact, 2-71 (2), that V ; r = /, the idem- 
factor, we have 

(n A V)(q; r) = (n A V)(q.;r)+(n A V)(q;r.) = {q (n A V)} r + {(n A V)q} *• 
= q{n A (V;r)}+{n(V A q)}r = q(n A Z)+r(n® =-(n A q)+r(nQ. 


The result (4) follows by integrating over 8 and using (5) with X = q ; r. 

Q.E.D. 

Corollary . For irrotational motion ? = 0 and therefore T = 0. 

It is important to observe that the above proof has been so framed as to 
avoid volume integrals and (4) therefore takes no account of the circumstances 
inside S, The only restriction on (4) is that implied by (5) which demands mat 
X shall be finite, one-valued, and continuous, \ 

In the case of a closed surface S moving with the fluid, we have from (3) 
and the equation of continuity in the form d(p drfjdt = 0, the rate of change of 
the circulation in the form 


from 3-63 (2). Now from 2-34 (X) 

V(S; q) = (5V)q+q(VS) = (SV)q. 

since Vf = 0. Therefore 

f=[ V(S;q)rfT=-[ ("?)q iS. 

« }(V) }(8) 

From this it follows that the circulation T remains constant for a closed 
surface generated by vortex lines, as, for example, in the case of Hill’s spherical 
vortex, 18*51. 


If 71. The wake. When a body, typically an aerofoil, moves through 
fluid or when the fluid streams past an aerofoil at rest, a too Ice is formed which 
consists of fluid which has passed near to the surface of the aerofoil, and, as 
remarked in 19*11, the vorticity is largely confined to the fluid which constitutes 
the wake. 


V 


Fie. 10*71. 

We propose to develop some consequences which flow from two particular 
hypotheses. 

$) ThA wake consists of fluid in regular motion which o«n he described by 
/ st reamlin e s and vortex l in e s. 
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fri) Outside the wake the vorticity is negligible, i.e. we can assume C = 0. 
Hypothesis (ii) may be regarded as a definition of the wake. 

I9'72t Th# not vorticity in the wake. 

Theorem. Let S be a closed surface every point of which iB in contact with 
the fluid and which cuts the wake in vortex lines. Then, if the fluid velocity is 
finite and continuous over S, the vector circulation over 8 is zero. 

Proof. From 19-70 (4), r = [ rfnttdS. 

J(S) 

Outside the wake ? = 0, inside it n? = 0 since the vortex lines He on S. There- 
fore r = 0 . 

Q.E.D. 

Corollary. The net vorticity in any section of the wake cut off by a closed 
surface which intersects the wake in vortex lines is zero, for from 19-70 (3) 

Net vorticity = j ? dr = T = 0, 

where the volume integral is taken through the section in question. 

This corollary assumes that the whole of the interior of the surface isoccupied 

In the case of a closed surface 5, which surrounds an aerofoil A and cuts 
the wake in vortex lines, consider the fluid between A and S v Then the 
circulation over S t is zero by the theorem, and the circulation over A is zero, 
since q = 0 on A in the case of a viscous fluid, where q is the fluid velocity 
relative to A. 

The net vorticity in. the boundary layer and that portion of the wake which 
Hes inside S, is therefore zero. 

These results are purely kinematical. They hold for compressible viscous 
fluids and do not assume steady motion or constant viscosity. 

19-73. Vorticity transport Referring to fig. 2-50 (iii), let 

(1) T s = f (nqJIJdS- f vJdS. 

J (5) }{S) ™ 

The first integral represents the rate of transport of vorticity through the open 
surface 8 due to convection, the second the rate of transport due to diffmrinn. 

If in fig, 2*60 (iii) we take O to be a vortex line and the diaphragm S, which 
ctosee O, to be a surface consisting of vortex lines, we sh a l l call 8 a sorter 
dwptoujw (dosing the vortex line 0, 

T$ then represents the rate of transport of vorticity, through a vortex 
diaphragm, due to convection and diffusion, 

them*.* In the steady motion of a homogeneous liquid of 
1712^* form of this theorem is doe to J, H, Preston, vUM7. &porf»No, 
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uniform viscosity the rate of transport of vorticity through a vortex diaphragm 
which closes the vortex line 0 is 

(2) T s =-[ x*. x = ;+h*+G- 

J(C) P 

Proof, Multiply the equation of motion 19*03 (8) by n A , put dqjdt = 0, 
and integrate over S . Then 

(3) -f n A (q A ?)dS+v[ n A (V A ?)dS = -f (n A V»x« 

J(S) J(S) J(S) 

Now V? = VIVaA) = 0 ^ om 2'32 (II), and since S is a vortex diaphragm 
n? = 0. Therefore using the triple vector product \ 

«a(VaQ = (n A V>A?-(" V)?+"(VO = ("aV) a ?- J 1 

"a^aO = -(nq)?+(n?)q = -(nq)?. 

Substitute in (3) and use (1). Then by Stokes’s theorem 

T * = -v[ (n A V) A ?*-f (n A V) x dS=-vf ds A ?-[ df*. 

J <s) J ts) ho 3(0 

But G is a vortex line and therefore on C the vectors d% and IJ are parallel so 
thatd$ A £ as 0. Q.E.D. 

19*74. The force on an aerofoil. Consider a three-dimensional aerofoil 
A at rest in a steady stream V = iF and ignore body force. 



Fig. 19*74. 


Let J? he an imagined fixed closed surface (i.e. not a physical boundary) 
entirely surrounding the aerofoil i. The equation of steady motion, 19*01 (1), 

is 


1 ) 1 * 0 . 
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By Gauss’s theorem integration over the volume between 2 and A gives 

0 = -[ n[fl>-p(q;q)]dS+f n[<P-p(q ; q)]dS. 

J(A) J(£> 

Now *i(q ; q) = (nq)q, and this vanishes on A since q = 0 on A if the 
fluid is viscous, and nq = 0 on A if the fluid is inviscid. Therefore the force 
on the aerofoil is 

(1) F= f n0AS=[ [n$-p(nq)q]dS. 

Thus, using 19*02 (6), we get 

( 2 ) F=| [ -yn -p(nq)q+|p.n(V q)-^n A QdS 

>(£} 

+*[ #»[(" V)q-«(V q)+n A QdS. 

This is a general result which applies to any steady motion, whether p and p 
are constants or functions of position. 

We now show that if /x is constant, the second integral vanishes. For by 
the triple vector product, since IJ = V A q, 

[ [{n V)q-n(V q)+n A QdS = f (n A V) A q<JS = 0 
J<D J(D 

from 19*70 (6). 

Thus when p is constant the force on the aerofoil is given by the first integral 
of (2). 

Let us now assume that not only p but also p is constant, so that we are 
dealing with a homogeneous viscous liquid. Then V q = 0 and the force on 
the aerofoil is 

(8) F = [ [- ? n- M n A ?-/>(nq)q]iS. 

m 

19*75. Oseen’s approximation at a distance. In fig. 19-74 the dosed 
surface 2 is arbitrary. Let us take it to be a sphere of radius so large that we 
can write 

(1) q = V+v, p = n+p\ 

where v and p' are ypiH deviations of the first order from the uniform state 
of velocity V and pressure /I Then the equation of motion assumes Oseen’s 
form (19*62): 

vg-jvir+rV*. 

Far convenience introduce tie parameter k, defined by 

&) 7- 2b. 


oseen’s approximation at a distant 


[W’W 

(3) Jvy = «'(v*-2fe| 5 )v, Vy = 0. 

It follows from (3) that VV = 0, so that p' is a harmonic function, and if 
we write 

(4) p' = />F|, W = 0, 
we get a particular solution of (3), namely 

(6) v = q, = -Vf 

The complete solution will be of the form i 

(6) V » qi+v 2 , \ 

where v 2 satisfies the equations 

(7) (v ! -2^-)v« = 0, V», = 0. 

Let us examine the solution (5) in more detail. Since ultimate vanishing 
over the distant sphere E is required, we should expect the appropriate form 
of the velocity potential <f> expressed in spherical polar coordinates r, 0, <o to 
be a sum of harmonic terms of the type 5,(0, w)/r B+l , and of such terms the 
dominant one for large r should be 



sin 


+ m*Ua,* 


= 0 . 


To solve this equation write 

u = log tan $0, and S 0 = fjujmm or f m (u) sinmoi. 
We then get 


& 

in* 


•«*/• = 0 , 


whence /. = A m r m +B m f = AJcot $0)"+£,,(tan }f) m . 

The second term -too when 0-tor, i.e. upstream, and this is clearly unsuit- 
able. We therefore take = 0. 

On the other hand, the first term -too when 0-tO, i.e. in the wake. At 
first sight this seems to demand A m = 0 also, but it will appear fm the 
ealeulations which follow (see p.534) that if i n a 0, there will be no lift. 

Confining our attention to the case m = 1, we then get the particular 
potential 

(6) ^ M = -;cotj[d(*oos«+^Hn«), 
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sod the velocity q 10 derived from this becomes infinite when 0 = 0. To remove 
this infinity we write v a = q a +v, , where q a is chosen to satisfy 

(9) (v‘- 2 h gj q, = 0, q, = - V 
We then seek to determine the potential 0 to satisfy 

(^-2*^ = 0 or (V'-i‘)(r*^) = 0. 

It is readily verified that this equation has the particular solution 

(10) = — cot $0(a cos a>+]8 sin a>), x ~ r cos 6 , 
and the combination 

1 - e ~*r(l-coBfl) 

(11) <j> io+^ = cot $0(acosw-fj3sm<o) 

has no mfimty when 0 = 0, since the term cosec \d which causes it can be 
cancelled. But q t determined from (9) does not satisfy the equation of con- 
tinuity, for 

Vq.— W— from (9). 

We therefore add a further velocity q $ which satisfies 

(v-ai)%-o, ui v* -sg. 

bo that V(q»+qi) = 0. Now the assumption 

®) _ -k(r-x) 

q» — — ^ — (*'i+/S'k) gives V q> = - — js — (1 +ir)(a'y+^). 

Comparing this with ikd^jdx derived from (10) we get a' = -2ia, 
/}' = -2$, and the appropriate velocity is 

(12) q 1 = -7*-«'->(«j+i8k), 

and we note that q, is perpendicular to V, so that Vq s = 0. 

The complete solution built up on these lines is of the form 

(IS) q = V+q,+q,+q,+q 4 . 

Here q : is the irrotational solution associated with the pressure (equation (4)), 
and indudes the particular term q u calculated from <f> lt (equation (8)), which 
becomea infinite when 8 = 0; q, is Hie special solution -V^vrhete^ispven 
by (10), so chosen that along the wake (9 = 0) the infinities of and ^ cancel 
one another; q, is a farther special solution chosen to ensure that the equation 
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of continuity V(<h+«l») = 0 is ; q 4 is the complementary solution 


\ f * 

The velocity q given by (13) is finite and continuous over the whole snrfaoe 


The presence of the exponential factor shows that q, is negligible unless 
r _ x is small, that is to say in the wake, which at a distance iB bounded rather 
vaguely by a paraboloidal surface r-x = «, where e is a small constant. The 
TOrtitity arises only from V a *la an d Va^^^Va*!! = VaRi = ®- 
appear presently that the value of V A Ra does not affect the * orce on f® 0 " 

foil, so that the vorticity is effectively confined to the wake. ! 

It should be emphasised that the above method of approximation concerns 
only the distant sphere. It has nothing to say concerning the flow in the neigh- 
bourhood of the aerofoil. 

1976. Uft and drag. From 19-74 (3) the force on the aerofoil is 

F = P+Q+R, 

where 

(1) P = -[ vndS, Q = -( R = -] pq(nq)dS. 

J(r) J(i) <!<*> 

From 19-75(1), (4), (13), we have 


p = n+p' = n+pV | = n- p v qi , -P = -I7+pVv-pVq,-pVq 4 , 

where v = q l +qi+q«+q 4 and Vq 8 = 0. 

Since n dS = 0, we get 

Jw 

P = pf n(Vv)-p[ n(Vq,)dS-p[ nJVqJdS. 

J(X) Jd) JW 

Also q(nq) = V(nV)+V(nv)+v(nV) 

to the first order and [ nv AS = 0 by the equation of continuity. Therefore 

J(D 

(2) P+R - p\ V A (n A v)AS-pv[ (nqJdStpl qiA^A^ 
J(l) J(-P) JW 

-p[ n(Vq,)AS. 
im 
Let 

(8) l =-( p(nq 4 )<LS. 

Then I is the inflow into E from the complementary solution ; predominantly 
aa inflow into the wake. 

»por Am foregoing uutlyfii of the relation I aa tndabted to lb A. 0. Btownae 
1bI»A.Wtfwworth. 
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lift and drag 

Again the vector circulation over 2 ia 

The festtwo integrals on the right are vector circulations due to the inute- 

write ri°T +f‘ 3? tteref ° re V8nisil ( 19 ' 70 )> «d so we can 

a.. Lastly nut £ =V „ ’ tte vector ckoulation » due to q, and 

y>P V A Rs . ?| = v A <k > then from ( 1 ), ( 2 ) and (3) 

(A) F = /»VAr,+V/+P+F" ) where 

r = *H.**^-L*** 

We now prove that F" = 0. Since Vq 4 = 0, 2-32 (IV) gives 

V A S. = V A (VAq4) = -V , q., and V A (q« A i) = (i V)q 4 = ?&, 
and therefore, since q 4 satisfies 19-75 (7), 

V a {Si+2%a'} = 0. 

Therefore there exists a scalar function Z such that 

n«to ?.+>*q..i-vz. 

L*"* w 

Tht first integral on the right vanishes by 19-70 (5) and 2iu =p f bv 
75 f TKawaAmui r ' J 


|^ n A S.d5 = -p| w n A(qiA V )dS, and so 

p| w ^a ( V A n)<lS-| ( ^nAS,iS = -pV A | ro nAq 4 d8 = - P V A r 4 , 

*nd therefore P' - 0. 

^Returning to (5) we can show that F'-t-O as the radius ofi? tends to infinity. 

j ,* * ■ m P^ e consequence of the expressions for q, and q, given in 19-75 
©a is left as an exercise. 

We now get from (4) the asymptotic result F = L+D where 

(6) L = P V A r„ D = V/. 

__ Thua L ia perpendicular to V and is therefore a lift, whilst D is the dng. 

m , fitriti improve in accuracy the greater the radios of the sphere 2 and 

generalisation of the Kutta-Joukowski theorem for an invisoid 
ip 

M.T4L 
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LIFT AND DRAG 


[19*70 

and Filon’s formula ♦ for a viscous liquid in two-dimensional motion* Here 
r 8 is the vector circulation over 2 due to q 8 , and 7 is the inflow into the wake 
due to q 4 . 

To simplify T s write q 3 = v a j + w z k. Then 

r 8 = 27TT 2 j (v 3 k-u> a j)fimScosSdS 

= 47tAt(/S| ~ ak)€~ fcr J 6 kn *udtt, u = cos0 

= 4 ff (jSj-«k){l+s*^~(l--r* k 0/(fe , )}‘ 

Hence as r-*oo , r s ->47r(/Sj - ak), which gives rise to the lift 

L = P V A r B = 4wpF(«j+j8k). 

This result justifies the statement made in 19*75 that there can be no lift 
when a and j8 are both zero. 

It can be shown from the above results that the components of the lift are 
associated with circulations in the distant circuits in which the sphere 2 is cut 
by the diametral planes o> = 0 and w = \n. There will be zero circulation in 
any circuit surrounding but not threading the wake.f 

19*80. Similarity. Consider the equation of motion 

(1) |*+(qV)q = -v(^)+vV J q. 

and suppose there is another motion of the same or another fluid which differs 
only in the scales of length and time. Denote corresponding quantities in the 
second motion by dashes. Then 

(2) J , +(q , V')q'=-V(^)+-'V'*q'. 

The motions are said to be similar if we can proceed from equation (1) to 
equation (2) by multiplying every term in (1) by the same constant factor, 
«say. 

By the hypothesis, we have 

(3) r = Ar / , t = _ 

mid, for similarity, we must have 

i «? j '*_«?* 1 _«p 

J~T 7~ V S' r* ' 

Whence, by division, 

< JJL 1 it a Z-n 

1 r/*’ P Pi 1 ' v' 

* t. ». a moo, “ Atom on t cylfmtar ", Pnt. Ay. Ak. (AU« 
ttt X. E. Ouitug, pm. Trout. Ay, See. {A) 2M (MM), p. tt. 
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and thus the Reynolds number q r/v must be the same for the two motions. 
Since the equation of continuity as well as the first two of the above con- 
ditions is satisfied in virtue of (3), it follows that the equality of the Reynolds 
numbers is both necessary and sufficient for the similarity of the motions. 

In experiments made with a model in a wind tunnel, the quantities q f and 
/ for the tunnel and model are less than the same quantities for the full-scale 
machine, while v is the same for both, This has led to the introduction of 
compressed air wind tunnels, for v = p/p can be made smaller by p. 

In comparing forces of drag and lift, we observe that any force F can be 
written in the form 

F = i pU*r*f(R)> 

where jR is the Reynolds number, V is a typical velocity, and r is a typical 
length. The dimensionless number /(fi) is the drag, or lift, coefficient as the 
case may be. 

19-81. Boundary layer. When liquid flows past a solid boundary it is 
observed that the full velocity of the stream is acquired at a short distance 
from the boundary, while it is usually assumed that the liquid in contact with 
the boundary is at rest. Prandtl’s hypothesis of the boundary layer amounts 
to the statement that there is a thin layer in the neighbourhood of the boundary 
within which the forces of viscosity and inertia are of comparable magnitudes, 
whereas outside this layer the effects of viscosity are negligible and the fluid 
behaves as if frictionless.* To discuss the effect of this hypothesis on the 
equations of motion near the boundary, consider the two-dimensional flow in 
which the boundary is. taken as the x-axis, fig. 19-81. 

If we draw an ’ordinate at P and mark 
vectors to show the ^-component u of the 
velocity, the hypothesis demands that the 
extremities of these vectors shall lie on a 
curve having an asymptote parallel to the 
ordinate at P. If we regard the full stream 
value of u to have been attained when u is 
1 ess than V by some small fixed arbitrary 
percentage, say one per cent., the thick- 
ness of the boundary layer is thereby 
defined. Various definitions of this type 
may be given, each frying to a different measure h of the thickness, but all of 
the earn e order of magnitude. It also follows that the gradient dujdy will 
be great as y increases from 0 to h within the layer. On the other hand, the 
transverse component v will be small throughout, 

‘ of boundary layer growth* see Goldatein and Rownhead, Pros. Cmk. 

ft* fa; Him 




BOUNDARY LAYER 


Now consider the equations of motion 


[Ml 


du du 

dv dv 
at + “to +v 


du _ 1 dp 
dy ~ ~ pdx+ V 

dv _ 1 dp 
Ty ~~pfy JrV 



Introduce the variable 17, defined by y = hrj. Then rj will be a dimension- 
less variable comparable as regards order of magnitude with the variable x, 
and we can then write v = /tv 0 , where v 0 is comparable with u. In terms of 
these variables the above equations become 


( 1 ) 

( 2 ) 


dv n 


1 dp d a u v d a u 
+u ~ -- fa +v fa + ji fcjt ' 


du du 


+*2+«^- 


du 


da; 


<h) ph dr)^ vn dac* + A #17* 


In (1) we observe that the term v (Pu/das* is negligible compared with the 
other terms, while the last term of the equation which represents a friction 
force must be regarded as of the same order as the inertia term u du/dx. 
Taking the order of this as unity we see that v oc A* or h cc Jv. Thus the thick- 
ness of the boundary layer is proportional to the square root of the kinematic 
viscosity. From this result it follows that all the terms in equation ( 2 ) are of 
order h and therefore 


( 3 ) 


dp 


= 0. 


Thus the pressure in the boundary layer is independent of y, and our 
equations reduce to ( 3 ) and 


du du du 1 dp 

dt dx dy pdx dy* 


which, together with the equation of continuity 


( 5 ) 

determine the motion. 


du dv 
dx + dy 


= 0, 


Thev^ticityisi:= k(g-g) 

We can derive from ( 4 ) an integral equation due to K&nnfa. We have 

wamg (3), 


du du d t . dv 


% 


»(«■).», , 
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MSI] 


Now 

Thus 


' »>* + ’{W. " (%)J “ |,S* + [*I+J|y* 

since dujdy = 0 when y = h. ‘ # 

To obtain the boundary layer in the case of streaming past a flat plate 
presenting a sharp edge (at * = 0) to the stream, let «fiZ Lamb TJSH 
the assumption that the velocity distribution obeys the law ^ 


(7) 


-Hr 


for this makes . - V fc/dy = 0, when y = * and « = 0, M. = 0 when 
y - 0, the latter condition followmg from (4), if the pressure gradient Bpldx 
» sero outside the boundary layer and therefore inside it. Station to 

(6) gives, assuming steady motion, sunstatution m 


whence 


pa _ it 1 vi7 
dx 4-t r A * 

A* = . 2ir * w 


(4-w)P’ 
lary layer. 

The traction at the wall is given by the value, when y = 0, of 

V(nV)q+ftnA? = 2^1(iu+je)+^j A k(-|), 

since n = j. Putting y = 0, this gives 

Thun the drag on a length 1 (from the leading edge), reckoning both sides 
or tea plate, is obtained by doubling the above and integrating from 0 to l, 
warn gives 

pmj(S-2n) JjL . lWpUHlti, 

% jj the Reynolds number Vl/v. 

The Inefficient 1*310 thus obtained agrees well with the co efficient 1- 328 
o tamavby Blasius without the use of Ebmin’s theorem and the special 
“Wdptiea (7), 
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[i m 

The theory of the boundary layer serves as a useful guide to experimental 
work and gives a qualitative description of viscous motion near a boundary, 
but its applications have so far been of a tentative and empirical character. 

1942. Intrinsic equations. Consider a streamline OP and its ortho- 
gonal trajectory ON, the motion being steady and two-dimensional, fig. 19*8?. 



Take as axes at 0 the tangent and normal to the streamline. The intrinsic 
equations for an inviscid liquid have been given in 4-25. It remains to com- 
plete them by adding on the right the terms corresponding to v V*v, where 
v = u+iv = qe* 8 , 0 being the inclination to Ox of the tangent at the point P 
of the streamline. We require the values at 0, where 0 = 0. Let is, in be 
elements of arc of OP and ON, k v k h the corresponding curvatures at 0. Then 
when 0 = 0, 




K. = 

9x 

0» ! 


99 

9n 


Also “ = cob 9, 

9s 


9 y ■ 

-z. — or 


= sin0, 


Bn ‘ 


COS0. 


Therefore, differentiating and putting 0 = 0, 

* 1 - „ ? 1 ~ A 

9fi~ ’ a**~ *’ 9n l ~ 3»* 


Nov, if/ iB any function of x and y, 

9 t~ 9 x 9 t 9 y 9 i’ 9 n~ 9 x 9 n 3 $ in' 

3 ( 9 }\ 9 x 9 ( 9 h 9 y VVy 

9 t? = Ji\ 9 xj 9 t 9 x 9 t 9 i\ 9 yJ Si 9 y 9 * ’ 

9 n*~ 9 n\te)b 9 * 9 n* 9 n\ 9 yl lin 9 yh*' 

Therefore at 0 we have 

5 S’ S 0*’ 
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a*/ sf 

a»* ds \SxJ +K, By a Sjfi +K, aZ’ 

?l_d_(df\ df a*/ df 
dn'~dn{Ty)~«* 

tion^wehave Un ^ eratan ^ n ® a is to hs made zero after the differentia- 
V 8 (^« ) = a? (?« w )+^ (?«")-«, i( ? e«) +(Cll |( ?e «). 

Tha real and imaginary parts are the required components and we thus 
get the intrinsic equations of motion, namely a we tuna 

,S) ^ 

where Si is the potential of the external force * 

To these we must adjoin the equation of continuity, which is (when 6 = 0) 

|(Woosd)+i( Ms in9) = o, or 

( 3 ) d -^~+ K «M = 0, i.e. |+ M = o for a liquid. 

From 4-20 the yorticity is 

Equation (1) can be written with the aid of (3) and (4) in the form 
»nd therefore, integrating along a streamline from 0 to », we get 

E +H,+0 I - ,r ’ r - 1{-5 + » (£-£)-tW«.l}*. 

In a fluid of small viscosity i» is small, and therefore the magnitude of F 
gw» a measure of the range of applicability 0 f Bernoulli’s theorem as a first 
approximation. In particular, at the boundary of a solid g = 0, and then 




ia *** “turned by ipeeieliihig the genenl ietrmiio 


•The 

Betbod 
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This last result also applies when the streamlines are straight, for then 
K, , K n vanish. 

If we make the approximations of the boundary layer theory, (1) reduces 
near the wall to 


( 6 ) 



provided that the curvatures are not large, and then 



With the same approximations, (2) gives 


( 7 ) 


o. 

pm dn 


Eliminating p/p+Q from (6) and (7) and using (3), we get 


£(*£M 


0 . 


Thus, in the boundary layer, 


d'q , i 

«'aJ+M* = 4 


where A is independent of n and is therefore the value of v d l qjdn l on the 
boundary. 

If K n is constant, this equation gives 

V QjJ +Hi» = 2 Aq+B, 

and this admits of further integration in terms of elliptic functions. 


EXAMPLES XIX 


L Water flows along a pipe of circular section with velocity q under a pressure 
gradient?. Prove that 


3 / dq\ Pr 
dr\ dr) " ~ pT* 


where r is the distance from the axis, and find the rate of discharge. 


fc Viscous fluid flows steadily parallel to the axis in the annular space between 
two coaxial cylinders of radii a,na(n> 1). 

Show that the rate of discharge is 

whew Pk the pre«ure gradient. Find the average velocity. 
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8. If water flows along a cylindrical pipe of circular section, inclined at an 
angle at to the horizontal, prove that the rate of discharge is 

^(P+fpeina), 

where P is the pressure gradient. 

« 4. Show that if a viscous incompressible fluid is flowing steadily in straight 

lines along a cylinder whose generators are parallel to the axis of z, the speed to 
at any point satisfies the equation 


3*tc (Pw 


constant. 


Fluid is flowing steadily along a channel of rectangular section of sides 2a and 
26, under a pressure gradient P per unit length. Show that the total flow per 
second is 


4 at? 
3/4 


P 


{■-SO 


, ttCL 1 , 3rra 

tinll 26 + P tanh lF + 



If the mean velocity across a section when a « 6 is 7, and R is the drag on 
the walls per unit area, deduce that 


RjpY* 3-8 /y. 


(U.L.) 


5. In the transformation z « ccosh (f+trj), f « ( 0 is the cross-section of a 
solid cylinder which is being dragged longitudinally with constant velocity U 
through a pipe whose cross-section is f * f 1 , the intervening space being filled 
with liquid, at constant pressure, moving parallel to the axis with velocity u. 

Show that V 2 w - 0 and that all conditions are satisfied by 

Prove that the drag on the solid cylinder is 2 tt/xI t /(£ 1 - f 0 ) P er unit length. 

0. Prove that the stream function $ « corresponds to a steady 

stream of liquid in a straight channel of breadth 26, there being no slip at the 
boundary. 

Show that this stream function satisfies the differential equation of viscous 
liquid morion, and calculate the pressure at any point, the coefficient of kinematic 
viscosity being v and the density />. 

7, Show that in the two-dimensional motion of a viscous liquid the stream 
function satisfies the equation 



Hence show that any steady motion for which the streamlines are independent 
of the degree of viscosity must be either (1) a motion for which the resultant velocity 
and voracity are each constant along every streamline or (2) a rigid body rotation 
superposed upon an irrotational motion. 

& A viscous liquid is bounded by parallel planes at distance % apart. One 
plane is fixed mid the other moves parallel to itself with simple h&rmomc motion 
ows Show that the tangential drag per unit area on the fixed plane has the 

am* 


nuutmmpvitot 
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9. Show that the circulation / « J(q .dij round a closed circuit always 
composed of the same particles of fluid remains invariable if, and only if, 

dq/<fc«-VG, 

where Q is a scalar function of position and time t, and that, if Q does not contain 
t, then Q+ig 2 is constant along the path of a particle. 

Prove that, when the body forces are conservative and p is a function of p, 
the accelerations are certainly derivable from such a function Q if (i) n • 0, or if 
(ii) fi/p - constant and V 2 q « 0, and give Q in each case. (ILL.) 

10. A viscous incompressible fluid is flowing steadily along a cylinder in straight 

lines parallel to the generators and to the axis of z. Show that the velocity at jtny 
point is given by f 

w ** Ax 2 +Bxy+Cy 2 +t/t, | 

where ^ satisfies the equation ^ + gjjs' * 0, and A, B, and C are constants. \\ 

If the cross-section of the cylinder be a semicircle and its diameter, and the 
fluid be flowing under a constant pressure gradient P per unit length, find the 
mean velocity across any section. (U.L.) 

11. Incompressible viscous liquid under no body forces moves in a thin film 
between the fixed plane z * 0 and the rigid moving surface z - h(x t y). Ii(U, V,W) 
are the velocity resolutes of the point (x t y, A) of the moving surface, show that the 
differential equation for the pressure at points (ar, y, z) is 

stating any assumptions made. 

The moving surface is plane, unlimited in the y-direction, inclined at a small 
angle a to the plane z « 0, and the leading and trailing edges are at heights A t , 
h t respectively. Show that, if it is the pressure at these edges, then, if V * W » 0, 

gives the pressure at points in the section whose thickness is A. (U.L.) 

12. Show that in the steady motion of a viscous liquid of kinematic viscosity v 

where * is taken along a streamline. 

19. Find an expression for F, the total rate of dissipation of energy in a viscous 
fluid. Show that if the boundaries be at rest and there is no slip, the rate of dis- 
sipation is given by 


F m n Jjj {P+rj*+P)ixdyd&, 


If the motion is two-dimensional and due entirely to the steady motion of a 
cylinder travelling with velocity V at right angles to its generators, find the 
appropriate form of F. (U.L.) 

14. Obtain the dynamical equations of motion for a fluid, taking viscosity and 
emnmessilnlity into account. • 

Show that the rate of doing work of the internal reactions in the fluid is 
where , 
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where # is the absolute temperature, K is the thermal conductivity, p the density, 
and o is the specific heat at constant volume. 

# What other relations are required to obtain a theoretically sufficient set of 
equations? (jj.L.) 

15* A viscous fluid is in two-dimensional motion such that at any instant the 
streamlines are circles about the axis of x. Show that the stream function ^ 
satisfies the equation 

dt \3r 2 rdr)' 

Examine the form of the solutions corresponding to 0 a function of r l jt only, 

A simple rectilinear vortex of strength k is generated along the 2-axis at time 
t m 0. Find the velocity of the fluid at any position distant r from the axi^at 
time t ; and show that if a circle with its centre on the axis is to spread outwards 
so as to enclose a constant amount of vorticity, the area of the circle must increase 
steadily. (U.L.) 

10. Viscous incompressible fluid is in steady two-dimensioned radial motion 
between two non-parallel plane walls ; r and <f> are polar coordinates, r being the 
distance from the line of intersection of the planes of the walls, which are ^ - ±a. 
Show that the velocity is given by 

-m, 

where (Jj) ^ (A 6v/* -/»), 


h and k being constants and v the kinematic viscosity. 

If R » rujotxjvt show that for purely divergent flow and a given value of R 
the greatest value of* is given by 






sin^j 


V 


(M.T.) 

17. Prove that for viscous liquid filling a closed vessel which is at rest the rate 
of dissipation of energy is 

m | p*. 


If the vessel has the form of a solid of revolution and is rotating about its axis 
(which is the axis of z) with angular velocity w, prove that the rate of dissipation 
of energy has an additional term 

r 3 3 

(IDu+m Dv)dS, D 

and 2, m, * are the direction cosines of the inward normal at the element dS of the 
surfaced the vessel. 

18* Inoompreesible viscous liquid under no body force completely fills the 
space between an infinite circular cylindrical axle rotating with angular velocity m 
in an eccentric circular cylindrical bearing, If 0 and 0' are the centres of the 
cwn-eaetioim, which have radii o, o+« respectively, where t is small, ana 
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00 ' m Ac, (0 < A < 1), show that the pressure p at a point P in the liquid satisfies 
the approximate equation 

dp 6/*wa f A(cos0+C) 
to m € 8 (1+Acos0)* * 

where 6 is the angle POO', p, is the viscosity, and C is a constant. Neglect the 
curvature of the lubricating channel Find p and show that 

C « 3A/(2+A 8 ). (U.L.) 

19. Transform the equations of motion of a viscous incompressible fluid, and 
the equation of continuity, to cylindrical polar coordinates r, 0, z on the assumption 
that the pressure p and the components u, v, w of the fluid velocity in the direc- 
tions of r , 0 and z increasing, respectively, are all independent of 0. I 

The fluid fills the space z > 0, being bounded by the plane 2*0 onhj\ and 
this plane is rotating with constant angular velocity w about the axis •* » 0. 
Verify that the steady motion is given by > 

u**wrF({), v * cor0(£), w * (wu)lff({), p«/nwP({), 

where z » 

p is the density and v the kinetic viscosity of the fluid ; F, G , H, and P are inde- 
pendent of p, v and to and satisfy certain ordinary differential equations and 

F(0)*0, 0(0) *1, P(0)*0, F(oo) « 0, 0(oo )«0. 

The boundary conditions in the physical problem may be taken as u * 0, 
v » otr, w » 0 at z » 0, and u ■ 0, v * 0 at z * oo ; w must not be taken to 
vanish when z * oo . (ILL.) 


90. Prove that in polar coordinates the stress components are 




dq 6 q w cot 0) 


flwa,,1 {ra9 + rsmtfaw"" r /’ 


91. Obtain the equations for the steady morion of a liquid under pressure only, 
in the non-dimensional form 

/ 3u du du 8p\ 1 

(*R +, E + "S + »“*** 

where fl is the Reynolds number. (OW 

\ fit* Obtain the transformation formulae relaring the stress component* and 
, slide velocities referred to two different sets of rectangular axes. * 

. Assuming the stresses in a fluid of viscosity p to be given by 

where -j>*KS+®+8); 
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and three equations of the type 

And «, ft y aw linear functions of the slide velocities, show that, if the form of 
these equations is invariant for a change of rectangular axes, then 


*- 2ft 


du 

dx 


where 


a o 3® o dw 

s du dv dw 
3* + 3y + 3 1 ' 


■|A 


(U.L.) 

88. Assuming the stresses in a viscous fluid to be given by equations of the 
type 

- ■-.frB- 

find the equations of motion parallel to the coordinate axes. 

24. Prove that the equation of motion of a viscous compressible fluid can be 
put in the form 

§.-v(fl+JJ)+ JvV(Vq)+vV‘q, 

on the assumption that the surface traction contains a term proportional to V q 
in addition to the terms arising when the fluid is incompressible. 


25. Assuming that the coefficient of kinematic viscosity in a compressible 
viscous fluid is constant, prove that the equation of motion has an integral of 
the form 

the motion being assumed irrotational. 

26* A sphere is in steady motion with velocity V along the axis of Z in an 
infinite perfect fluid, while the fluid rotates with constant angular velocity Q 
about that axis. 8how that the Btream function is of the form/(r) sin* 6 in polar 
coordinates where /(r) satisfies the equation 

«*/'"-2r*/” - 0, 

where k m 2 fl/P. Find the integral of this equation that satisfies the “ no slip ” 
conation at tne boundary, and discuss the state of flow in the neighbourhood of 
the sphere. < D - L -> 


27. Verify that the velocity 

q m A grad ^(l/r)+Bx grad (l/r)+ {U- B/r, 0,0} 
satisfies ibe equations of slow steady motion of an incompressible viscous liquid 

rtreamingoi infinite liquid past the fixed solid inhere *+£+*- 0 • 

Of th7ri£am at » distance being (U, 0, 0), and show that the stream exerto a force 
6»paPlqpon the sphere in the direction of the stream. \ • •> 
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28. A sphere of radius a is fixed with its oentre at the origin 0 in visoous liquid, 
whose velocity at infinity is U parallel to Ox. Verify that when the 
terns ” are neglected altogether, the equations of motion and boundary conditions 
are satisfied by the velocity components 




3 Ua 
4r® 


-?)*»> 


3Ua (, o l ^ 


xz t 


provided that the pressure p is properly determined. Find the resultant forceon 
the sphere. f 

29. Two infinite circular cylinders, of radii a, a', are rotating with 
aneular velocities to, <o, so as always to be in contact along the *-axis, aid are 
3unded by viscous incompressible liquid of density p and viscosity coefficiU^. 
Noting inertia terms, prove that all the necessary conditions can be satisfied 

bv a stream function of the form 
J „ Dsin 3 0 

i/i ** A Bm*8+Br i +Crsmd + — - — * 

and determine the constants A, B, C, D, when the equations of the normal sections 

of the cylinders are „ , . - 

’ r = 2a sin 0, r=--2a'srad, 


^^( f J^)sin0; 


determine the stress components , pe»> Pr* > f° far 48 in 

deduce the tangential stress on one of the cylinders, noting any p mr \ 

your result and discussing its bearing on the validity of the solution. ( • •) 

30 A circular cylinder of internal radius a can rotate freely without faction 
about its axis It is filled with viscous liquid and the whole system » rotating as 
fSKtort the axis of the cylinder with angular 'velocity Thecyhnder 

is instantaneously brought to rest at time t - 0 and then immediately released. 
Show that the angular velocity of the cylinder at time t is 
a*j + £A}J i (ka) 

where is the final angular velocity of the system when it is again rotating as if 
solid and the values of k are the roots of 

(Wh-^/tii+ViM-HW* 4 
State other necessary conditions. It may be assunwd (hat J*" 

longthat the disturbing effect of the plane ends is negligible and that the stress 

/* *. 1 « 

of the S viscous Md past a fixed obstacle at small 

the «*«fied by the vorticity on Oseen’s theory and explain its pay 

Significance. 


EXAKHJU XB 


Verify that, for two-dimensional flow past a oylinder of any section, the equa- 
tions of motion and continuity are satisfied by 

di ,1 3v U 1 dv „U 

“"ar + i3r*' v 

where k » 17/(2 

of the axis of x, v is the kinematic viscosity and 

7v-o. (*-*£),- a 

Assuming that solutions for ^ can be found that make w, v vanish at the 
surface of the cylinder, prove that the drag force on the cylinder per unit length is 




taken round the boundary of the cylinder and dn is an element of outward 
normal. (UJL) 

82. State the arguments by which Oseen reduced the equations of motion of a 
viscous liquid, moving at a great distance from a fixed solid body with velocity U 
parallel to Ox, to the form 


U ^(u t v,w) m -j- Vp+v V 2 (tx, v, u?). 


Writing U » 2vk, verify that these equations are satisfied by 
Um ^4.1?x. v 

dx 2 kdx dy 2k dy ' di + 2k dz' 

(V-Mg)x-0. 


where V l <j> * 0, 

Discuss the solution 

* ^ * 2? A n S n r«~\ 


n-0 


- e* 2 (2»+ 


n—0 


where 5* is a spherical surface harmonic of order n and K n ^ is the Bessel function 
of the second land of half integral order. 

Explain how the terms involving x account for the wake behind the solid. (ILL.) 

88. In Oseen’s approximation, if ^ is the velocity potential of the irrotational 
morion outside the wake, prove that the drag on any body of revolution, with its 
axis parallel to a steady stream of liquid of density p, is 




where the integral is over the surface of the body and U is the undisturbed velocity 
of the stream/ TO 

81 A sphere of radius o moves with constant velocity U along the *-axia 
through a viscous liquid at rest at infinity. Verify that, on Oseen’s hypothesis, the 
stream function is 
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85* Obtain the approximate equations of motion for the two-dimensional 
steady flow of an incompressible, slightly viscous fluid in a boundary layer along 
a plane wall in the form 

du du rr dV 3 % u d\jf 

tt Tx +V Jy V te* v W U ”W '"S' 
where V is the velocity in the main stream just outside the boundary layer. 

Fluid is flowing between two non-parallel plane walls, towards the intersection 
of the planes, so that, if x is measured along a wall from the intersection of the 
planes, U is negative and inversely proportional to x . Verify that a solution of 
the differential equations may be obtained in which ^ is a function of yjx only and 
hence obtain the solution 

J-3tanh‘{« + (g/y}-2, 

where tanh 2 a j, for the velocity u in the boundary layer along one of the 
walls. (U.L.) 


36. A jet of air issues from a small hole in a wall, and mixes with the surround- 
ing air. Write down equations to determine approximately the velocity in the jet 
at some distance from the hole, on the assumptions that the compressibility of the 
air may be neglected and that the motion is laminar and symmetrical about an 
axis. If M is the rate at which momentum flows across a section of the jet, /a is 
the viscosity and p the density of the air, and if the axis of x is along the jet and y 
is the distance from that axis, prove that the velocity in the jet parallel to the axis 


air i v t p l( m \y 

where i ^y\irp)x (M.T.) 

87. A jet of air issues from a straight narrow slit in a wall, and mixes with the 
surrounding air. On the assumptions that the compressibility of the air may be 
neglected, that the motion is Bteady (non-turbulent) and two-dimensional, and 
that the approximations of the boundary layer theory may be applied, show that 
at some distance from the Blit the velocity along the axis of the jet is 




when M denotes the rate at which momentum flows across nnit length of a section 
of the jet. The axis of z is along, and the axis of y perpendicular to, the axis of 
thejet. 

Find the flux across a section of the jet. (M.T.) 



CHAPTER XX 

SUBSONIC AND SUPERSONIC FLOW 

2041. With a few exceptions, the preceding investigations have been 
concerned with liquids or incompressible fluid, typically water. The Mach 


air. The fluid will be assumed inviscid. The most important consequence of 
viscosity is probably the drag due to the skin friction in the boundary layer. 
flTtarnal forces will be neglected, which implies, as explained in 1-44, that we 
are concerned only with hydrodynamic, or here more appropriately aero- 
dynamic, pressure. 

20411. Thermodynamical considerations. Consider a unit mats of 
gas, volume v, density p, so that 

( 1 ) vp = 1 . 

Let f be the absolute temperature (temperature measured from the absolute 
zero, about - 273° 9-) of the gas. The gas is said to be perfect if it obeys the 
law, 

(2) pv = RT, or p = RpT, 

where p is the pressure and R is a constant. Thus of the four quantities 



ip do dT ip dp dT 
(J) 7 + i = T ’ 7 = pV 


We shall consider only a perfect gas. 

The first low of thermodynamics asserts that heat is a form of energy. 

Let us ima gine out unit mass of gas to receive a small quantity J of heat. 
Hypothesis. For all gases, in mean motion or not, there exists an internal 
energy function S, independent of the mean motion and dependent only on the 
variables of state p, p, T, such that, when a small quantity of heat ? is com- 
municated to the gas, 

(4) { siE+pdv. 
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The quantity iE is the excess of the energy supplied over the mechanical 
work done by the pressure. 

Hypothesis. In a perfect gas the internal energy £ is a function of the 
absolute temperature T alone. 

This hypothesis is a generalisation from the results of experiment. It is 
also known as Joule's law . It follows that 

(5) dE=kdT 



q = c v dT. 


The quantity c v is called the specific heat at constant volume. It is the quantity 
of heat required to raise the temperature one unit when the volume is kept 
constant. Putting dv = 0 in (6) therefore gives 

(7) k = 

We similarly define c P , the specific heat at constant pressure , as the quantity 
of heat required to raise the temperature one unit when the pressure is kept 
constant. Now, if p is constant, (3) gives dv/v = dTjT, and therefore from (6) 

and therefore 

c 9 - k+R = c„+jR 

from (7). 

We therefore conclude that 

(8) £ = (c,-c,). 

Hypothesis . In a perfect gas c„, c, are constant. 

This is also based on the results of experiment. 

In the above we have denoted the small quantity of heat by q and not by 
what would seem the more natural notation dQ. The reason for this is that 
there is, in general, no function Q of which q is an exact differential. We can, 
however, write 

(9) q = TdS, 

Where dS is the differential of a function S called the entropy. 

To justify (9), observe that (6) and (7) give 
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ustag (2) and (8) which proves that dS is an exact differential. Now write 

(10) y = 

and we get at once 

iS - c v d log (pv*). 

If the state changes from (p x , v t ) to (p 8 , v t ) } the increase of entropy is 
therefore 


(11) S 3 - Si = c v log (p, v) - c v log (p^fy 

The second law of thermodynamics asserts that the entropy of an isolated 
system can never decrease, i.e. dS > 0. 

If the entropy retains the same constant value throughout the fluid, the 
flow is said to be homentropic. The condition for homentropic flow is therefore 
dS- 0. It follows from (11) that, if the flow is homentropic, 

(12) pw = *, or p = Kp\ 

where k is a constant which depends on the entropy. This is the adiabatic law 
(cf. 1-62). 

The steady flow of gas is governed by the equations of motion and continuity 
in the form 

(13) -;V? = (qV)q. V(pq) = 0 , 

P 

and, as there are three unknowns p, p, q, these equations are insufficient to 
determine the motion. In the case of homentropic flow, however, we can adjoin 
the adiabatic relation (12) and so obtain a determinate system of equations. 
To calculate the internal energy we have 


dE = cJT = 


c v d(pv) d(pv) 
~R ~ y-1 * 


and thus, save for an added constant, we have the alternative forms 


(U) 



(y-i)p 


cj. 


The enthalpy or total Aeot/isthe heat which communicated to a unit mass 
of a perfect gas will raise the temperature, at constant pressure, from absolute 


Thus from (4), since p is constant, 
(IB) 


7 - W 

'-*+»•- pi -F©- 


(16) dl = vdp+TdS. 

In the isentropic case, where S is constant along a streamline but not 
necessarily the same constant on different streamlines, we have 

(17) * dl as ^ along a streamline. 

P 
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30*1. Crocco’s equation. Prom 1*62 Bernoulli’s equation in terms of 
the enthalpy, 20*01, can be written 

(1) /+ = ff, constant along a streamline. 

The function H is the total energy or stagnation enthalpy (i,e. the enthalpy 
at q = 0) of the streamline. In general H has different values on different 
streamlines. Flow in which H has the same value everywhere is caM 
homenergic. 

Now from 3*43 (3) the equation of steady motion under no forces is 

(2) q A ?-V(i 

Eliminating p and q with the aid of 20*01 (16) we get Crocco’s equation 

(3) = V H-Ty S. 

'Thus, neglecting viscosity and heat conduction, we shall find vorticity in 
the field of flow whenever the distribution of the total energy H or the entropy 
S is not uniform. This can happen, for example, when the fluid starts from 
a state of rest but of non-uniform temperature, or downstream of a curved 
shock line (20*6). 

From (3) it follows that steady irrotational flow if homenergic, is abo 
homentropic, and if homentropic, also homenergic. 

20*11 Addition of a constant velocity. Let F be a given two-dimen- 
sional flow in the x, y plane. If this flow is referred to cartesian axes x, y, z 
which are moving uniformly with velocity - 7 in the direction of the 2 -axis, 
the flow F as viewed from the moving axes differs from F by the addition of 
a constant velocity V normal to the plane of the motion at every point. The 
velocity components % v and the pressure, temperature, and density are the 
same functions of x , y, and the time as for the flow F. The addition of this 
constant velocity has no effect on the acceleration of the fluid particles or the 
vorticity.* 

Thus, for example, the above addition to the flow pattern for the com- 
pressible vortex of 13*8 leads to a spiral flow about an axis. The streamlines 
are helices on coaxial cylinders, any pair of which may be taken as boundaries. 
This instance has some interest in connection with the flow of gases in an 
exhaust pipe. The method has also been applied to a side-slipping or swept- 
back supersonic aerofoil and to an oblique shock wave. 

20*11 Steady motion. Neglecting viscosity, heat conduction and beat 
radiation, we have for the steady flow of a gas the following set of equations : 

{!) V0*l) = 0, equation of continuity, • 

* H. PoriUky, JWwl of Applied Mechanic*, IS (IMS), pip* 51*40. 
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2043 } 

(2) (qV)q = V p, equation of motion, 

P 

(3) p = /(/>, £), equation of state, 
where £ is the entropy. 

These are three equations for p, p, q, /S. To obtain a determinate problem 
* fourth condition is required. Such a condition can be obtained by supposing 
the flow to be isentropic. Then 

(4) (q V)£ = 0, entropy constant along a streamline. 

It is convenient to write 

(5) ~ (S constant), 
dp 

where c is the local sound speed (14*86). We then get from (3) 

( 6 ) = 


Taking the scalar product by q, and using (4) and (1), 

(7) (q V)P = qc 2 Vp = -cVVq. 

Now (q V)q 55 V (W) ~ 9 a S fr° m 2*34 (IV). Take the scalar product 
of (2) by q and use (7). Then since q and q A £ are perpendicular, 

(8) qV(tf)-*V* 

This is the equation satisfied by the velocity, and we may regard c 2 as 
defined by Bernoulli’s equation, 1-63 (4), 

(9) ^ c* = J(y- l)(Ai-f) 
along a streamline, which holds on account of (4). 


20-1 Steady irrotational motion. Here we have 20-13 (8) together 
with q = -Vf Thus in cartesian coordinates 

( 1 ) 


where 

( 2 ) 


+ 2«e|| + 2 ^ 11+2^11 = °, 


-It 

d$ 


V = - 


V 


If tiie wines given by (2) and (3) are substituted in (1), we get the non- 


iw. 


equation, 
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the source (8*9) and the vortex (13*8). 


Considerable progress is possible with the Unearned theory , in which small 
perturbations of a uniform stream by an immersed slender obstacle are con- 
sidered.* 

« 

20-3. The hodograph method. Consider two-dimensional steady 
motion. Let PQB be an arc of a curve in the plane of the flow, the (x, y) plane, 
which may be conveniently called the physical plane. From the points P, Q, R, 

. . . , draw vectors PP, ,QQ l ,RR l ...,to represent the fluid velocity at these 

points. From a fixed point H draw vectors HP', HQ', HR , . . . , equal tad 
parallel to these velocity vectors. The points P', Q\ R,..., describe the 



hodograph of the given curve PQR, and the plane of this curve is the hodograph 
plant of the given motion. If we take the axis Hu in the hodograph plane 
parallel to Ox in the plane of the flow, the velocity at P will be 

u+iv = g«“, 

and i* will have cartesian coordinates (u, e) or polar coordinates (q, 8). 

We have seen in 20*2 that the velocity potential of an inotational com- 
pressible flow satisfies a non-linear differential equation, We shall show that if 
(g, 8) or (m, e) are taken as variables, the equation becomes linear. 

It is useful to introduce the stream function The equation of continuity 
is, in the case of steady motion, 

d(pu)i(p#)_ 

IT 4 TjT ’ 

and we ean satisfy this by taking 

* tittM-Tbomoo, TUmOiai Amdynamia, London (MW), CtapMn XV, XX. 
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mhm p 0 is any constant, which may be ^conveniently identified with the 
density, say, in the main stream, when we consider flow past an aerofoil. The 
fimction $ is the stream function. Thus if <j> is the velocity potential, we have 

= udx+vdy, - — zz-vdx+uiy, 
stnd therefore, as is easily verified, 

~ ^>+-~ etyj = (u-iv)dz = qe-Hz , 

so that 

( 2 ) dz=~~(d4>+^y 

If suffixes denote partial differentiation, z Q = dzjdq, we have at once 



and since z# = z ^ , we get 



Performing the differentiations and equating the real and imaginary parts, 
we get, observing that p is a function of q only, 

(8) ^ = ^ = 

These are the hpdograph equations . To get the equation satisfied by the 
stream function since ^ *= <j > BQ , we have 



Now 


£(P»\ __0»<j!pdp_/>»l 
dq\p) pipii 


using Bernoulli’s theorem HI (3) and e* = dp/dp. 
We then find that (4) becomes finally 


ft? 

P*' 


This is the linear equation satisfied by the stream function. The equation is 
due to Chaplygin . 11 


♦8* also R» Saner, Tksmtmk Sinfihrwg in 4k Qatdytwnik, Berlin (1WS), p. Mk 
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20-31. Thehodograph equations for homentropicflow. Assuming the 
adiabatic relation p/p, = (p/p„) , ) introduce the non-dimensional speed variable 


( 1 ) 


T = X, j3 = X ( = 2-6 for air). 

( &kX 


Observe that 0 < r < 1, and that M*=2]8 t/(1 -t). 

It is then easy to show that Bernoulli's equation can be exhibited in the 


P = Po(1-t)*, 


( 2 ) 


(3) 2r(l-T^ f = -{l- (2(3+1 )tM, (1-t^, = 2^- \ 

The elimination of ^ leads now to Chaplygin’B equation, 20*3 (5), in the 

new variables, namely, 

(4) 3r(l - r)»« ^ {2 t( 1 - r)-ty f ) + {1 - (20 + 1 )t}0* = 0. 

Since this is a linear equation for t/r, we can seek to build up solutions by 
snperposition by addition of elementary solutions of the type 
(6) >ji = sin (md+« J, 

where B m , c w are arbitrary constants. Substitution in (4) leads to the hyper- 
geometric equation 

(6) r(l-T)f;'(r)+{m+l-(m+l-^r}f;(T)+im(m + l)^ B (r) = 0, 
which is satisfied by the hypergeometric function * 

where o+6 = m-/J, c = m+l, ab - -|j8m(m+l). 

The corresponding value of ^ is then found from (3) to be 


(7) 


* = -B m 7*-(l-T)-*{f.(r)+| Jiw} cos (mfi+tj. 


There are solutions in compact form when m = 0 or - 1. The case m = 0 
is exceptional. To solve (3) we can then assume 
(8) <ti = A6 or <I> = B6, 

which lead respectively to ^ and ^ as functions of r alone. In the phyacal 
plane the source (8-9) and the vortex (13-8) are comprised in the eolation (8), 
and more generally the type of spiral flow obtained by combining a source 
and vortex, which was discussed in the case of a liquid in 13-33.t 

* Whw-ThoJMon, Otkvitu rf Finiti DiSftmuu, London (1858), t-B. 
ttMfaaUs mociMi ha* Iww nude ly 8. Betimaa in the daoMatta of shadr If*?# 
flews, 8* hi HJ.OJ. TM, sal >'<**, No., Wit Wl. 1018, M88. ** &> *■]■ 

V&W, the , tnmfemtiM ia mm-mhIo flow, FWe. $*. i) »*» 
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20-XL The case m = - 1. In this out 20*31 (8) becomes 
(l^T)F» + ^: i (r) = 0, 
whence F«i(t) = i(l ~r)* +l +£, 

so that there is a pair of fundamental solutions 
* (1) F*\(t) = 1, l-rJM. 

Corresponding with the first, we get from 20*31 (5), (7), 

(2) <t> =2^ t ‘* ™ 9 > * = ^ r-i(l -t)-» cos 9, 

where we have pnt = 0 as is dearly permissible and written the constant 
B_ , as 



(S) ‘^zi T -l(l- T rdn9, ^^{l+<2fl + l)T}cos«. 
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The flows given by (2) and (3) degenerate into an incompressible flow when 
fttua*-*- 00 (and therefore r->0), given by 

(4) 0 = -^sin 6 , = 


If w is the complex potential of (4), we get 


w = $+1$ = 


*•<4 A dz 


2qe~* 2 dw' 

and therefore w % = Az, whence 

Ax = <p-<jj ) , Ay = 2#, y* = -j{ x+ J 


Thus the curves \/i = constant are confocal parabolas (cf. Ex. VI, 20). ; 

If we take two of these parabolas, say (a) and (b) in fig. 20*32, as boundaries 
we get the flow of a liquid in a curved two-dimensional channel or nozzle. The 
nozzle converges from A m , where the speed is zero, to its narrowest part at C 
and then diverges to £« , where the speed is again zero. We might therefore 
expect (2) and (3) to give a somewhat similar type of flow. The flow (2) has 
been discussed by Ringleb * and the flow (3) by Temple. 


20*33. Compressible flow in a convergent-divergent nozzle. We 

shall discuss 20*32 (2). It is convenient to replace A by 4 , so that 

(1) ^ =~ 2 fl 5 mx r~lsin 0 , = -2a^ mtx T~i(l-r)^cosS. 

From Bernoulli's equation in the form 20*31 (2) we have 


P 

and therefore from 20-3 (2), after some redaction, 
dz = 2o{ir- 1 (l -r)-V*<M+ i/Jr-Ml + «™)dr- ir-*(l - , 

and therefore on integration 

(2) ? = T- 1 (l-T)-»e“+/j| , r-‘(l-T)-»- 1 <lr, 

where a is an arbitrary constant lying between 0 and 1. The choice of this con- 
stant merely determines the position of the origin in the physical plane. 

He streamlines iji - constant are now obtained by eliminating t and 9 
between (2) and the first equation of (1). If we write 

(3) X = J(t) a |V l (l R m R(r ) » of ml {l-r)’ , t 

*y,BUsb, u SHkt*LesanadwS|l« 
laJUT, fit (tMO), pp. ita-iti. 
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equation (2) gives 

'(*) z = X+ReM 

and therefore on elimination of 6 
r (#) IP, 

so that the curves of constant speed (r = constant) are circles whose centres 
z = X(r) are on the real axis and whose radii are fl(r). Also 

jjjjf _ a P dR _ar{ 0+l)-a 

W dr ~ t( 1 1 dr ~ T a (l~T)^+ 1 ‘ 

Thus as r increases from zero X always increases, while R decreases to a 
minimum value when r = 1/(1 + 0) and thereafter increases. 

The condition that consecutive circles of the system (5) corresponding to 
values r and r + Sr shall intersect is easily seen from a diagram to be 

-8X<8 R<SX. 


(20+l)~ l < t < 1, i.e. c** <q*<ql „ , 

no using 20*31 (1) and 1*63 (3). Thus in the supersonic region consecutive 
circles of constant speed always intersect, in the subsonic region never. The 
critical case occurs where consecutive circles touch, and therefore the envelope 
of the system (5) separates the z-plane into two regions, one in which con- 
secutive circles of constant speed intersect and one in which they do not. 

To find the envelope, differentiate (5) with respect to r. This gives 

2j8 ^ =_ S (s+ *“ 2X) - 2jR J co ®^ 

from (4), and therefore using (6), 

(7) * = l+j5(l+co8 20), 

and tiie envelope is then given by (7) and the two equations implied by (4). 

If in (4) we regard r aa the function of 0 given by (7), at a singular point of 
the envelope we must have dt/dd = 0, which gives after a ample reduction 
oos 20 = -1/(20). 

The corresponding value of r from (7) is 

(8) r = ^, whence j = e*^2. 

At this point of the envelope two consecutive circles of constant speed 
touch, and therefore the singularity is a cusp. By the symmetry there an 
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two such cusps, optical images in the as-am The envelope is indicated by 
in fig. 20-83 (i). 



Fio. 20-33 (i). 

In tie ho dograp h plane if we take (r, 9) as polar coordinates, the envelope 
is the ellipse given by (7), while a streamline + = constant is given by the first 
of equations (1). Eliminating 9 between (1) and (7), we get for r the quadratic 

M j£jj -MW+Cr+l-a 

and so to each value of </> there correspond two values of r, a physically impos- 
able regime characteristic of the region where consecutive oircles of constant 
speed intersect; a streamline such as (p) in fig. 20-38 (i) turns back at vhe 
envelope. 

TStm Vahas are, however, imaginary if 
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The critical case arises when inequality is replaced by equality or 

(111 - - — 1*342 

taking 0 = 2*5, the case of air. This streamline in the hodograph plane is 

' tn\ m\_m6 

( ) M) ~ Jr ’ 


which passes through the cusps of the envelope where r is given by (8) and 
cos20 = -1/(20). 

The heavy line in fig. 20*33 (i) shows this streamline, which touches the 
envelope at the cusps and passes into the region behind it. The region to the 
right (in the figure) of this streamline is a forbidden region, in which no flow is 
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besides satisfying the hodograph equations exactly, gives an example of a com- 
pressible flow in which the regime can pass from subsonic to supersonic and 
back without shock. 

It also appears from (12) that the maximum speed attainable on the critical 
streamline occurs when 8 = tt/2 and 



Thus the maximum local Mach number attainable in this type of flow is 

M . =(^2“Y= 2'5 for air. 

U-w 

A similar discussion can be made of the solution 20*32 (3). t 

Here the curves of constant speed are found to be trochoids which have a 
two-cusped envelope. A critical streamline passes through the cusps and 
separates a forbidden from a permitted region of flow. In this case also the 
flow passes from subsonic to supersonic and back without shock. The maximum 
Mach number attainable is about 2 for air. 

Comparing the figures of this section with fig. 20*32, we see that in the 
incompressible case the forbidden region degenerates into a straight barrier. 

20*4. Moving disturbance. Before considering supersonic flow let us 
examine a special problem. Let a feeble instantaneous disturbance such as a 
cry originate at a point P in air otherwise at 
rest. 

Such a disturbance will spread in a spherical 
wave, with P as centre, with the speed of sound 
c, so that at times *, 2Z, % . . . the disturbance 
will have reached points which lie on concentric 
spheres, centre P, radii ri, 2ri, Sri, . . . If, how- 
ever, the air is in motion with velocity V from 
right to left, the points reached by the dis- 
turbance at time nt will lie on a sphere of 
radius nri whose centre is at distance Vnt from 
P. If Fee these spheres will not intersect, and 
it is clear from fig. 20*4 (ii) that the disturbance will ultimately reach any 
pro-assigned point of space, 

But when F>c the state of affairs is different, fig. 20*4 (iii), for then the dis- 
turbance never reaches points which lie outside a cone whose vertex is P, whose 
axis is in the direction of F, and whose angle is 2ft, where sin « e/F ® W* 
The angle p is called the Mach angle and the cone is the Mach cose. 

, In two-dimensional motion the Mach cone is replaced by a wed gb and the 
fines in which the plane of the motion cuts the wedge are J&k* to*#* 
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204 } 


X phenomenon is observed when uniform flow 7(>c) takes place 
parallel to a will which is smooth save for a small roughness (such as a projecting 
aeam) at P. Here a disturbance originates at P and is continually renewed as 
the oncoming air reaches P. The waves continually generated at P give a 



Fia.20-4 (»). Fig. 20-4 (iii). 


noticeable disturbance only where they lie most densely, i.e. on *», the Mach 
line which issues from P. In the steady state the disturbance at every point of 
m is the turn ; the disturbance is not damped, at least in theory, as we recede 
from the wall along m. If there are several such roughnesses, each will give rise 
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20*41. Characteristics. Consider a geometrical surface C conceived to 
be moving through the fluid. Let the point P belonging to the surface have 
the velocity q# , and let q be the velocity of the fluid particle with which P 
instantaneously coincides. The velocity of the point P of the surface relative 
to the fluid is then q 0 - q. 

Def. A characteristic is a surface which moves through the fluid in such* a 
way that the magnitude of the component of the velocity of each point P of 
the surface relative to the fluid in the direction of the normal to the surface 
at P is equal to the local speed of sound at P. 

In symbols 

n(q 0 -q)=±c, 

where c is the speed of sound at P, and n is the unit normal to the surface ati P. 

Since small disturbances are propagated with the speed of sound (14*86),\it 
follows that the wave front of such a small disturbance is a characteristic.* 

20*41 Characteristics for steady motion. In the case of two-dimen- 
sional steady motion, with which alone we shall be concerned, f the character 



Fig. 20*42 (i). 

istias will be cylindrical surfaces represented by a curve in the plane of the 
motion and wifl be attest. Thus 

(1) nq=ic, or = 

where ?, is the normal component of the/wi velocity. 

tthe thwjy of cbttwteri*fcfci oaa be Applied Abo to itoody udiyametrical motion*. For 
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Thus if P2\ is the tangent to a characteristic C 1 and if PQ is the fluid velocity 
vector at P, the projection of PQ on the normal at P is equal toe. If then p 
is the acute angle between the tangent to the and toe fluid 

velocity, 

.( 2 ) 

and the angle p is called the Mach angle at P (cf. 20*4). 

It is clear from (2) that the Mach angle can exist only if the Mach number 
M^l. Thus real characteristics in the sense of the definition exist only where 
the flow is supersonic. It is also clear from the figure and from (2) that there 
are two possible directions for the tangent to the characteristic at P, namely, 
PTi and T t P , each making the angle p with PQ. Thus exactly two charac- 
teristics pass through each point 
of fluid in supersonic motion. ♦ v 

The directions of the character- — f — j 

istics are readily found by means f c* j 

of the adiabatic ellipse whose / i. Lt 1 

equation in the hodograph plane q J J 

(cartesian coordinates u, v) is j 

w* fp _ . i 

L Fio. 20-42 (ii). 

To use this ellipse * to determine the directions of the tangents to the 

characteristics at a point P, draw the velocity vector PQ = q at P and place 

the ellipse with its centre at P and so 
that it passes through Q. This can be 
done in two ways, and in each case the 
major axis is along the tangent to the 
corresponding characteristic at P. 

As to the sense of the tangents to the 
characteristics, we can conveniently take 
the positive sense of the normal to be 
that which makes an acute angle with 
the velocity vector, and the positive sense 
on the tangents PT X and PT t to be that 
obtained by giving the normal a counter- 
Ite, 20*42 (tti), clockwise rotation of one right angle. 

With this convention, PT X in fig. 20*42 
(lii) makes the angle p with q and Pf, the angle it - ft. 


*$&» MS thowt that *Vf(y-l)/(y+U3. when y ii given aH adiatatio eltipier 

untaikr. 




B.f.H. 
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The corresponding tangential components of the velocity are geos p » *, 
and -gcos/x = -t. 

The normal components by definition are then both c, and therefore 
Bernoulli’s theorem, 1*63 (4), gives 

(3) c* = ^(giuw-J 1 35 

y-1 C** 

<*> * = ^ = £ 

The Mach lines of 204 are the same as the characteristics of this section, 
and for steady flow the terms Mach line and characteristic are ii 
changeable. 

20-43. Variation of speed along a characteristic For steady two- 
dimensional flow the equation of continuity, 19-82 (3), can be written 

(1) ^-+*«« = 0 > 

where ds is an element of arc of a streamline and k„ = Sdjdn is the curvature 
at this element of the orthogonal trajectory. Here 6 is the angle which the 
tangent to the streamline makes with some arbitrarily chosen fixed direction. 
If in addition the flow is irrotational, ? = 0 and therefore, 19-82 (4), 

9 q d$ 

(2) *3? 

where k, — 36 fit is the curvature of the streamline. We now assume that the 
flow is also homenergic. It then follows from Crocco’s equation (20-1) that the 
flow is also homentropic. Thus 1-61 (3) 

(S) ,dq = 

holds not only along a streamline, but for variation in any direction. 

From (1) and (8) we get successively 
3j qdp 

** q ~~ds~pdt ~dt eft’ 

Sa d$ 

(4) |= M tanV = ?tanV^- 

How consider the variation of the speed j as we proceed from P to an 
Adjacent point B of the characteristic whose tangent PT i makes the acute 
p with the tangent PS to the streamline through P. From (2) and (4) 

* fa f dd d$ \ * 

df « ^i»+^d» =* |jd»j • 
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Now from fig. 20*43, dw = da tan p, and therefore 



Kiu. 20*43. 


For the other characteristic through P we get, by writing ir - p for /a, 

( 0 ) -- cot p along PT V 

2044. Characteristic coordinates. Consider the characteristic whose 
tangent PT X makes the angle p with the velocity at P. If t is the component 
of q along PT % , we have t = ?cos/a, and therefore 

to - cos pdq-qsin pdp - ? sin p(to)-dp) 
from 20*43 (5). Using 2042 (3) and observing that g sin p = c, we get 
, to to 

$-a = Jem -1 -- — i«+*> 

r l ?max 

where « - k is hi arbitwy constant of integration. When j = o* the oriticd 
mad speed. ^ = end therefore 9 = «• Using 20-42 (S) again we get 

* • an-» -L = ten' 1 - = ten" 1 !* oot 
7n> 4 



so that 

( 1 ) 
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0 = fi+j^tair^icot ^)-Jtr+a. 


Again, from Bernoulli’s theorem 1*63 (4), putting c = q sin n we get 


( 2 ) 




1 + 


?mai 

2 sinV 
y-1 


It Mows that (1) and (2) give the polar coordinates (q, 0) of points on the 
hodograph of a characteristic which makes an acute angle \l with q ; the dif- 
ferent characteristics of this system being obtained by varying ot. Writii 


(3) 




we observe that f{ir - /*) = -f(p), and (1) becomes 

(4) 6-f(n) = *, 

while the corresponding equation for the system of characteristics which make 
the angles -ft with q is 

(5) 0+/W- £ 

Thus taken in conjunction (4) and (5) are the equations of the hodographs 
of the two families of characteristics. On a member of the first family a is 
constant ; on a member of the second family j3 is constant. Thus a, j3 are 
curvilinear coordinates. Given a and j3, a point in the field of flow is determined 
by the intersection of the two corresponding characteristics ; and to each 
point in the field there corresponds a pair of numbers a, j$. Thus if a, j3 are 
known at each point of the field, the flow is thereby completely determined, 
for the characteristics can be plotted and the streamlines obtained as explained 
below. 

The practical application of the method is facilitated by a change of nota- 
tion. Let 

D = number of degrees in 0 radians, 

P ss 1000 -[number of degrees in /(ft) radians]. 

Then (4) and (5) may be replaced by 

(6) P+D = 24, P-P = 2B, 
wherei and fi are new constants of integration. Thus 

(?) P = ii4P, D = 4-B. 

Observe that when P is given, /x can be determined from (3), and toerefcw 
jtfrotO (% and hence the pressure. For this reason Busemann calk P the 
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pressure number. The term direction number is applied to D by Temple* ; it 
is the angle between the local direction of flow and some arbitrarily fixed line. 

To carry out the method for an actual flow of air (y = 1*405) all that is 
required is contained in the following table of corresponding values of P, pjp 0 , 
and fi, 

TABLE 



0-245 

39°-48 

966 

0-233 

38°*47 

965 

0-221 

37°*53 

964 

0-210 

36°-67 

963 

0-199 

35°-82 

962 

0*189 

35°-02 

961 

0-179 

34°-26 

960 


870-68 0-000 


20-45. Straight-walled nozzle. Fig. 20-46 (i) shows some of the 
nUi-airf/miitirai and streamlines for supersonio flow through a divergent two- 
dimensional nozzle with straight walls. Such a flow oould he regarded as due 
to a source (8-9) placed at the intersection of the walls. He (slightly curved) 
characteristics divide the field into diamond-shaped cells. 

Through a vertex of each cell there pass two characteristics. Along one A 
is constant) along the other S is constant. 

An approximate representation of the field of flow will be obtained if the 
curved sides of each cell are replaced by straight lines. A curved side, which 
is an arc of a characteristic of the system A = constant, joins two vertices 
whose coordinates are, say, A, B and A, B-t. ' 

•O. .Staple, "The method of oherecterMc. in eupenonio flow". ,*- 
(1M4). The preemt eooount of the method, trhmh w»» originated by Bummas, » b***» 00 
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To a degree of approximation which depends on the smallness of e, the 
straight line joining these vertices will be parallel to that characteristic of the 
system A = constant which passes through the point whose coordinates are 



A , B-fc. The angle between this line and the local direction of flow is the 
Mach angle ft which corresponds to the pressure number P - A+B~fe. The 
local direction of flow is obtained from the direction number j D = -4 - B+Je. 



which joins the points A, B and 
A-€, B is approximately par- 
allel to the characteristic of the 
system B = constant which passes 
through A - Je, JJ. The angle it 
makes with the local direction of 
flow is the value of fi which cor- 
responds to P as and 

the local direction of flow is ob- 
tained from D as A~B~fa- 


To draw a diagram such as fig. 20*45 (i), let us follow Temple in supposing 
that we are given the value of the pressure at the section VZ } fig. 20-46 (iii), 
of thenozde to be p = 0-449 p„. Then from the table the corresponding pres- 
sure number is 998. Let us farther suppose that the walls are inclined at 16*. 
DWdetbe mVZ into four equal p*rta »t the point* W, X, Y. 

}, Then if we take the line of the nozzle wall through F M the initi*lHne &om 
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which directions are measured, the direction numbers at F, W } Z, Y, Z are 
0, 4, 8, 12, 16, Thus the coordinates of these points are respectively (499, 499), 
(601, 497), (503, 495), (505, 493), (507, 491). 

The next step is to draw the lines YW X , JPjlF, WX x , Z*!, and so on. It 
will be sufficient to show how to determine 
atypical point, say X v 

The point X x lies on a characteristic 
A ~ constant through IF (501, 497) and on 
a characteristic B = constant through X 
(503, 495). Therefore X x is the point (501, 

495) . Hence WX x has the same direction 
as the characteristic of the system A = con- 
stant which passes through the point (501, 

496) . 

The pressure number for this point is 
P = 501+496 = 997 and the direction 
number is D ~ 501 - 496 = 5. From the 
table the corresponding Mach angle is 
fi - 58°-18. Using a protractor, we draw 
through IF a line which makes the angle 
D+/i -5°+58M8 with the direction of 
the wall through F. Similarly through X 
we draw the line in the direction of the characteristic of the system B = con- 
stant which passes through (502, 495). These lines determine X t by their 
intersection. When F„ W l) X li Y 1 ,Z 1 are determined, we proceed to find 
IF,,Z*, y t , 2*, and so on. 

This illustrates the method for straight walls. If the walls are curved, we 
replace them by an approximating polygon in which the directions of successive 
sides differ by the chosen standard amount e. 

The application of the method is limited to continuous flow free from shock 
waves, whose presence will be indicated by the intersection of neighbouring 
characteristics of the same system and the appearance of an envelope of these 
characteristics. 

20*5. How round a comer. Consider fluid streaming with constant 
supersonic speed parallel to a straight wall AB, which bends away from the 
stream into a second straight part BG at the corner B. In the uniform stream 
the Mach angle is given by mn fi» = Cj/V, and is therefore known. Ybm i e 
flow will begin to torn the comer along a straight characteristic or Mach toe, 
m^tn M 20 . 5 . Assuming for the moment that the final state is uniform flow 
of speed V t parallel to BO, the turn will be completed at a second straight 
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Mn«h line *%, The method of characteristics then shows at once that all the 
Mach lines issuing from B are straight and that the velocity at each point of 
any one of them, say m, is the same. If ^ is the velocity potential, it follows 
that 


(1) 


1 tty 
9, = ~'rW 



are independent of f. Moreover, since m is a characteristic gj = c, and there- 
fore Bernoulli's theorem, 1-63 (4) gives 

« gap- 

Since q t , g # are independent of r, we try to satisfy (1) and (2) by assu m i n g 
(3) + = rf(9), 

where /(d) is independent of r. Substitution in (2) then gives, using 20-42 (4), 

p[f(W+t/(d)]‘ = Cc- 


/(0)=-? maxBinlM+e), - 

where e is an arbitrary constant, and so 

(4) Jr = ?m« an (W+ «), g, = c* cos (hd+«), 

smce c* = fcgaaj. 

Let us measure d from the initial Mach line mg. Then when d = 0, 
gonSffif = y,cosjw,, c*cose = 

so that 

: (5) tan c = i cot ^ 

Where if* iathe Mach number of the oncoming stream V t . 


FLOW BOUND A CORNER §3$ 

To find the position of m, we hare, on this line, 9 = 0 t = ft+«- ft , when 
« is the angle BC makes with AB, i.e. the angle through which the im«Mih. c 
stream has been deflected. Then 

(6) Fi craft = ?D1K sin (Mj+c), V x sin ft = e* era (»,+*). 

• By division an equation is obtained to give ft , and \\ is then found from (6), 

To determine the pressure, we have 

y = C* = J ( * = C* ! cos* (id + e). 

Now J and <v ! = ~ = i(y+l)c* ! . Therefore 

(7) /£.Vt _ 2 cos »(kd+t) 

W r+1 

The maximum value of 0 which is physically possible is that which makes 
p = 0, i.e. 

(8) = i*. 

It follows that if a+/x t) >0 mjlx , i.e. if 

the fluid will not be in contact with the wall BC, but will be separated from it 
by a vacuum bounded by BC and the line 0 = 0 max which is simultaneously a 
streamline and a characteristic. 

If instead of presenting a sharp corner, the wall has a continuous bend, the 
bend may be replaced by an approximating polygon and the solution obtained 
by a limiting process. It is, however, simpler in this case to use the method of 
characteristics. 

Lastly, we observe that the flow is irrotational and homentropic, and is 
therefore reversible. In fig. 20*5 the flow is expansive, i.e. pressure and density 
decrease in the direction of the flow, and the Mach line w 0 “ leans away ” from 
the oncoming stream. If we reverse the direction of motion on all the stream- 
lines, the characteristic 04 will lean towards the oncoming stream V x and the 
flow will be compressive, entailing increase of pressure and density. 

JM» Shock waves* If we try to apply the method of investigation for 
flow round a convex bend (20*5) to a concave bend, the Mach lines will be found 
to develop an envelope, E. 

This would entail a mathematically ambiguous state of flow behind the 
envelope, where the fluid velocity would not be uniquely determined. Such a 
state is not physically possible. Experimental observations indicate that this 
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situation gives rise to a shock line S which starts at the cusp of the envelope 
and runs between the two branches. In crossing this line the normal velocity 
component decreases suddenly,* the density, pressure, temperature and entropy 



suddenly increase. Fig. 20-6 (ii) shows the application of the shock and ex* 
pansive flow (20*5) to a flat aerofoil BC. 

The straight streamline AB impinges at B and a straight streamline CD 
departs from C. 



ABC which turns the oncoming stream into one parallel to BC. This then 
flows into the concave bend BCD and a shock line £, passes through C. Simi- 
larly on the lower surface we get a shock line 8 X at B and an expansion B t at C. 

Consider the straight stationary shock wave occurring at an obtuse angle 

Let suffix 0 refer to conditions in front of the shock fine 8 and soffit 1 to 
conditkms behind that line, so that F 0 is the speed of tire oncoming, that of 

, •Ii will Appear shortly that the tangential component te unaltered, so that the ep*<* ** 
«i*ay* fudnoea in pawing through the ihoek line. 
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the deflected flow. Let 8 make the angle c with the direction of F 0 and let 
t#o , tp x denote the components of V 0 and V x perpendicular to 8. If we consider 
the conditions in front and behind a small line element til of S> the oncoming 
flux of matter must be the same as the departing flux (equation of continuity) 
so that 

* (1) PM = PM 

Since the pressure thrust acts normally to dl there is no change of the 
momentum flux parallel to <S, therefore 

(2) p 0 w 0 V 0 cos a = p x w x V x cos (cr - 0). 



Fig. 20-6 (iii). 


The difference in pressure thrusts on dl must be equal to the normal flux of 
momentum through dl. Therefore 

(8) ft-Po = hK~h vl \- 

These ate the equations of ordinary mechanics. We obtain a fourth relation 


If E is the internal energy per unit mass of air the total energy is E+i?* 
per unit mass. We equate the flux of energy to the rate at which work is done 
by the pressure thrusts. Thus 

and therefore from (1) 

&+W.‘ = -+«*+ W' 

f>» ft 

Using 20-01 (14), we get 

m Vft xltM = -J2L-+1F,« = I <Lv 


By Bernoulli’s theorem each of the first two expressions in (4) is equal to 
the appropriate urine of The equality of these first two expresaons 

shows that gau is unaltered by the shock. , . , 

This ’equktion is of the same form as Bemoulh s equation but m fartthe 
states (p, *) (ft - ft) withdifferent vriuesoftheentropy, 
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so that (4) cannot be written down from the principles of isentropic flow on 
which Bernoulli’s equation is based. The increase of entropy from 20*01 (11) 
iB 


S 1 -S 0 = c,log^. 


From (1) and (2) we see that the tangential component of the velocity 
parallel to the shock front is unaltered. Calling this component to, we get 
from (4) 


llLh 

y-!po 


Tniax 




y-lfc 




W 


Substitute for p 0 , p x in (3) and eliminate p 0t p l by means of (1). Then, after a 
simple reduction, we get the important relation, due to Prandtl, 


(5) {<?Lx - w*) = o* 1 - Put, 

with the notation 20*42 (4), and observing that c* = kq^ . 

Observing that w 0 = F 0 sin a, w x = V x sin (a -6), equations (2) to (4) 
reduce easily to the following set. 

(6) F 0 COS(X = V x cos (o~0), 

(7) Po+P<JV sin 2 (7 = Px+Pi Fj* sin* (o-P), 

the last being got by squaring both sides of (6) and subtracting half the result 
from (4). 


4>o = pi-/>«. M = Pi-p»> 
we get, after some easy reductions, 

( 10 ) Ap t = /> 0 F # * an* a —~r- from ( 1 ) and ( 3 ), 

Pi + a Pt 

From thetae equations Ap t , Ap t and o may be calculated whan fl, ft . po . h 
a» gim. 

AIbo from (11) 

6-6 = ni(i + &V/a.i) 



:a 

A 
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which determines the Hugoniot curve of pjp t against pj/p,, a rectangular 
hyperbola, Whenj> l /p,-.co,weget 
Pi y+1 

~ = 6 approximately 

for air. Thus a shock wave can compress air at most to six times its original 
density. The dotted curve is the adia- 
batic ft/ft = <Pi/po) v . When Ap-+ 0, 

Ap->0, (11) goes over into the differ- 
ential equation dpjdp = ypjp of the 
adiabatic. The two curves therefore 
touch at their starting point pj/p 0 = 1. 


20H 


kH 


ture rise more steeply in the Hugoniot 
curve than in the adiabatic. 

Finally, we may note that the con- 
ditions in front of the shock line here 
The Con- 


or subsonic. It is the normal component 
of velocity which is reduced, the com- 
ponent tangential to the shock front is 
unaltered. Thus the velocity is refracted 
towards the shock front in passing from 
front to back. If the Bhock front is 



V Adiabatic 


Fig. 20*6 (iv). 

sufficiently oblique to the oncoming air, the conditions behind may still be 
supersonic. 


20*61 • The shock polar. In the hodograph plane represent the velocity 
V, of the oncoming flow by the segment OA of the u-axis, From 0 draw the 
vector OP to represent the velocity Vj (components u, v) of the stream 
by the shock through the angled. The locus of P is the shock polar 1 
toJV 


w=F,eoecr, «,= F,s in v, », = F,emff-— • 
Sutatitating in 20-6 (5) these give 
(1) F,« eitfff- F, « tan a = ■ - F,‘cosH 

which together with 
(8) t&nv = 

« V 

determines the locus of P (u, v), i.e. the shock polar. 
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The elimination of a between (1) and (2) leads directly to the equation 

(3) *{»Wmx-V**)+V*(V*-«)} = (Fo-umou-ty^). 



The shock polar is therefore a cubic curve * symmetrical with respect to 
the u-axis which it meets at the points A,B in fig. (i), 

(4) w = F 0 , u = ^Jmax/Fo , 
so that 

(5) OA.OB = k*qU = c** = OC**. 

Thus A and Bare inverse points with respect to the sonic circle u 2 +v* = c* 1 . 
Points on the polar within this circle correspond with a subsonic regime after 
the shock. When 

( 6 ) OM = «^-™ +r -S - 

v is infinite and the real asymptote is therefore u = OM. If we produce OP to 
meet the carve again at Q, an initial velocity represented by OQ will, after the 
shock, be reduced to the velocity represented by OA. 

13m abode polar corresponding to given values F„ and q mt can be con- 
structed point by point as follows. 

Mark the points A, B, M given by (4) and (6), and on AB, MB as diameters 
drew codes C, , C t . Join any point (j on C, to B, and let QB intersect*^ in B. 


* la feet the Folium of Demitei. 
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Thao the point P where AR meets QN, the perpendicular to iP, is a point on 
the shock polar. The proof is left as an exercise. 

One application of the shock polar is obvious from fig. (i). Supposing the 
polar to be given, the direction of the shock line which deflects lift 



through the angle 0, is obtained by drawing a normal to AP, where P is the 
point where the line through 0, which makes the angle 0 with the oncoming 
stream, cuts the polar. Also we get from this construction V x = OP. Since 
OP cuts the polar at a second point F there is a second possible shock line 
perpendicular to AF ; but experimental results seem to indicate that for com- 
pressive flow at a bend the one corresponding with P actually occurs. The 
tangent OT from 0 (the point T lies on the circle = c* 1 ) gives the 
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We observe, farther, that as 0->O, i.e. as P approaches the" double punt A 
of the shock polar the shock becomes weaker and the conditions of no shock 
are being approached, so that the direction of the shock line most tend to 
coincidence with a Mach line. Therefore the angle between the tangents to 
tiie shock polar at the double point A must be w-2/i, where ft is the Mach 
angle. 



Ho. 20-61 (iv). 


Fig.(iv), due to Busemann, shows a family of shock polars for c* < F 0 < 

They all enclose the point C*, and lie within the circle to which they tend when 
Vr*imu< On the dotted curves the ratio of the stagnation pressure behind 
the shock to that before it has the constant value shown. 

in'?. Characteristics in isentropic flow. The steady flow considered 
in 20-43 was homentropio. In this section we envisage the more general case of 
jseotiopie flow, in which the entropy S remains constant along each streamline 
but not necessarily the same constant on different streamlines. 

Tma ghut the field of flow to be covered with a geometric network consisting 
of a family of curves C and their orthogonal trajectories, the family df curves 


20*71 

°*mcmisnce nr ismnmono now W1 

“»g.«and by «, the curvature atPPor the JuT f ' the< k^nofincreas- 
”* wiB be denoted by *? ^ curve ^*e correspond- 

jjmd we ehaB take as our standard 

•position that shown in fig 2 0-7 i„ 

’**••*— -.silS; 

» counterclockwise rotation of t through 
ne ng t angle, thereby determining the 
positive sense of in. 

Then by Frenet’s formula * 

(1) - - „ n 
U & *"’ 

Fig. 20*7. 

— *** «' a. -» *k b, „ „ 

By differentiating the formula nt = 0, we get 

Bti Ac n nn, 

t~~ „ at 

ds ~~ n fo =-«•'«' = -*.«, 

since nn = 1 - tt. Therefore 



(2) 


.at 


dn 


dn~ K * n ’ ^ = ~ K ‘ t 


With these notations we have, if q = j,t+ M 

(3) v=t| +n i ! q v= ? ,i +?B i. 
and^ n ZSa,t n ^^' ° fl motioilM dc o n t mui t y, 2 0.13(2),(l, ) 
(i) = 

(6) ? 'l" + ?"|" + ^* + ?.M.=- 1 |. 

a /t> <7W 

(6) af ' +f « |'+/> d ^-Pi^,+pq,K n = 0. ; 

He constancy of entropy along a streamline, 20-13 (4), is expressed by 

(7) AS AS 

f. ¥ +f. s = o. 
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Lastly, 20*13 (6), which is derived from the equation of state, yields 

(8) a<i a« + as a«’ 

19) % = Jl d A. 

a» a» + as a» 

We can use (8) and (9) to eliminate dpjdn and dp/dS from (5). Then (4) 
to (7) are four ordinary simultaneous linear algebraic equations to determine 
the four quantities 

nm a?, fy, dp as 

(10) a«’ an’ a»’ an’ 

which ate the derivates of q, , q„ , p, S in the direction normal to the C-curves.; 
If we use the determinantal method of solution we get ^ 

/n\ <ty,/0n _ dqjdn _ dpjdn _ dSjdn _ 1 

4 “^4 -4 4’ 

where on reduction of the determinants A 1 ,A 2 , etc., we find 




*-*fcM-**fc 


>-4 


- f ?. 2 + C 2 ) + ^^(C 2 - ? n a ) L 


Following Meyer * we now enquire “ are there any lines (C- curves) along 
which the equations, of motion (4) to (7) will say nothing about the normal 
derivatives (10) and therefore also about dpjdn] ” 

Clearly this will be the case if, and only if, the values given by (11) are 
indeterminate, that is, if all the determinants A k (k = 1, 2, 3, 4, 5) vanish* A 
necessary condition is the vanishing of 4 (and therefore also of 4), which gives 
q n = 0 or » ±c. If q n = 0 all the determinants vanish and the C-curves 
are then the streamlines. We shall return to this case later. If 

(12) ?n = ic, 


IllliiS.IRllIW 




t*o independent variables ”, Sixth International Congress for Applied Mechanic#, Paris, 
Journal of Mechanic* and Applied Mathematics , I, ( 1948), pp. 198-219. 
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we have A x = J, = A % = 0, while the conditions J 3 = J 4 =* 0, when combined 
with (12), yield the single additional equation 

This equation, together with (12), is independent of all the derivatives normal 
to a O-curve and also of the curvature * n of the orthogonal N -curve. 

In particular, a flow which has a discontinuity of the normal derivatives of 
pressure, density, velocity and entropy along a curve on which (13) holds is 
compatible with the equations of motion. Such curves are called cha racteristics 
or Mach lines , and it is the possibility of these discontinuities and their con- 
finement to the Mach lines which distinguishes steady supersonic from steady 
subsonic flow. 

It should be noted that the characteristics as here defined on which*(12) 
holds are the same curves as those defined in 20-41. 

The alternative condition for the vanishing of the A k is, as observed above, 
q n = 0. Inserting this in equations (4) to (7), we get 


(14) 

(15) 


dq t _ l dp a _ 1 dp 
ds p ds , ^ < pdn’ 


9M 


+ P9$*n = 


o, 


(ft) 


as 

ds 


~ o, 


which express the Equations of motion along a streamline, the equation of 
continuity, and the original assumption of constant entropy along a stream- 


These equations show that the streamlines too have certain properties of 
characteristics. Since the above equations, (14) to (16), say nothing concerning 
dqjdn and dSjdn, discontinuities of these quantities may occur on the stream- 
lines and are propagated with the velocity of the fluid. Such discontinuities 
correspond with the presence of vorticity in the flow (cf. 20-1). Usually, how- 
ever, the entropy and total energy are known on every streamline, so that the 
vorticity is determined by Crocco’s equation, 20-1 (3), and the streamlines 
then have no properties of characteristics. 

Thus it appears that the only lines on which the equations allow discon- 
tinuities in normal derivatives are the Mach lines and the streamlines. The 
indeterminateness of normal derivatives holds for derivatives of any order, as 
can be proved by differentiating the equations any number of times with respect 
ton s , 

We also observe that (12) means that the Mach lines make with the stream* 

M.T.H. 


m 
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lines the Mach angle n = sin- 1 (c fa). Thus if 8 is the inclination of a streamline 
to the o-axis, we have for the slope of the Mach lines 


| = tan (0T4 


This shows that a Mach line along which the state of flow (i.e, q, p, 8) is 
constant must be straight (cf. 20*5). 

Meyer (see p. 642, footnote) has shown that (13) to (16) are adapted to a 
step-by-step method of integration devised by Massau* This method antici- 
pates those since devised by Busemann and others. For details the reader is 
referred to Meyer’s paper. \ 

In the case of axisymmetrical motion we consider the G and N curves 
which lie in a meridian plane. Let the tangent at P make the angle 8 with the 
axis and let w be the distance of P from the axis. Then the only modification 
of the foregoing consists in the addition to the left sides of (6) and (13) the 
respective terms pR and c*2t, where 

toR = g f sin0+ q n cos 8 . 

20*71. Uniqueness theorem. We consider steady adiabatic two- 


Def. A curvilinear polygon which consists of arcs each of which is either 
a Mach line, a streamline, or a sonic line t is called a characteristic polygon. 

The boundary between a region where the state of motion (defined by 
velocity, density or pressure, and entropy) is uniform, and a region where it is 
not must consist of lines on which the normal derivatives of some order are 
discontinuous. The boundary must therefore be a characteristic polygon. 

Again, if two flow patterns which show no finite discontinuity of the velocity, 
density, and entropy are identical in one region but not in others, the boundary 
of this region must be a characteristic polygon. 

Def. An ordinary line is a curve which does not meet any one Mach line 
or streamline at more than one point. 

On an ordinary line the equations of motion admit and determine one set 
of values .of the normal derivatives of any order of q, p, 8 for any arbitrary 
continuous distribution of these variables themselves on the line. 

Uniqueness theorem. The state of supersonic flow (i.e. the values of the 
variables q, p, 8) along an arc AB of an ordinary line, detennines uniquely the 
field of flow in the smallest characteristic polygon which contains AB. 

* J. MiMfto, Mimin sur VinUgraiion graphique du iquatioru at ut dfrivtes parfaUu, Ghent 
,1900—1903), See also BnnyU. d. Math, win., if, 3} , p. 150. 

f Alfceoa which tl» Raid speed is eqoal to the critical sound speed C*. Whore such a Kn« 
omm to orally separates sob* from super-eonie flow ; of. the critical circle in Ringlet's aoesto 
(20-3S), sod the vortex of 13*8. 
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'Proof. Consider two flow patterns F x and P t which have the same state 
of motion (Le. the same values of q, p t S) along the arc iB of an ordinary line. 

It follows from the definition of an ordinary line that for F t and F % , the 
variables q, p, S can be expanded into the same Taylor series in the neighbour- 
hood of AB, and therefore the flow patterns and F t are identical in a small 
finite region containing AB. Any such region must, however, extend to some 
characteristic polygon. q.e.d. 

Usually the entropy and total energy 
are known in every streamline. The 
streamlines then cease to have the pro- 
perties of characteristics. Except for the 
possible intervention of sonic lines, the 
uniqueness theorem then asserts that the 
state of motion on AB determines the flow 
uniquely in the Mach quadrilateral ACBD 
bounded by the pair of Mach lines through 
A and the pair through B. 



20*8. Flows dependent on time. Consider a flow which depends on 
the time t and on one space coordinate r, the distance from a fixed origin. Let 
q denote the velocity in the direction in which r increases. Then the equations 
of motion and continuity are 


dp dq dp (w~l)p9 a 

m s + 's t! r - 

where n = 1 for one-dimensional flow, say along a straight tube, n = 2 for 
two-dimensional flow with circular symmetry as for a two-dimensional source, 
and n = 3 for three-dimensional flow with spherical symmetry as in the case 
of a three-dimensional source. Making the change of variable (due to 
Biemann) 

f p c dp , 

/*\ ms ? = 


dw <?dp lfy 
'~dr ~ dr ~ pdr’ dt p dt 

Equations (1) and (2) can now be written 
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which combine by addition and subtraction to give 

(4) |(«+3)+(?+c)^(o»+«) = - {! ^ ? - 


( 8 ) 




As in 20*7 imagine the (r, t) plane to be covered with two orthogonal families 

of curves 0 and N. Let <U t dn be 
elements of arc of C and N respec- 
tively at P, and let the tangent at F 
make the angle a with the r-axi^ 
Then 

ds+idn = e H *(dr+t<ft)> 

and therefore 

d . d d 
^ = sma^-+cosax-, 
at os on 



v = cosar-smar-, 
or os on 


in a+ (q +c) cos a] — ^ + [cos a - (q + c) sin a] 


d(a >+q) _ (n-\)cq 
dn r 


This equation will have nothing to say concerning the normal derivative 
d(w+q)ldn if we so choose the direction of the C curve that 

cosa-(g+c)sin<x = 0 

along C, i.e. so that 

dr _ 

(6) cot a = ^ = q+c along U, 


9(w+c) (n-l)cq . 

(7) 1 sm a. 

Thus discontinuities in the normal derivatives of w+q in the direction in 
the (r, t) plane normal to the C curves travel with the velocity j+c given by 
(6). This means that in the physical plane these discontinuities are propagated 
with the velooity j+c, i.e. with velocity c relative to the fluid. Thus in accord- 
ance with the definition of 20*41 the characteristics are points,! circles, or 
spheres according as n = 1, 2, or 3. 

A similar investigation applied to (5) shows that the discontinuities of the 

* O$S 0 rv» that on the right tide ft is a number 1, 2, or S and has no connection with dn. 
f Or, more generally, planes perpendicular to the direction of the f- axis. 



20*8] FLOWS DEPENDENT ON TIME 647 

normal derivates of w-q travel with the velocity q-c, thus defining a second 
set of characteristics. 

It appears from (3) that so long as c* = dp/dp is positive the foregoing con- 
siderations are valid, so that in this case characteristics exist for subsonic as 
well as for supersonic flow. 

* In the case of one-dimensional flow we obtain at once from (4), (5) Riemaim’s 
results, namely that w 4- q is constant for a geometrical point moving with the 
velocity j+c, and a>-q is constant for a geometrical point moving with the 
velocity q-c. For subsonic flow these velocities have opposite and for super- 
sonic flow the same directions. 


EXAMPLES XX 

1. If E is the internal energy of a gas, 8 the entropy, show that 

P ~~dv’ Tm dS' 

2. Draw a graph to show the relation between the pressure p and the speed q 
in isentropic flow along a streamline, and show that the curve has a point of inflexion 
where q - c*. 

3. In isentropic flow along a streamline show that 


PL 

pV 




where p* is the density where q * q* c* and M* » q/c*. 

4 . Obtain Bernoulli's equation in the form 

jfcy + (l-AV“C* 8 , 

where F « (y-l)/(y+ !)• 

5. In two-dimensional steady irrotational flow prove that 

3m dv d(pu) d(pv) n 

dy dx “ ’ dx dy ’ 

6. Use the velocity potentiel 

, _ KB 

to prove that in compressible subsonic flow with the same circulation the radial 
and transverse components of velocity are 

and hence prove the Kutta-Joukoweki theorem for lift on an aerofoil. 

Prove that the drag is zero. 

7. Show that the change of variable given by 


i A 
A ' 


W-T)» 


dr A* 


-»1, whenr-^0 


hade to the hodograph equations 

■ * . A<ty/3A » -FtyjdB, Aty/3A-3*/3S, 

where F - {1-W+1MP 
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8* Referring to the second solution of the hodograph equation, when m - 1, 
given by 20-32 (3), show that 

*- (j3+;)e*"+(2j8+l)(logT-2<fl)+2i)3fl. 


Prove that the curves of constant speed are trochoids generated by rolling a 
circle of radius o(l+jS) along the line x * a(l+0) + a(20+l)logT, the trochoid 
being described by the extremity of a radial line of length afjS+T- 1 ). (Temple.) 


9* Prove that the hodograph of the envelope of the trochoids of Ex, 8 is 


tan 2 0 


W + 1)T + 1} 2 * 


(Temple) 


10. Prove the following construction for the normals to the characteristics at & 
point P in steady two-dimensional supersonic flow where the local sound speed is c.. 
Draw PQ to represent the velocity vector. Let the circle whose centre is P and whose 
radius is c intersect the circle on PQ as diameter at N x and N 2 . Then PN ] , PN t 
are the normals to the characteristics. 


11. Use 2043 (5) and (6) to prove that, if C l , C 2 are the characteristics at P, 
the tangent to the hodograph of C x at P is parallel to the normal to 0 2 at P, and a 
similar result with C { and C 2 interchanged. 

12. Considering Bteady, irrotational, two-dimensional supersonic flow, a triangle 

OAD is drawn at the origin 0 in the hodograph plane and P is a point yn AD be- 
tween A and D. The triangle is so drawn that OP represents the velocity at P' in 
the field of flow, PA represents the local sound speed at P', 4 is a right angle, and 
OD represents q w . The line PC is drawn parallel to AO to meet OD at C. Prove 
that (i) API AD * k (see 20.42 (4)), (ii) OC represents c*, (iii) APD is parallel to 
the normal to a characteristic at P\ (iv) APD is the tangent at P to the hodograph 
of the other characteristic through P\ (Temple.) 

18. Use Ex. 12 to show that the point P describes an epicycloid obtained by 
rolling the circle on CD as diameter on the fixed circle centre 0, radius OC, and infer 
that in steady irrotational two-dimensional supersonic flow the hodograph of any 
characteristic is the epicycloid generated by rolling a circle of diameter 
on a fixed circle of radius c*. 

14. In the case of flow round a comer, show that in the notation of 20*5 the 
Mach number is given by 


M* l+~tan*(jW+€). 

, 15, Discuss flow round a comer (20*5) when the oncoming stream has the 
critical speed c*, and prove that the equation of the streamlines is then 

r - r 0 [costf]~ 1 /*\ 

where r f is a constant, and hence show that the streamlines are homothetic curves. 

16, Draw by the method of characteristics the complete flow diagram for flow 
round a comer when the oncoming stream has the critical speed c* aim th* angle * 
of the second wall with the first is so great that the flow does not reach the second 
wall 
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17. In expansive supersonic flow round a polygonal bend the air stream is 
deflected through the small angle 0 fl at the nth comer (n « 1, 2, 3, . . . ,). If p n is 
the pressure ana a. the local Mach angle after the nth comer is passed, prove that, 
approximately, 

~ - l-2y0„ cosec 2 ( 1 ,, ^ (y + 1) BeoV»_i - 2]. 

(Lighthill.) 

18. In the preceding example, show that, if the bend is continuous, 

j| = -i(y + l)8CcV + l, 
and hence prove, or verify, that 
where 

lfl. In Ex. 18, prove that if the bend is continuous 
li 

and hence prove, or verify, that 


(LightSill.) 


com * 


. j (/0 


, where 


h JW 

Vy - COS 2/1/ 


Vy - cos*2/iy ‘ (Lighthill.) 

20. In Ex. 19, prove that the velocity V at the deflection $ is given by 

V jy - cos 2p 0 

F 0 * V y — cos 2/x 

where F 0 is the velocity of the undeflected stream. (Lighthill.) 

21. Show that the pressure behind a plane shock front which deflects through 
the angle S is, approximately, 

h 38 h [l-2y0 cosec 2pJ. 

22. Show that 20*6 does in fact yield an increase of entropy in the case of a 
shook wave, and that the increase is approximately 


where Jp/p 0 - 26 cosec 2^ nearly 
28. 


. y 8 -r/’M 8 
'* 12 W ’ 


Ap 

Ap 


21. Gas is flowing steadily in a parallel supersonic stream along a straight pipe. 
If the pressure downstream is greater than the pressure upstream, show that a shock 
front perpendicular to the stream must exist and that the flow downstream of the 
shock front is subsonic. Prove that 
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86. For the perpendicular shook front of Ex. 24 show that 

*Lw- v — 

h r+l y+l 

Poo {i(y-i)M‘+Ip^' 

Peo y~H Pm' /pm* 

JL. *jl 

y x (r+lQo 

! 00 1 

1 m 

L 00 


where Pao > Poo > ^oo are &e stagnation values for the oncoming flow. 

28. Use the method of the addition of a constant velocity to deduce the equa- 1 
tions of a straight oblique shock front from those for the perpendicular shock front 
described in Ex. 24. 


27. In one-dimensional flow of a gas the pressure is a 
Obtain the equations of flow in the form 

du du (f dp A 

-57+u + “ 0, 

dt dx p dx 

dp du dp A 

al+'VM °- 


28. A gas flows parallel to the x-axis. A particle is at x at time t and at z 0 at 
time t * 0 and 


Prove that 



1 _ dx d 2 x dp 

p dm 1 dt 1 dm ' 


29. Show that the linear equation satisfled by the velocity potential <j> io 20*3 is 

80. The pressure, density and normal velocity resolute on either side of a straight 
line stationary compression shook are p 0 , p, , w 0 and p, , p, , Establish the equa- 
tions 


PM-PM- ro, 

p,-p, y(Po+Pi) = «(«„+»,), 
where y is the adiabatic index. 

. If Og and Cj are the velocities of sound on other side of the shock, prove that 
HV * ».»i (»« -*§• (U-L) 
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Capillarity, 408. 

Capillary waves, 409. 

Carslaw, 569. 

Cartesian coordinates, 56. 
Cauchy-Riemann conditions, 128. 
Cauchy’s formula, 137. 
integral theorem of, 133. 

theorem, converse of, 133. 
theorem, 137. 
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Cavitation, 158, 166, 314, 465. 
number, 314. 
proper, 315. 

Cavity, 314. 
with backward jet, 334. 

Central axis, 524. 

Centre of lift, 196. 

Centre of profile, 193. 

Centric role, 31. 

Channel, abrupt change in breadth of, 275. 

Characteristic polygon, 644. 

Characteristics, 624, 640 643. 

Chord, 185. 

Christoffel, theorem of Schwarz and, 
266. 

Circle mapped on ellipse, 159. 

Circle theorem, 154. 

Circuits, closed, 90. 
irreconcilable, 91. 
irreducible, 90. 
reconcilable, 91. 
reducible, 90. 

Circular cylinder, circulation about, 180. 
falling under gravity, 241. 
image of doublet in, 221. 
in stream, 154. 

in stream with circulation, 181. 
moving forward, 233, 250. 
moving under gravity, 242. 
pressure distribution on, 156. 

Circular disc moving forward, 477. 

Circulation, 46, 92, 180. 
about a circular cylinder, 180, 241. 
about a general cylinder, 253. 
about an aerofoil, 191. 
about an elliptic cylinder, 153. 
constancy of, 82. 
in a viscous liquid, 569. 
strength of, 180. 
vector, 585. 

CmoratV., 392. 

dosed pipe, sound waves in, 438. 

Coaxal coordinates, 171, 357. 
system of circles, 171. 

Coefficient of contraction, 20, 74, 295. 

Coefficient of viscosity, 565. 

Collision of floating bodies, 504. 

Comparison theorems, 479. 

Complex number, argument of a, 124. 
modulus of a, 123. 

Complex numbers, 120. 
addition of, 121. 
argument of, 124. 
conjugate, 124. 
equality of, 122. 

Buler’s theorem on, 123. 
logarithms of, 126. 
modulus of, 121. 

, m ulti pl i cation of, 121. 


Complex numbers, quotient of, 123. 
real and imaginary parts of, 126. 
reciprocal of, 124. 
representative point of, 121. 
rotation of axes of reference of, 126. 
vector properties of, 125. 

Complex potential, 149* 

equation satisfied by, 392, 409 
for a moving oylinder, 249. 
of water waves, 391, 404. 

Complex Stokes’s theorem, 132. 

Complex velocity, 150. 

Compressed air wind tunnel, 595. 

Compressible flow, source in, 224. 
vortex in, 382. 

Conoentric spheres, 497. 

Condensation, 436. 

Confocal conics, 153, 162. 
quadrics, 506. 

Conformal representation, 144. * 

application of, 158, 369. 
in three dimensions, 472. 
sources in, 212. 
vortices in, 369. 

Conjugate oomplex, 124. 

Conjugate functions, 129. 
relation to /(*), 130. 

Conjugate tensors, 33. 

Connected region, 90. 

Connectivity, 90. 

Conservation of mass, 70. 

Conservative field of force, 51, 77, 567. 

Constancy of circulation, 82. 

Continuation, analytical, 134, 344. 

Continuity, equation of, 6, 70, 454, 599. 

Continuity of pressure, 73, 556. 

Contour, 127. 

contraction or enlargement of, 135. 

indented, 143. 

sense of description of, 132. 

Contours, indented, 143. 

Contraction, coefficient of, 20, 74. 

Coordinates, bipolar, 171. 
cartesian, 56. 
characteristic, 627. _ 
ooaxal, 171, 357. 
curvilinear, 60. 
cylindrical, 62. 
ellipsoidal, 507. 
elliptic, 162. 
generalised, 535. 
orthogonal curvilinear, 60. 
spherical polar, 60. 

Cop*, W. F., 566. 

Comer, flow round, 631. 

Crest of wave, 

Critical speed, 16. * 

Critical streamline, 622. 

Cboooo’s equation, 612. 



INDEX 


Curl, 40. 

Current function, 452, 553, 583. 

Currents, 284. 

relations between breadths and directions 
of, 289. 

Curvilinear coordinates, 60, 577. 

Cyclic motion, 91. 

Cyclic rule, 31. 

Cycloid, 423. 

Cylinder, circular. See under Circular 
oylinder. 

Cylinder, force on, 244. 
elliptic, 164, 248. 
circulation about, 153. 
rotating, containing liquid, 254. 
general method for a moving, 249. 
moving in a general manner, 248. 
rotating, containing liquid, 254. 
stream function, on boundary of, 243. 
with circulation, 253. 

Cylinder in a tunnel, 175. 

Cylinders, coneentric, circulation between, 
181. 

Cylindrical coordinates, 60, 62. 

stress in terms of, 578. 

Cylindrical log, 174. 
pipe, sound waves in, 438. 
pipe, viscous flow in, 675. 

d’Alembert’s paradox, 23, 465, 529. 
Dabwin, C. G., 235, 252, 467. 

Davies, T. V., 413. 

Decay of vorticity, 569. 

Deep water, waves on, 394. 

wind on, 411. 

Deformation, 1. 

Density, 7. 

Determinant for curl, 61. 

for vector product, 57. 

Differentiation following the fluid, 70. 
Diffusion of vorticity, 569. 

Dimensions, 3, 110, 453, 567, 594. 
Directed area, 30. 

Direct impact of jets, 291, 293. 

Direction number, 629. 

Discharge tot a pipe, 577. 

Discontinuity of pressure, 408. 
of <*>({), 341 

Discontinuous motion, 283 d uq. 
Dissipation of energy, 569, 574. 
Distributive law, 30. 

Ditch, flow over, 172. 

Divergence, 40. 

Double scalar product, 34. 

Double source, m under Doublet 
Doublet, 150, 204, 459. 

action on a sphere, 472. 
&weUnau^iiulerdttetoa,221 
image of, in a circular cylinder, 221. 


Doublet, image of, in a plane, 212. 
vortex, 359. 

Doublets, extension of Lagally’s theorem 
to, 223. 

Drag, 25, 318, 341, 378, 558, 584, 593. 
coefficient, 319, 333. 
of vortex wake, 378, 595. 

Drift, 235, 239. 

•mass, 237. 

•volume, 239. 

Dyad, 33. 

Dyadic product, 33. 

Dynamical system, 3, 535. 

Edwards, J., 558. 

Efflux, 20, 73. 

velocity of, 20. 

Elastica, equation of, 235. 

Electrical analogy, 550. 

Ellipse mapped on a circle, 159. 

Ellipsoid, ovaiy, 477. 
planetary, 476. 
rotating, 512. 
translation of, 510. 

Ellipsoidal coordinates, 506. 
harmonics, 509. 
shell, rotating, 513. 

Elliptic coordinates, 162. 

geometrical interpretation of, 163. 
cylinder, 153, 161, 170,251,254. 
Elongated body in stream, 170, 530. 

sinking, 530. 

Elongation, 106. 

Energy, internal, 14, 609. 
equation, 80. 

kinetic, 92, 96, 231, 465, 522. 
minimum, Kelvin's theorem, 93. 
of waves, 395, 402, 417, 424, 437. 
transmission of, 398. 

Enthalpy, 611, 612. 

Entropy, 610. 

Equation of continuity, 6, 70, 454, 599. 
satisfied by ^,114, 473, 553,581. 
the velocity potential, 72, 117, 436, 613. 
pressure, 86, 87, 115, 243. 

Equation of motion, 76, 566. 

Equations of motion of moving solid, 527, 
in terms of kinetio energy, 528. 
intrinsic, 108, 598, 641. 
streamlines, 152. 

Equiangular spiral, 361. 

Equilateral prism rotating, 255. 

Euler’s theorem on oomplex numbers, 123. 
momentum theorem, 22, 77. 
the o 1 *™ on homogeneous fu nct ion s, 59. 
Eulxrxak equation of motion, 79. 
Expansion, 71. 

Explosion, submarine, 455. 

Exterior of polygon, 264. 
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Filament, stream, 6. 

vortex, 83. 

Felon, L. N. G., 594. 

First scalar invariant, 34, 564. 

Flow between parallel plates, 573. 
in a channel, 9. 

into channel through narrow slit, 272. 
of gas in converging pipe, 17. 
of heat, 572, 574. 
over ditch or mound, 172. 
past a cylinder, 154, 173. 
cylindrical log, 174. 
an elliptic cylinder, 161. 
an obstacle, 24. 
an oval curve, 206, 
a plate, 166. 
pattern, 5, 117. 
subsonio, 17, 224, 382, 619. 
supersonic, 17, 224, 382, 622. 
through an aperture, 152, 299, 330, 477. 
through a pipe, 575. 
through a slit, 209, 272. 

Fluid, 1. 
compressible, 1. 
flow of heat in a, 572, 574. 
incompressible, 1. 
inviscid, 2. 

equation of motion, 76, 566. 
homogeneous, 76. 
theorem on, 8. 
particle, 4. 
pressure, 7, 564. 
thrust, 8. 
unbounded, 548. 

visoous, boundary conditions in, 568. 
equation of motion of, 566. 

Flux, 109. 

through a circuit, 547. 

Fooi, 160, 164. 

Focus of a profile, 195. 

Folium of Descartes, 638. 

Force, conservative field of, 51, 77, 567. 
on a cylinder due to a doublet, 222. 
on a cylinder due to a source, 215, 220. 
on a moving cylinder, 244, 248. 
on an aerofoil, 193, 588. 
on an obstacle, 88, 333, 476, 
on a sphere due to a doublet, 472. 
on wails of a fine tube, 22. 
potential, 51. 

Force wrench, 523. 

Formula of Schwarz, 286. 

Formulae of Ftemelj, 139. 

Free streamlines, 283, 290, 297, 340. 

Free surface under gravity, 301, 302, 303, 
307, 308, 

Frequency, 399, 438. 

Function, stream, 109, 451 


Function, Q, 294. 

•(ft 339. 

Functioned determinant, 553, 581* 
Functions, conjugate, 129. 
current, 452. 
harmonic, 132, 493. 
holomorphic, 127. 

Fundamental note, 438. 

Gabstang, T. 594. 

Gas, 1. 

flow in a converging pipe, 17. 
flow measured by Venturi meter, 19. 
work done by expanding, 13. 

Gauss’s theorem, 51. 
deductions from, 53. 

on the mean value of the velocity poten- 
tial, 94. 

Generalised coordinates, 535. 

Gerstneb’s troohoidal wave, 420, 421k 
Gibraltar, Strait of, 82. 

Gilbarg, D., 336, 481. 

Gliding plate, 323. 

Goldstein, S., 595. 

Gradient, 38. 

Gravest note, 438. 

Gravity waves, 410. 

flow, 301, 302, 303, 307, 308. 

Green, A. £., 323. 

Green’s theorem, 53. 
an application of, 55. 
equivalent stratum, 205, 371, 462. 
identities, 54, 56. 

Group velocity, 396, 399, 410, 422, 425. 
Gulf Stream, 284. 

Harmonic functions, 132, 493. 

Harmonics, ellipsoidal, 509. 

spherical, 493. 

Heat, flow of, 572, 574. 

Hble-Shaw’s experiments, 575. 
Helmholtz motions, 315, 
equation for vorticity, 84. 

Hill’s spherical vortex, 554. 

Hobson, E. W., 377. 

Hodograph equations, 616. 

Hodograph method, 614. 

Hodograph plane, 320, 326, 614. 

Hollow oircular vortex, 352. 

Holomorphic functions, 127. 
principle of reflection, 134. 
zeros of, 140. 

Holonomic system, 535, 

Homenergic, 612. 

Homentropie, 611* 

Hugoniot curve, 637. 

Hydrodynamic mass, 238. « 

Hydrodynamic pressure, 11. 

Hyperbolic functions, 127. 
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Hy{»rgeometric functions, 616. 

Idemfactor, 33. 

Image of a doublet in a circle, 221. 
plane, 212, 460. 
sphere, 469. 

Image of a source in a circle, 213, 
plane, 210. 

• sphere, 468. 
vortex in a circle, 362. 
plane, 358. 

Images, method of, 210. 

Impact of stream on lamina, 316, 326. 
Impulse, 524. 

derived from kinetic energy, 527. 
rate of change of, 524. 

. Impulsive generation of motion, 89, 524. 
Incidence, 192. 

Indented contours, 143. 

Induced drag, minimum, 558. 

Induced velocity, 217, 350, 548. 

Inertia, apparent, 238, 466. 

Infinite strip, mapping of, 271. 

Inflow into wake, 592. 

Instability of water surface, 411. 

Integral, curvilinear, 35. 

principal value of, 138. 

Integrals, line, 36. 
surface, *16. 
volume, 35. 

Intensity of sound, 437. 

Interior of polygon, 264. 

Internal energy, 14, 610. 

Intrinsio equations of motion, 108, 598, 
641. 

Inveree points, 125, 187. 

Inviscid fluid, 2. 

Irreconcilable circuits, 91. 

Irreducible circuits, 91. 

Irrotation&l motion, 46, 50, 86. 

Iirotational vector field, 41, 54. 

Isentropie flow, 611, 616, 640. 

Isobaric lines, 283. 

, Isotachic lines, 283. 

Jacobian, 80, 581. 

Jets, 284. 
impinging, 287. 

indeterminateness of problem of, 290. 
two equal, direct impact of, 293. 

oblique impact of, 294, 
vertical under gravity, 308. 

John, F., 301 
Jottxowwi aerofoils, 189, 
eudKoWA, theorem of, 191. 

extension of the theorem of, 248. 
hypothesis of, 190. 
transformations, 159, 186. 
geometrical construction for, 187. 


Joule’s law, 610. 

KAbmAn formula for drag, 382. 
momentum theorem, 597. 
vortex street, 375. 

KArmAn-Trefitz profiles, 190. 

Kelvin’s theorem, constancy of circulation, 
82. 

inversion, 495. 
minimum energy, 93. 

Kinematical condition at free surface, 

389. 

Kinematic coefficient of visoosity, 567. 
Kinetic energy, 92, 96, 231, 465, 522. 
in terms of vorticity, 551. 
of a circular cylinder in a fluid, 237. 
of acyclic irrotational motion, 231. 
of cyclic irrotational motion, 231. 
of infinite liquid, 96. # 

sphere, 465. 

Kirchhoff’s method, 294, 
equations, 528. 

Kutta — See under Joukowski. 

Lagally’s theorem, 215. 

extension of, 223. 

Lagrange’s equations, 534. 

Lagrangian equation of motion, 79. 

Lamb, H.,378, 419,597. 

Lamina, aperture in, 299, 
gliding on a stream, 323. 
impact of stream on, 316, 326. 
in a stream, 166. 

Laplace’s equation, 72, 131, 493. 

solution of, 131. 

Lavrkntieif, 481. 

Leading edge, 185. 

Legendre’s functions, 494. 

Levi-Civita’s general method of determin- 
ing flow past an obstacle, 336. 
surfaoe condition, 411. 

Lift, 193, 341, 558, 592. 

on an aerofoil in a uniform stream, 193. 
Limiting points, 171. 

Lin, C. C., 365. 

Linear momentum, rate of change of, 75. 
Liquid, 1. . 

inviscid, steady motion of, 104. 
viscous, circulation in, 569. 
energy dissipation of, 569, 574. 
Localised vector, 28. 

Logarithms, 126. 

Long waves, 414. 
pressure due to, 416, 
a nall disturbing forces, 41 
Loops, 399, 438. 

Lune containing liquid, 256. 

Mach angle, 622. 
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Mach cone, 022. 
line, 622, 643. 
number, 17. 

Mapping, 141. 
an infinite strip, 271. 
a semi-infinite strip, 270. 
bi-uniform, 143. 

method for rotating cylinder, 256. 
of infinite regions, 145. 
on a unit circle, 218, 371. 

Massac, J.,644. 

Maximum principle, 480. 

Mean level, 388, 424. 

Mean value of velocity potential, 94, 95. 

Measure-ratios, 3. 

Mediterranean, 82. 

Mercator’s projection, 145. 

Meridian plane, 452. 

Metaoentrio parabola, 196. 

Method of images, 210. 

Meyer, R. E., 642. 

Mjlnk-Thomson, L M., 154, 186, 236, 321, 
346,502,559,614,616. 

Molecular rotation, 46. 

Moment, 89, 193, 341, 342. 

Moment coefficient, 194. 

Moment of force on aerofoil, 193. 
vector, 30. 

Momentum, rate of change of, 75, 527. 
theorem, 22, 77. 
transfer tensor, 75. 

Moon’s attraction, 419. 

Morera’s theorem, 133. 

Motion, axisymmetrical, 452, 551, 581, 644. 
discontinuous, 283. 
impulsive, 89. 
in two dimensions, 103. 
ixrotational, 46, 50, 86. 
acyclic, 91. 

kinetic energy of, 227, 231. 
theorems on, 97. 
cyclic, 91. 

kinetic energy of, 231. 
pressure equation of, 86. ^ 

of a fluid element, 45. 
of a solid through a liquid, 501. 
relatively steady, 5. 
rotational, 46. 
similarity in, 594. 

‘ slow, in viscous liquid, 582. 
steady, 5, 80. 

intrinsic equations of, 108, 598, 641. 

relative, 85. 

relatively, 5. 

rotatory, 579. 

two-dimensional, 104. 

streaming, past a circular cylinder, 154. 

streamline, 5. 

turbulent, 5. 


Motion, two-dimensional, 103. 
vortex, 82. 
wave, 388. 
without strain, 108. 
without vorticity, 107. 

Moving axes, 87, 243, 526. 

Moving cylinder, 248. 
force on, 244. 
origin, 526. 

Nabla operations on a product, 43. 
vector, 41. 
operator, 40. 

Neglect of external foroes, 12. 
Nekrasov, A. I., 431. 

Neville, E. H., 322. 

Nodes, 399, 438. 

Non-holonomic system, 535. 
Norwegian fiords, 408. 

Note, fundamental, 438. 

Nozzle, 301. 

convergent-divergent, 618. 
straight-walled, 629. 

Obstacle, force on, 88, 470. 

Open pipe, sound waves in, 438. 
Operator (a V), 41. 

0/0r, 58. 

E\ 553, 581. 

V, 40. 

Ordinary line, 644. 

Orthogonal curves, 129. 

curvilinear coordinates, 60. 
Osebn, C. W., 582, 689. 

Oval curve, flow past, 206. 

Ovary ellipsoid, 477. 

Overtones, 438. 

Packham, B. A., 413. 

Parabolic law of velocity, 2, 574. 
Paraboloid of revolution, 478. 
Particle defined, 4. 

Path line of a particle, 5. 

Perfect gas, 609. 

Period of wave, 389. 

Periphractic region, 9ftr 
Permanent of vortex motion, 82. 
Permanent rotation, 530. 

translation, 529. 

Pipe, flow through, 675. 

Pitot tube, 12, 457. 

Planetary ellipsoid, 475. 

Planing, 322. 

Plasticity, 1. 

Plate, flow past, 166, 597. 
Plekxu, /., 139. 
formulae, 139. 
theorem, 140. 

Paxssov’s equation, 545. 
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Polar diagram, 157. 

Polar, shook, 637. 

Polo, 186. 

Polygons, closed, simple, 264. 

Pobitsky, E, 612. 

Potential, complex, 140. 

Pbandtl’s boundary layer hypothesis, 25, 
595. 

Pressure, 7. 
aerodynamic, 12, 609. 
distribution on a cylinder, 156. 
due to a circular vortex, 351. 
equation, 86, 87, 115, 243. 
in terms of ^ , 115. 
of irrotational motion, 86. 
referred to moving axes, 87, 243. 
in viscous fluid, 564. 
independent of direction, 8. 
minimum on the boundary, 94. 
number, 629. 
on Elliptic cylinder, 166. 
on moving sphere, 465, 468. 
hydrodynamical, 11. 

Preston’s theorem, 587. 

Principle value of integral, 138. 

Principle of Arohimedes, 77. 
of argument, 140. 
of reflection, 134. 

Prism, rotating equilateral containing liquid, 
255. 

[^Product, double scalar, 34. 
dyadic, 33 
scalar, 29. 
triple scalar, 30. 
triple veotor, 31. 
vector, 29. 

Profile, axes of, 195. 
centre of, 193. 

change of, in long waves, 417. 
focus of, 195. 

Projectile, 534. 

Propagation, speed of wave, 395, 399, 409, 
417. 

Proper cavitation, 315. 

Pure strain, 46, 105. 

Radical axis, 176. 

Rankinx's combined vortex, 353. 
method, 111, 
solids, 461. 

Rayleigh’s formula, 326. 

Reconoilable circuits, 91. 

Rectilinear vortex, 354. 

Reducible circuit, 90. 

Reflection, across free streamlines, 326. 
pcfcoiple of, 184, 273, 275, 277, 281. 

Relation of conjugate functions to /(*), 

m * 

Relative motion, 85. 


Residues, 136. 

Residue theorem, 137. 

Resistance, wave, 399,408. 

Reversal of transformation, 193. 
Reynolds number, 582, 595. 

Rhyme, 86, 569. 

Riabouohinsxy, D., 319. 

Richardson, L. F., 569. 

Rifling, 534. 

Right to left, 109. 

Rigid boundaries, 294. 

Ringleb, F„ 618. 

Ripples, 410. 

Rock, D. E, 836. 

Rosbnhead, L, 378, 595. 

Rotating curvilinear polygon, 257. 
cylinder, 254, 579. 
ellipse, 254. 

equilateral triangle, 255. 
lune, 256. 
plate, 252. 

Rotation, 106. 

of axes of reference, 126. 

Rotatory motion, 569. 

Routh’s theorem, 369. 

Rowing, 373. 

Sailing ship, 530. 

Sauer, R., 615. 

Sautreaux, M. C., 304. 

Scalar invariant, 34. 
multiplication, 29. 
product, 29, 33. 
quantities, 28. 

Schikldrop, E. B., 301. 

Schwarz and Christoffkl, theorem of, 
266. 

formula of, 286. 

Semi-infinite strip, mapping of, 270. 
SenBe of description, 132, 146. 

Serrin, J., 481. 

Shear flow, uniform, 184. 

Sheltering, 581. 

Shiftman, M., 326. 

Ship’s bow, 345. 

Shock polar, 637. 

Shock polar diagram, 640. 

Shock waves, 633. 

Similarity, 694. 

Simple harmonic progressive wave, 388. 
Simple polygons, 264. 

Simply connected region, 90. 

Single row of vortices, 373. 
Singularities, 136. 

Sink, 200, 454— (See also uiukr Source. 
Sinking body, 530. 

Sinuous bottom, flow over, 406. 

Slow motions, 612. 

Solenoidal vector field, 41, 54. 
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Solid athwart a stream, 539. 

Solid containing a cavity, 534 
Solid moving through liquid, 521. 

of revolution moving through liquid, 531. 
Sound, intensity of, 437. 
plane waves of, 436. 
spherical waves of, 439. 
velocity of, 15, 16, 437. 

Souroe and equal sink in a stream/206, 461. 

Bink of equal strengths, 204. 

Souroe and sink outside a circular cylinder, 

221 . 

and vortex, 360. 
complex potential of, 201. 
double, 204, 459. 
finite line, 457. 

force exerted on a cylinder by a, 215. 
image system in circle for a, 213. 
in an angle between two walls, 213. 
in a uniform stream, 202, 456. 
in oompressible flow, 224. 
midway between two parallel planes, 273. 
negative, 200. 

outside a circular cylinder, 213. 
a general cylinder, 220. 
an elliptic cylinder, 218. 
parallel to a wall, 210. 
simple, 200, 454. 
strength of, 200, 454. 
three-dimensional, 454. 
two-dimensional, 200. 
velocity potential of, 454. 

Sources and streams, combination of, 201. 
in conformal transformation, 212. 
two equal, 208, 

Specific heat, 610. 

Speed, 94, 151, 473. 

maximum on the boundary, 94. 

Sphere, action of a doublet on, 472. 
drag on a, 584. 

image of a radial doublet in a, 469. 

source in a, 468. 
in a stream, 464. 
in the presence of a wall, 538. 
moving in a liquid, 466, 474. 
parallel to a wall, 506. 
peipendkulariy to a waH, 504. 
pressure on, 468. 
slow streaming past a, 583. 

- virtual mass of, 467, 501. 

Spheres, concentric, moving in the same 
direction, 499. 

moviogatrightanglestolineofoentre6,504. 
in line of centres, 501. r , 

Sphere theorem, 463, 496. 

S p heri cs ! har monics, 493, 
polar coordinates, 60,61 ‘ . 

polar coordinates, stress in terms of, 578. 
sound waves, 43$. 


Spiral vortex, 361. 

Stability due to rotation, 533. 
of fluid between rotating cylinders, 579, 
of moving solid, 529. 
of vortex street, 375. 

Stagnation point, 2i, 115, 151, 181. 
enthalpy, 612. 

Standing wavbs, 399. 

Stationary waves, 399. « 

Steady flow over sinudus bottom, 406. 

Steady # motion, 5, 104*402, 612. 

'Stevenson, A. C., 592. 

Stokeb,. J. J., 389, 418. 

'Stokes, 439, 
complex theorem, 132. 
stream function of, 432. 
theorem of, 47. 
deduction!) from, 49. 

Stopped pipe, 438. • 

Stratum, Green’s equivalent, 205, 371, 462. 

Stream, deep, step in bed of, 273. * 
direct impact on a lamina, 316. 
filament, 6. 

filament, theorem on, 6. 
gliding of a plate on surface of, 323. 
impinging on a plate, 332, 345. 
impinging on bent plate, 344, 
tube, 6. 

uniform, 112, 456. „ 

action on an elliptic cylinder, 170. 

Stream function, 109, 452, 615. i 

boundary conditions satisfied by the, 474, 

OOO. 

equation satisfied by, 114, 472, 553, 581. 

for an ovary ellipsoid, 477. 

for a planetary ellipsoid, 475. 

for a souroe, 454. 

in terms of vector potential, 552. 

of a uniform stream, 112, 456. 

velocity derived from, IK), 453, 615. 

Streaming past a circular cylinder, 154, 181. 
past an ellipse, 164, 170. 
past a lamina, 166, 597, 

Streamline, 5, 338. 
dividing, 156. 

motion, 5. , ~ u 

Streamlines, free, 283, 290, 297,340. 
equations of, 152, 290, 297, 
for a circular cylinder, 154* ' 
foi; a doublet. 150, 460. 
for elliptic cylinder, 165. .* 
for sphere, 464. 
for sphenbal vortex, 565, 
for vortex pair, 35ft * 

Strength'of^^datfon, 180 . 

Stow, oompotKnt* of, 677. . , » 

Straitening EM. 
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Submarine explosion, 455. 

Submarine in waves, 895. 

Subsonio flow, 17, 619. 

Surfaoe conditions, 390. 
elevation, 391, 416. 
integral, 35. 
partidie, 417. 

♦tension, 408. 
waves, 391, 409. 

Supersonic flow, 17, 622. 

Symmetric tensor, 33. v 

Tangent flows, 307. 

Taylor, G. L, 580. 

Temple, G., 618,629. 

Tennis ball, flight of, 243. < 

Tensor, 33. > 

Terminal velocity of sphere, 584. 
Thermodynamical systems, 4. 
Thenlodynamics, laws of, 609, 611. 
Thickness defined, 104. 

Thrust, 8. 

on a hemisphere, 465. 
on an obstacle, 88, 470. 

Tide, semi-diurnal, 420. ' 

Tides in an equatorial canal, 419. 
Time variable compressible flow, 645. 

Tobricel^s theorem, 20. 
^Trailing edge, 185, 189. 

• Transmission of energy, 398. 

Triple scalar product, 30. 

Triple vector product, 31. 

Trochoid, 242, 423. 

Trochoidal wave, 420, 427. 

Trough of wave, 388. 

Tube, force on walls of, 22. 

Pitot, 12, 457. 
stream,6. , 

Venturi, 18, 477. 
vortex, 82. 

Turbulent motion, 5. 

Under-Over theorem, 481. 

Uniform stream, 112, 150, 456. 
Uniqueness theorems, 97, 233, 644. 

generalised forms of, 233. 

Unit circle, mapping on, 218. 

Unit dyad, 33. 

Unit vector, 28. 

Unit vectors, rate of change, 63. 

> 

Vector circulation, 585, 594, 

Vector, oma of a, 40. 
divergence of a, 4L 
field, 8i 

operation*^ a tingle, 41; 
partial differentiation, 58, 
potential* 547. 


Vector product, 29. 
resolution of, 32. 
unit, 28. 

velocity, circulation of, 47, 
expressions for, 112. 

Vectors, 28, 

centric rule for triple product of, 31. 
cyclic rule, 31. 
multiplication of, 29. 
product of, 29, 31. 

Velocity, 4, 150, 473. 
in terms of vorticity, 540. 
of efflux, 20. 

of propagation, 388, 392, 409, 416. 
of sound, 15, 16, 437. 

Velocity potential, 50, 89, 116. 
boundary condition for, 501. 
due to vortices, 548. 
mean value of, 94, 95. 
of a liquid, 116. 
physical interpretation of, 89. 

Vena contracts, 20. 

Venturi tube, 18, 19, 477. 

Virtual mass, 237, 238, 467, 500, 511. 

Viscosity, 1, 564, 565, 
coefficient of, 565. 
effect of, on water waves, 580. 
hypothesis, 565. 
kinematic coefficient of, 567. 
stress due to, 577. 

Viscous liquid, circulation in, 569. 
equation of motion of, 568. 
flow of, between plates, 573. 
flow of, through pipes, 577, 
pressure in, 665. 
steady motion, 567. 
steady rotatory motion, 579. 
vorticity in, 568. 

Volume integral, 37. , 

Vortex, circular, 349. 
circular, hollow, 352. 
doublet, 359. 
filament, 83, 354, 548. 
circular, 552. 

parallel to a plane, 358. * 

two perpendicular planes, 361. 
rectilinear, 354. 

Bingle, 355. 

filaments in presence of oylinder, 361, 
centroid of, 356. 
motion of, 355. 
motion of a system of, 356. 
two, 356. * 

Hill’s spherical, 654. 
in compressible flow, 382. 
in confonrial transformation, 369. 
line, 46. * , 
lines,- permanence of, 84. 
motion, 82. 
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Vortex motion, electrical analogy, 550. 
of, inside a circular cylinder, 364. 
outside a cylinder, 362. 
pair, 357. 

pressure due to, 351. 

Rankine’s combined, 353. 
sheet, 372. 
source and, 360. 
street, KAbmAn, 375. 
strength of, 351. 
tube, 83. 

vector potential of, 548. 
velocity induced by, 548. 
velocity potential due to, 549. 
wake, drag due to, 378. 

Vortices in presence of circular cylinder, 
366, 367. 
rectilinear, 354. 
single infinite row of, 373 
Vorticity, 46, 61, 63, 83, 106, 108, 
112 . 

decay of, 569. 

diffusion of, 569. 

equation satisfied by, 83, 568. 

in trochoidal wave, 425. 

in viscous liquid, 568. 

in wake, 586. 

permanence of, 83, 108. 

rate of change of, 83, 108, 568. 

transport, 587. 

vectore expressions for, 112. 

velocity expressed in terms of, 546. 

Wake, 586. 

vortex, drag due to, 378. 

Water in inverted tumbler, 411. 

Water waves, effect of viscosity on, 580. 
Wave, amplitude of, 388. 
capillary, 410. 
crest of, 388. 

deep water, pressure due to, 395. 
frequency of, 389. 

Gerstner’s trochoidal, 420, 427. 

form of free surface of, 422. 
gravity, 410. 
long, 414. 

mean level, of, 388, 423. 
motion, 388. 
period of, 389. 
permanent, 402. 
phase angle of, 389. 
phase rate of, 389. 
progressing in one direction, 416. 
resistance, 399. 

simple harmonic progressive, 388. 
stationary, 399. 


Wave, surface, 391. 
tidal, 419. 
troughs of, 388. 

velocity^ of propagation of, 395, 399, 409, 

velocity, second approximation to, 403. 
‘Wave-length, 388, 422. 

Waves at an interface, 404. , 

effect of capillarity on, 409. 
when upper surface is free, 407. 

Waves, complex potential of, 390, 404. 
condition at free surface of, 390. 
deep water, effeofc of wind on, 411. 
effeot of small disturbing forces, 418. 
exact theory, 434. 
exact linearised, 434. 
group velocity of, 396. 
group velocity of, dynamical significance, \ 
398. 1 

long, 414. 

change of profile in, 417. 
non-linear theory, 412, 428. 
of small height, complex potential for, 
390. 

paths of particles in, 393, 400. 
plane, 436. 

in a cylindrical tube, 438. 
potential energy of, 369, 402. 
pressure equation for, 416. 
progressive, kinetic energy of, 395. 

on deep water, 394. 
sound, 435. 
spherical, 439. 
standing — See stationary, 
stationary, 399. 
complex potential of, 400. 
energy of, 402. 

stationary, in rectangular tank, 401. 

paths of particles in, 400. 
steady flow of, ovor sinuous botitom, 406 
steady motion, artifice of, 402. 
surface, 391, 409. 
surface elevation of, 416. 

W KATHEBBUBN, C. E., 641. 

Weber's Transformation, 79. 

Weiss, P., 496. 

WlGGLESWOBTH, L A., 592. 

Wind, action on waves, 411, 581. * 

Wind tunnel, 477, 595. 

compressed air, 595. 

Work done by a gas in expanding, 13. 
Wrench, 523. 

Wbctoh, 219. 

Zeros of a holomorphie function, 140. 

Zonal harmonics, 494. 
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